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Abstract

We develop a theoretical tool to examine the properties of numerical schemes for advection equations. To magnify the
defects of a scheme we consider a convection-reaction equation
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ut þ ðjujq=qÞx ¼ u; u; x 2 R; t 2 Rþ; q > 1:
It is shown that, if a numerical scheme for the advection part is performed with a splitting method, the intrin-
sic properties of the scheme are magnified and observed easily. From this test we observe that numerical solu-
tions based on the Lax–Friedrichs, the MacCormack and the Lax–Wendroff break down easily. These quite
unexpected results indicate that certain undesirable defects of a scheme may grow and destroy the numerical
solution completely and hence one need to pay extra caution to deal with reaction dominant systems. On the
other hand, some other schemes including WENO, NT and Godunov are more stable and one can obtain
more detailed features of them using the test. This phenomenon is also similarly observed under other methods
for the reaction part.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The scientific computation for the solutions to systems of hyperbolic conservation laws has been successful
thanks to the development of accurate numerical schemes (e.g., see [2,11,19,20]). The unfortunate situation we
still have here is that there is no meaningful progress in the analysis of such schemes due to their complexity
and it is hard to find any useful error estimate. Furthermore, each scheme has features quite its own and
991/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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produces numerical results that require proper interpretations. For example, Figs. 4.7 and 4.8 in [14] show
quite different characters of each scheme considered and it is hard to decide which one is more physically
meaningful. Therefore, it is desirable to know the qualitative properties of schemes since one is always forced
to choose a proper scheme to a specific problem under consideration.

The main goal in this paper is to survey the properties of numerical schemes which are widely used for
hyperbolic conservation laws. Our method starts with a Cauchy problem for a convection-reaction equation
ut þ uux ¼ u; uðx; 0Þ ¼ u0ðxÞ 2 L1ðRÞ: ð1:1Þ

This equation models the roll wave [6] and several analytic properties have been studied (e.g., see [7,16]). We
consider a general case (2.1) under a convex power law (2.2). In Section 2, we derive two kinds of explicit solu-
tions of the problem, (2.8) and (2.9), and compare computed solutions to these exact ones. Here, the convec-
tion is nonlinear and the linear reaction term produces an exponential growth. Therefore, the source becomes
stiffer exponentially fast.

There are several ways to handle convection-reaction equation numerically. A typical way is a fractional
step splitting method (Section 3). For the convection part we employ various schemes for hyperbolic conser-
vation laws widely used nowadays and our main interest is to survey their properties. For the reaction part one
can easily obtain an exact solver due to the simplicity of the source term. The main feature of this splitting
method with the exact solver is that the intrinsic properties of the scheme for the convection part are magnified
exponentially. Proposition 1 indicates that all the properties one may observe from numerical computations
for (2.1) are simply the magnification of corresponding properties of schemes for convection part. Therefore,
this approach may serve as a microscope to examine properties of numerical schemes.

In Section 4, we observe several interesting blowups of numerical solutions based on Lax–Friedrichs, Mac-
Cormack and Lax–Wendroff. As discussed the origin of these undesirable behaviors are from these three well-
known schemes. One may ask if a non-splitting method may neutralize the undesirable behaviors of these
schemes instead of simply magnifying them. To answer the question we test several more methods such as a
non-splitting direct method, a semi-implicit method [13], the Runge–Kutta second-order and fourth-order meth-
ods to handle the source term in Section 7. However, tests show that there is no meaningful difference in most of
the cases. The authors are not sure if there is a method to handle the source term in a way that these undesirable
properties are neutralized. It seems more realistic to modify each scheme to cure the symptoms observed.

The rest of this paper is organized as follows. First we construct two kinds of explicit solutions in Section 2,
which are used to test numerical solutions. It is shown in Section 3 that the behavior of each numerical scheme
is simply magnified by solving (2.1) with the exact solver for the reaction part, Proposition 1. Properties of
three well-known schemes, Lax–Friedrichs, MacCormack and Lax–Wendroff, are tested in Section 4, which
show interesting blowups (see Figs. 1–5). In Section 5, three fully discrete schemes are tested, the first and
the second-order Godunov schemes and the NT scheme, while Section 6 is devoted for two semi discrete
schemes, the KNP and the WENO schemes. These schemes do not show such bizarre behaviors observed pre-
viously and hence we could survey their properties in detail. The first test is for the accuracy of the shock loca-
tion and the second one is to compute the roll wave given explicitly by (2.9), which shows clearly how does a
scheme approximate the rarefaction wave.

In Appendix, Section 7, the properties of schemes considered in the paper are compared. It is hard to say
one scheme is better than the other. Some scheme may find the shock location very well and, however, it may
have certain undesirable behavior. The second-order Godunov scheme provides the most accurate shock loca-
tions, Figs. 12 and 13. However, it shows a very unique behavior for the roll wave test. For q = 1.5, it is the
only one that has error decreasing in x and, for the case q = 2, it is the only one that has negative error on the
interval (�1, 0), Fig. 14. These indicate that the convection is slightly over estimated in the case and this may
cause problems in certain cases.
2. Exact solutions

We consider the entropy solution to a scalar conservation law with a linear source term
ut þ f ðuÞx ¼ u; uðx; 0Þ ¼ u0ðxÞ 2 L1ðRÞ; x; u 2 R; t > 0; ð2:1Þ
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where the flux is given by the convex power law
f ðuÞ ¼ 1

q
jujq; q > 1: ð2:2Þ
Since the flux considered is convex, f00(u) P 0, the entropy solution is simply the one that satisfies
uðx�ÞP uðxþÞ; for all x 2 R: ð2:3Þ
Under the change of variables
w ¼ e�t=qu; n ¼ eð1�qÞt=qx; ð2:4Þ
one can easily check that (2.1) is transformed to
wt þ
1

q
ðjwjq � ðq� 1ÞnwÞn ¼ 0; wðn; 0Þ ¼ u0ðnÞ: ð2:5Þ
Consider a time independent function
Wa;bðnÞ ¼
gðnÞ; �a < n < b;

0; otherwise;

�
ð2:6Þ
where a, b P 0 and the function g(n) is the rarefaction wave profile given by
gðnÞ ¼ signðnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq� 1Þjnjq�1

p
: ð2:7Þ
Then Wa;b is clearly a piecewise smooth function that satisfies the entropy condition (2.3) everywhere and Eq.
(2.5) piecewise. Furthermore, one can easily check that the discontinuities at x = �a and x = b are stationary
from the Rankine–Hugoniot jump condition. Therefore, wðn; tÞ ¼Wa;bðnÞ is a steady solution of (2.5). If we
return to the original variables, then we obtain our first explicit solution, which is a time dependent N-wave:
Na;bðx; tÞ ¼
gðxÞ; �aeðq�1Þt=q < x < beðq�1Þt=q;

0; otherwise:

(
ð2:8Þ
The next explicit solution is a roll wave which is given by
R1ðxÞ ¼
gðxþ 1Þ; �1 < x < 0;

gðx� 1Þ; 0 < x < 1;

0; otherwise:

8><
>: ð2:9Þ
Then, one can easily check that it is a piecewise smooth solution with zero shock speed satisfying the entropy
condition (2.3).

Notice that there is a sensitivity issue related to steady states. To see such a structure consider the total mass
MðtÞ ¼

R
uðx; tÞdx. Then, its derivative is
d

dt
MðtÞ ¼ d

dt

Z
udx ¼

Z
ut dx ¼ �

Z
f ðuÞx dxþ

Z
udx ¼ MðtÞ:
Therefore, the total mass M grows exponentially,
MðtÞ ¼ Mð0Þet ð2:10Þ

and hence all the integrable steady states should have zero total mass. The roll wave in (2.9) is the case. How-
ever, even a small rounding off error will grow exponentially and the solution will diverge eventually. There-
fore, a numerical computation for the steady state is meaningful only for a certain period of time depending on
the precision of the computation. In the rest of this paper these explicit solutions are used to test properties of
several numerical schemes.
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Consider another set of variables:
v ¼ e�tu; s ¼ 1

q� 1
eðq�1Þt � 1
� �

: ð2:11Þ
Then, (2.1) is transformed to the usual scalar conservation law:
vs þ f ðvÞx ¼ 0; vðx; 0Þ ¼ u0ðxÞ: ð2:12Þ

In the following section, we will observe that the splitting method with the exact solver is a computational
version of the change of variables (2.11).
3. A splitting method and a microscopic view of schemes

In numerical computations, a convection-reaction equation such as (2.1) is usually treated by a fractional
step splitting method, in which one alternates between solving the convection equation
ut þ f ðuÞx ¼ 0 ð3:1Þ

and the ordinary differential equation
ut ¼ u ð3:2Þ

in each time step. First, we introduce notations. Consider a fixed width Dx > 0 and uniform mesh points
xj+1/2 = (j + 1/2)Dx, j 2 Z. Since the actual wave speed of an N-wave type solution increases exponentially
in time, the time step Dtn := tn+1 � tn and time mesh tn ¼

Pn�1
k¼0Dtk are decided by setting the CFL number

to a constant 0 < m 6 1, i.e.,
Dtn

Dx
f 0ð~unÞ ¼ m; ð3:3Þ
where Dx/Dtn is the numerical wave speed and ~un ¼ maxxjuðx; tnÞj. In the case that the exact solution is un-
known this maximum is usually replaced by the maximum of its approximation maxjjUn

j j. However, in our
case the exact solution is given explicitly by (2.8) and (2.9) and hence the maximum ~un ¼ maxxjuðx; tnÞj is ex-
plicit. We view the approximation U n

j as the cell average of the true solution, i.e.,
U n
j ’

1

Dx

Z xjþ1=2

xj�1=2

uðx; tnÞdx: ð3:4Þ
We also view un
jþ1=2 as the approximation of u(x, t) at the interface xj+1/2 of each cell. In a conservative numer-

ical scheme the interface un
jþ1=2 is approximated from its neighboring cell averages and we may set
un
jþ1=2 � IðU n

j�p; � � � ;Un
jþqÞ � uðxjþ1=2; tÞ; tn

6 t 6 tnþ1: ð3:5Þ
Then, after integrating (3.1) over the mesh [xj�1/2, xj+1/2], one obtains
o

ot
ðUn

j Þ ¼
f ðun

j�1=2Þ � f ðun
jþ1=2Þ

Dx
¼: LðUn; jÞ: ð3:6Þ
Note that in many numerical schemes approximations of the flux at the interface, f ðun
jþ1=2Þ, are given instead

of the interface approximation, un
jþ1=2, itself. In either cases the numerical scheme is based on (3.6) and the

operator L is well defined.
For the time discretization we first employ the forward time difference,
U nþ1
j ¼ Un

j þ
Dtn

Dx
ðf ðun

j�1=2Þ � f ðun
jþ1=2ÞÞð¼ U n

j þ DtnLðU n; jÞÞ; ð3:7Þ
which computes the first part (3.1). On the other hand, the ordinary differential equation (3.2) can be exactly
solved and we obtain an exact solver for the reaction part
U nþ1
j ¼ eDtn U nþ1

j : ð3:8Þ
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Combining these two steps we obtain a fully discrete numerical scheme
Unþ1
j ¼ eDtn

Un
j �

Dtn

Dx
ðf ðun

jþ1=2Þ � f ðun
j�1=2ÞÞ

� �
: ð3:9Þ
Notice that the second equation (3.2) is treated exactly and hence the numerical error will be caused from the
first step (3.7) only. Since the focus of this paper is to study the behavior of the numerical schemes for advec-
tion equations, this approach serves our goal well.

Finally, we provide a proposition which indicates that any unexpected behavior of the numerical approx-
imation based on (3.9) is just a mirror image of such a behavior of the numerical scheme (3.7) for the convec-
tion equation (3.1).

Proposition 1. Let V n
j � vðx; snÞ be the approximation of the solution to the homogeneous problem (2.12)

satisfying
V nþ1
j ¼ V n

j �
Dsn

Dx
ðf ðvn

jþ1=2Þ � f ðvn
j�1=2ÞÞ;

Dsn

Dx
f 0ðmax

x
jvðx; snÞjÞ ¼ m;
where Dsn = sn+1 � sn, 0 < m < 1 is a fixed CFL number, and v is the exact solution of (2.12). If the interface

approximation (3.5) satisfies
IðCU j�p; � � � ;CU jþqÞ ¼ CIðU j�p; � � � ;UjþqÞ; C > 0; ð3:10Þ

then the approximation U n

j � uðx; tnÞ given by (3.9) with (3.3) satisfy
Un
j ¼ etn V n

j for any n P 0: ð3:11Þ
Proof. We use inductive arguments. The relation (3.11) holds for n = 0 since U 0
j and V 0

j are the initial discret-
ization of the same initial value u0(x). Now we show (3.11) for n + 1 assuming that it holds for n. Let
U n

j ¼ CV n
j by setting C ¼ etn

. Then the relation between Dtn and Dsn is given by
Dtn ¼ mDx
f 0ðmax

x
juðx; tnÞjÞ ¼

mDx
f 0ðmax

x
jCvðx; tnÞjÞ ¼

mDx

Cq�1f 0ðmax
x
jvðx; tnÞjÞ

¼ Dsn

Cq�1
;

where m is the fixed CFL number. Then under the assumption on the interface approximation (3.10) the
numerical scheme (3.9) becomes
Unþ1
j ¼ eDtn

CV n
j �

Dsn

Cq�1Dx
ðf ðCvn

jþ1=2Þ � f ðCvn
j�1=2ÞÞ

� �
¼ eDtn C V n

j �
Dtn

Dx
ðf ðvn

jþ1=2Þ � f ðvn
j�1=2ÞÞ

� �

¼ etnþ1

V nþ1
j ; ð3:12Þ
which implies (3.11) for n + 1. h

Notice that the relation between V n
j and Un

j in (3.11) exactly reflects the change of variable u = etv in (2.11).
The second part of the change of variable for the time variable is not immediate. However, assuming Dtns are
constant and small, Dtn = k� 1, we can easily check that
sn ¼ k01 þ � � � þ k0n�1 ¼
Xn�1

i¼0

eiðq�1Þkk �
Z tn

0

eðq�1Þt dt ¼ 1

q� 1
eðq�1Þtn � 1
� �

;

which approximates the other half of the change of variables in (2.11).
The assumption (3.10) on the interface approximation is natural since it only implies that the interface

approximation of Cu(x, t) should be simply C times the interface approximation of u(x, t). One can easily
check that the interface of the Godunov method (5.3) clearly satisfies this interface assumption.

However, unfortunately, many other schemes do not satisfy this simple and natural assumption. It seems
that, if a numerical scheme is consistent, this assumption should be satisfied up to the leading order (see an
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example in Section 4.2). Furthermore, for the Lax–Friedrichs scheme, the assertion (3.11) of the proposition
holds (see Section 4.1).

Finally, we discuss about initial values. In this paper, we consider three kinds of explicit solutions discussed
in Section 2. The first example comes with a positive initial value uðx; 0Þ ¼N0;1ðx; 0Þ. Then the exact solution
is the positive N-wave
uðx; tÞ ¼N0;1ðx; tÞ; ð3:13Þ

which is given explicitly by (2.8). Since the numerical approximation is for the cell average (3.4), the discret-
ization of the initial data is taken as
U 0
j :¼ 1

Dx

Z xjþ1=2

xj�1=2

N0;1ðx; 0Þdx: ð3:14Þ
In the second example, the initial value is taken as uðx; 0Þ ¼N1;1ðx; 0Þ which has both of negative and positive
parts. Then the exact solution is the sign-changing N-wave
uðx; tÞ ¼N1;1ðx; tÞ: ð3:15Þ

We may take the initial discretization in the same way as in (3.14). Let PðtÞ ¼

R1
0 uðx; tÞdx which give the total

mass of the positive part. Then as we obtained (2.10) we can easily show
P ðtÞ ¼ P ð0Þet:
This shows the sensitivity of the wave propagation on the initial discretization. We want to assign U 0
j the same

sizes of positive and negative parts as those of the initial value and hence take
U 0
j :¼ 1

Dx

Z xjþ1

xj

N1;1ðx; 0Þdx: ð3:16Þ
In this way we may reduce other source of computation errors and observe the properties of numerical
schemes. We may observe that some numerical schemes provide the shock place equally well for both of
the cases. However, some schemes show a poor approximation for a sign-changing case.

The initial value of the last example is the roll wave uðx; 0Þ ¼ R1ðxÞ. We consider the problem under a peri-
odic boundary condition, u(x, t) = u(x + 2, t), t > 0. Then the exact solution is the time invariant roll wave,
uðx; tÞ ¼ R1ðxÞ; �1 < x < 1; t > 0: ð3:17Þ

The initial value is discretized in the same manner as the one in (3.16) that is
U 0
j :¼ 1

Dx

Z xjþ1

xj

R1ðxÞdx: ð3:18Þ
We may also consider initial discretization of type (3.16) for this example. In the case similar phenomena are
observed. The difference is specific properties of numerical schemes are reduced due to the extra zero points which
suppress the solution at the boundary. Since our goal is to observe the property of numerical schemes we employ
(3.18). This example is particularly good to observe how does the scheme approximates rarefaction waves.

To test properties of numerical schemes we also consider three different powers in the flux function, which
are q = 1.5, 2 and 3. In the following sections we have selected a few examples from these nine possible cases
which show interesting properties of each scheme.

4. Blowup of numerical solutions

In this section, we test three well-known schemes, the Lax–Friedrichs (LxF for short), the MacCormack
and the Lax–Wendroff. The test results show interesting blowups of numerical solutions which reflects serious
defects of each scheme.

4.1. Lax–Friedrichs (LxF) scheme

In this section, we consider the LxF scheme and its second-order modification. The numerical flux of the
LxF scheme at the interface xj+1/2 is given by



Fig. 1. LxF Scheme (4.2) for the positive solution (3.13) with q = 2. The computed solution evolves into two separated N-waves. ((·)
Numerical, (�) exact).

Fig. 2. Second-order LxF scheme (4.3) for the positive solution (3.13) with q = 2. The same phenomenon of separation is observed. The
numerical viscosity is smaller.

Fig. 3. MacCormack’s scheme, (3.9) with (4.7), for the sign-changing solution (3.15) with q = 2. A non-physical shock emerges from the
sign-changing point and finally destroys the computed solution completely.

Fig. 4. MacCormack’s scheme for the positive solution (3.13) with q = 2. Even for this positive case the similar non-physical shock
appears due to the oscillation.

Fig. 5. Richtmyer two-step Lax–Wendroff scheme, (3.9) with (4.9), at time t = 10. Non-physical blowup appears at the sonic point and the
computed solution collapse.
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f ðun
jþ1=2Þ ¼

Dx
2Dtn

ðU n
j � U n

jþ1Þ þ
1

2
ðf ðU n

j Þ þ f ðU n
jþ1ÞÞ: ð4:1Þ
Then the numerical scheme (3.9) is written as
U nþ1
j ¼ eDtn 1

2
ðUn

jþ1 þ U n
j�1Þ �

Dtn

2Dx
ðf ðU n

jþ1Þ � f ðU n
j�1ÞÞ

� �
: ð4:2Þ
Unfortunately, the interface approximation given by (4.1) does not satisfy the assumption (3.10). However,
one can easily check that the inductive arguments in the proof of Proposition 1 still hold. For example, the
key step (3.12) can be replaced by
U nþ1
j ¼ eDtn 1

2
ðCV n

jþ1 þ CV n
j�1Þ �

Dsn

2Cq�1Dx
ðf ðCV n

jþ1Þ � f ðCV n
j�1ÞÞ

� �

¼ eDtn C
1

2
ðV n

jþ1 þ V n
j�1Þ �

Dsn

2Dx
ðf ðV n

jþ1Þ � f ðV n
j�1ÞÞ

� �
¼ etnþ1

V nþ1
j :
Therefore, the assertion of Proposition 1 is valid for the LxF scheme.
In Fig. 1, exact and computed solutions to the reaction-convection equation (2.1) are given using the LxF

method. In the following figures, exact and computed solutions are displayed using lines and dots, respec-
tively. In the figure at time t = 1 one can observe a kind of oscillation. However, it is not exactly an oscillation.
It is a separation. In Scheme (4.2) only odd numbered cells are used to compute the even numbered ones.
Hence, even numbered grids and odd numbered ones generate two different solutions. In the figure at time
t = 10, we may clearly observe a separation of two N-waves.

High resolution central schemes were proposed by Nessyahu and Tadmor in 1990 in [17], which is based on
the Lax–Friedrichs method. Modified from the LxF scheme using Van Leer’s MUSCL-type interpolant [21] a
direct second-order modification of LxF scheme for (2.1) can be written as:
Unþ1=2
j ¼ U n

j �
Dtn

2Dx
f 0j ;

Unþ1
j ¼ eDtn 1

2
Un

j�1 þ U n
jþ1

h i
� 1

4
U 0j�1 � U 0jþ1

h i
� Dtn

2Dx
f Unþ1=2

jþ1

� 	
� f Unþ1=2

j�1

� 	h i� �
;

ð4:3Þ
where the numerical derivatives of the flux 1
Dx f 0j ¼ f ðuÞxju¼Uj

þOðDxÞ and of the solution 1
Dx U 0j ¼ uxju¼Uj

þ
OðDxÞ are given by
U 0j ¼ minmod aDUj�1=2;
1

2
ðUjþ1 � U jÞ; aDUjþ1=2

� �
; ð4:4Þ

f 0j ¼ minmod aDfj�1=2;
1

2
ðfjþ1 � fjÞ; aDfjþ1=2

� �
; ð4:5Þ
where a 2 [1,2], DUj+1/2 = Uj+1 � Uj and
minmodðx1; x2; . . .Þ ¼

min
j
fxjg if xj > 0 for all j;

max
j
fxjg if xj < 0 for all j;

0 otherwise:

8>><
>>: ð4:6Þ
In Fig. 2, exact and computed solutions are similarly presented using this second-order LxF scheme. In this
example, we observe the same phenomenon of separation. This separation is also due to separation of the odd
numbered and odd numbered cells. Therefore, a staggering scheme in Section 5.1 is a natural recipe to fix this
kind of phenomenon.

4.2. Maccormack

In this section, we consider two oscillatory second-order schemes. In the MacCormack’s method the
numerical flux at the interface is given by
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f ðun
jþ1=2Þ ¼

1

2
f ðU n

jþ1Þ � f U n
j �

Dtn

Dx
½f ðU n

jþ1Þ � f ðU n
j Þ�

� �� �
: ð4:7Þ
First, we check that this interface approximation does not satisfy the assumption (3.10). Let U n
j ¼ CV n

j . Then,
for C ¼ etn

> 1 and q > 1,
f ðun
jþ1=2Þ ¼

1

2
f ðCV n

jþ1Þ � f CV n
j �

Dtn

Dx
½f ðU n

jþ1Þ � f ðUn
j Þ�

� �� �

¼ Cq

2
f ðV n

jþ1Þ � f V n
j �

Dtn

Dx
C�1½f ðU n

jþ1Þ � f ðU n
j Þ�

� �� �

¼ Cq

2
f ðV n

jþ1Þ � f V n
j �

Dtn

Dx
Cq�1½f ðV n

jþ1Þ � f ðV n
j Þ�

� �� �
:

However, since
f Cvn
jþ1=2

� 	
¼ Cqf ðvn

jþ1=2Þ ¼
Cq

2
f ðV n

jþ1Þ � f V n
j �

Dtn

Dx
½f ðV n

jþ1Þ � f ðV n
j Þ�

� �� �
;

un
jþ1=2 � Cvn

jþ1=2 6¼ 0 in general. Now we show that the order of this difference is less than the order of Cvn
jþ1=2,

which implies that at least the leading order part of the interface approximation of the MacCormack’s method
satisfies the assumption on the interface approximation (3.10).

Here, we consider the Burgers case q = 2 for simplicity. From the mean value theorem, there exists n
between V n

j � Dtn

Dx ½f ðV
n
jþ1Þ � f ðV n

j Þ� and V n
j � Dtn

Dx C1½f ðV n
jþ1Þ � f ðV n

j Þ� such that
jf ðun
jþ1=2Þ � C2f ðvn

jþ1=2Þj ¼
C2

2
ðC � 1ÞDtn

Dx
j½f ðV n

jþ1Þ � f ðV n
j Þ�f 0ðnÞj 6

Dtn

2Dx
j½f ðUn

jþ1Þ � f ðUn
j Þ�f 0ðCnÞj:
Employing the exact solutions in (2.8) and the mean value theorem again, we obtain x0 2 (xj, xj + Dx) such
that
jf ðUn
jþ1Þ � f ðUn

j Þj ffi
1

2
jðxj þ DxÞ2 � x2

j j ffi Dxjx0j 6 Dx max
j
jU n

j j:
From the exact solution in (2.8) with q = 2 we can easily see that maxjjU n
j j ¼ Oðet=2Þ ¼ OðC1=2Þ. Since Cn is

between U n
j � Dtn

Dx C�1½f ðU n
jþ1Þ � f ðU n

j Þ� and U n
j � Dtn

Dx ½f ðU
n
jþ1Þ � f ðU n

j Þ�, f 0(Cn) is of order O(C1/2). Therefore,
since f ðun

jþ1=2Þ is of order C, we obtain
jf ðun
jþ1=2Þ � C2f ðvn

jþ1=2Þj
jf ðun

jþ1=2Þj
¼ OðDxÞ: ð4:8Þ
This estimate indicates that, even if the assumption (3.10) does not hold for the MacCormack’s scheme, its
leading order approximation satisfies the assumption.

Now we examine the properties of MacCormack’s method from numerical experiments. In Fig. 3, exact and
computed solutions to the reaction-convection equation (2.1) are given using the fully discrete method (3.9)
with the MacCormack’s numerical flux (4.7). In the figure at t = 4, one can observe a small discontinuity that
violates the entropy condition (2.3). This non-physical shock grows fast and eventually all the meaningful
information of the solution disappears.

Proposition 1 claims that this strange behavior of the numerical experiment is due to the property of the
scheme for the convection equation (3.1). In fact, this behavior is related to the well-known fact of the Mac-
Cormack’s scheme that for any c > 0 the discrete function
U n
j ¼

�c; j 6 0

c; j > 0

�

is a steady state of the MacCormack’s scheme for the convection equation (2.12). This example indicates that
this kind of steady state is not a rare case and one should deal with such a blowup if reaction terms play a
crucial role. In fact, since the approximation is a piecewise constant function, such a discontinuity may appear
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easily across a sign-changing point. Furthermore, even for a positive solution case this kind of inadmissible
discontinuity may appear due to the oscillating property of the scheme. In Fig. 4 we may observe a non-phys-
ical shock developed from a positive solution.

4.3. Lax–Wendroff scheme

Next we consider the Richtmyer two-step Lax–Wendroff method. In this scheme the interface approxima-
tion is given by
Fig. 6.
shock
un
jþ1=2 ¼

1

2
ðU n

j þ Un
jþ1Þ �

Dtn

2Dx
½f ðUn

jþ1Þ � f ðU n
j Þ�: ð4:9Þ
As we did for the MacCormack’s scheme we can similarly show that at least the leading order term satisfies the
assumption (3.10). In Fig. 5, the numerical solution looks fine until t = 9. However, when it reaches t = 10, we
can observe a non-physical pick around the sign changing point and the computed solution blows up quickly.

Similar behaviors of computed solutions are observed with other powers q > 1. One may observe such
blowups more easily for the periodic case (3.17).
5. Fully-discrete schemes

In this section, we test three more fully discrete numerical schemes, NT scheme and the first and the second-
order Godunov schemes. These schemes do not show the bizarre behavior observed previously. Therefore, the
tests of the accuracy of the shock location and the rarefaction profile are now meaningful. The properties of
schemes observed in this section are tabled in Section 7.1 for easier comparison.

5.1. NT scheme

The separation into two waves of computed solutions in Figs. 1 and 2 is due to the separation of even num-
bered and the odd numbered cells in the schemes. Therefore, the best way to cure such a symptom is to con-
sider a scheme in a staggered form. The second order modification (4.3) can be written in a staggered form (see
[4]):
U nþ1
jþ1=2 ¼

1

2
½Un

j þ U n
jþ1� þ

1

8
½U 0j � U 0jþ1� �

Dtn

Dx
½f ðU nþ1=2

jþ1 Þ � f ðUnþ1=2
j Þ�; ð5:1Þ
where U 0j and U nþ1=2
j are given by (4.3)–(4.6). This scheme is usually called the NT scheme and is employed in

this section for numerical computations.
First, we compare the shock location. In Figs. 6 and 7, computed solutions of the NT scheme are given for

the positive N-wave (3.13) and the sign-changing N-wave (3.15), respectively. In the figures, solutions are plot-
ted near the shock to check the performance. Most of the cases the NT scheme provides reasonably correct
shock locations. The only exception is the case for the sign-changing solution with q = 3. In this case, the
NT scheme (5.1) for the positive solution (3.13). The magnifications of computed solution near the shock show reasonably correct
locations.



Fig. 7. NT scheme for the sign changing solution (3.15). Shock locations are correct except the case q = 3 when the exact solution has a
singularity at the origin.
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numerical solution gives slow shock propagation. This behavior seems related to the numerical viscosity and
the singularity of the solution near the sign change.

Computed solutions for the roll wave (3.17) with the periodic boundary condition show how the scheme
approximates the rarefaction wave. In the first row of Fig. 8, computed solutions are given with exact ones
using the NT scheme (5.1). In the second row, the errors of computed solutions are given. Since the
computed solution is an approximation of cell averages under the initial discretization (3.18), the error
is taken as
Fig. 8.
sonic g
Error ¼ U n
j �

Z jþ1

j
uðx; tnÞdx; ð5:2Þ
where u is the exact solution. In the figures this error is plotted at the grid points xj+1/2.
Now proper interpretations for the computation result is required. First, the error is an increasing func-

tion away from discontinuities for all three cases. This implies that the graph of the approximation is stee-
per and hence the numerical flux is slightly weaker than the exact one. We may also say that the sonic glitch
phenomenon is not observed from all of three cases. The numerical error for the case q = 3 shows a discon-
tinuity at the sonic points. Notice that the continuity is simply due to the singularity of the exact solution at
the sonic point.

Remark 2. Note that the linear reaction term makes the solution grow and the nonlinear convection term
makes it flat. Therefore, if the error function in (5.2) increases away from the discontinuity (i.e., the computed
solution is flatter than the exact one), then we may say that the flux is overestimated numerically. Another
factor that decides the signs of the error function is so called the sonic glitch phenomenon. Note that x = ± 1
are sonic points for the periodic cases. Certain numerical schemes generate entropy violating discontinuities at
such points, which is called a sonic glitch.
NT scheme for the periodic solution (3.17). The error in the second row is an increasing function away from the shock. There is no
litch. The discontinuity at the sonic point x = ±1 for the case q = 3 is due to the singularity of the exact solution.
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5.2. First and second-order Godunov methods

Godunov schemes [1,10] are based on either the exact or an approximate solution of the Riemann problem
using characteristic information within the framework of a conservative method. Since the flux is convex
f00(u) > 0, the interface approximation of the first-order Godunov method is simply given by
Fig. 9.
with th

Fig. 10
q = 3.
un
jþ1=2 ¼

U j if U j > 0 and s > 0;

Ujþ1 if U jþ1 < 0 and s < 0;

0 if U j < 0 < U jþ1:

8><
>: ð5:3Þ
Here, s = [f(Ui+1) � f(Ui)]/(Ui+1 � Ui) is the shock speed at the interface xj+1/2. Clearly, this interface approx-
imation satisfies the condition (3.10) and the assertion in Proposition 1 is valid.

In Figs. 9 and 10, computed solutions of the first-order Godunov scheme are given for the positive N-wave
(3.13) and the sign-changing N-wave (3.15), respectively. One can observe that the Godunov method gives
equally correct shock locations for both of positive and sign-changing cases. In particular, the shock location
is pretty correct even for the sign-changing case with q = 3 which is the case that all the other schemes con-
sidered give pretty poor performance. In Fig. 11, one may observe sonic glitches for the cases q = 2 and q = 3.
For the case q = 1.5 the rarefaction wave has slope zero at the sonic point and the glitch does not develop. The
error function is decreasing for the case q = 3, which implies that the flux is slightly over estimated numeri-
cally. Notice that Godunov schemes are the only ones that produce increasing error functions for certain
cases.

The Godunov method can be modified to a second-order scheme by employing a proper limiter. For this
example we simply use the CLAWPACK [12] with monotonized centered limiter. From Figs. 12 and 13, one
may observe that this second-order Godunov scheme provides very accurate shock location for all of six cases.
They are almost exact.

On the other hand, from Fig. 14, one may observe that the structure of the error function is exactly the
opposite of those of the first-order one. First sonic glitches are not observed. The overall error is smaller than
most of other schemes or is competitive with others at least. However, the error function is decreasing for the
case q = 1.5 and is increasing for the case q = 3. The case q = 2 is somewhat between them. So q = 1.5 is the
case that the flux is over estimated numerically even if the size is small. Note that the property of the scheme is
The first-order Godunov scheme, (3.9) with (5.3), for the positive solution (3.13). The shock locations are reasonably correct even
is first-order scheme.

. The first order Godunov scheme for the sign changing solution (3.15). The shock locations are correct even for the singular case



Fig. 11. The first-order Godunov scheme for the periodic solution (3.17). Sonic glitches are observed for q = 2, 3. The error increases if
q = 1.5 or 2, but decreases if q = 3. Godunov is the only scheme with a decreasing error function in our tests.

Fig. 12. The second-order Godunov (CLAWPACK) for the positive solution (3.13). The shock locations are almost exact for all of three
cases.

Fig. 13. The second-order Godunov for the sign changing solution (3.15). The shock locations are almost exact even for the singular case
q = 3.
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also strongly depending on the property of the limiter. Using different limiter one may obtain different
phenomenon.

6. Semi-discrete schemes

We may employ the third-order TVD Runge–Kutta discretization for time stepping (see [18]). In the case,
the scheme is written as
U ð1Þj ¼ U n
j þ DtnLðU n; jÞ

U ð2Þj ¼
3

4
U n

j þ
1

4
U ð1Þj þ

1

4
DtnLðU ð1Þ; jÞ

U nþ1
j ¼ eDtn 1

3
U n

j þ
2

3
U ð2Þj þ

2

3
DtnLðU ð2Þ; jÞ

� �
;

ð6:1Þ



Fig. 14. The second-order Godunov for the periodic solution (3.17). The sonic glitch is observed for the case q = 2. The error function
decreases for the case q = 1.5.
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where the finite difference operator L is given by (3.6). This kind of semi-discrete schemes usually provide
better performance than the fully discrete methods (3.9). However, the unexpected behaviors of schemes
presented in this paper are observed from both of fully and semi discrete methods for the scheme tested
in Section 4. In this section, we test the central upwind method and the WENO scheme using this semi-
discrete time marching.

6.1. Central upwind scheme

Next we consider one more central scheme which shares some properties with the Godunov scheme. In
[8,9], a semi-discrete central upwind scheme (KNP scheme for short) was introduced. This scheme is con-
structed based on a piecewise linear approximation like the NT scheme. We compute the local speeds of prop-
agation at the interface x = xj+1/2 which may have discontinuities. Since the speed of propagation is related to
the CFL condition, we can estimate the local speeds of the right and left side at the cell boundary. The local
speeds of wave propagation are bounded by an

jþ1=2;r and an
jþ1=2;l which are given by
an
jþ1=2;r ¼ max

C
ðf 0ðuÞ; 0Þ; an

jþ1=2;l ¼ min
C
ðf 0ðuÞ; 0Þ; ð6:2Þ
where C is a relevant range for u. Employing this local speed of propagation the flux at the interface is approx-
imated by
f ðun
jþ1=2Þ ¼

ajþ1=2;rf ðu�jþ1=2Þ � ajþ1=2;lf ðuþjþ1=2Þ
ajþ1=2;r � ajþ1=2;l

þ ajþ1=2;rajþ1=2;l

ajþ1=2;r � ajþ1=2;l
½uþjþ1=2 � u�jþ1=2�; ð6:3Þ
where uþjþ1=2 and u�jþ1=2 are computed as
uþjþ1=2 � U n
jþ1 �

Dx
2
ðuxÞjþ1ðtnÞ;

u�jþ1=2 � U n
j þ

Dx
2
ðuxÞjðtnÞ;

ðuxÞj ¼ minmod a
U n

jþ1 � Un
j

Dx
;
Un

jþ1 � U n
j�1

Dx
; a

U n
j � Un

j�1

Dx

� �
; 1 6 a 6 2:
From Figs. 15 and 16, one may observe that the KNP scheme provides good shock location except the sign-
changing case with q = 3. In this case the shock location is about the middle of the ones of the NT scheme and
of the exact solution. Considering the fact that the Godunov scheme provides almost exact shock location for
this case (see Fig. 10) we may feel that the KNP scheme is placed between the NT scheme and the Godunov
scheme.
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In Fig. 17, we may observe sonic glitches for the case q = 2 and q = 3 which is a property of the first-order
Godunov scheme. The error functions are increasing away from the discontinuity which is a property of the
NT scheme.

6.2. WENO scheme

The last numerical scheme considered is a high-order weighted essentially non-oscillatory (WENO for
short) method (see [3,2,5,15,18]). For this example, we employ the semi-discrete Runge–Kutta type method
(6.1). To avoid entropy violating solutions and obtain the numerical stability we split the flux f(u) into two
components f+ and f� such that
Fig. 16
sonic p

Fig. 17
glitche
f ðuÞ ¼ f þðuÞ þ f �ðuÞ; ð6:4Þ

where ofþ

ou P 0 and of�

ou 6 0. One of the simplest flux splitting is the Lax–Friedrichs splitting which is given by
Fig. 15. KNP scheme, (6.1) with (6.3), for the positive solution (3.13). The method provides correct shock locations.

. KNP scheme for the sign changing solution (3.15). Shock locations are correct except the case q = 3 due to the singularity at the
oint.

. KNP scheme for the periodic solution (3.17). The error functions are increasing in all three cases away from the shock. Sonic
s are observed if q = 2 or 3.
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f 	ðuÞ ¼ 1

2
ðf ðuÞ 	 auÞ; ð6:5Þ
where a = maxujf 0(u)j over the pertinent range of u which can be decided a priori using the explicit formula for
the exact solution.

The interface approximation of the fifth-order WENO with Lax–Friedrichs splitting (WENO-LF5 for
short) is given by
f ðun
jþ1=2Þ ¼

1

12
ð�fj�1 þ 7f j þ 7f jþ1 � fjþ2Þ � UNðDf þ
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� 	
; ð6:6Þ
where fj ¼ f ðun
j Þ, f 	j ¼ f 	ðun

j Þ, Df 	
iþ1
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ðb� 2cþ dÞ: ð6:7Þ
The nonlinear weights x0 and x2 are defined by
xj ¼
ajPk�1
l¼0 al

; al ¼
dl

ðeþ blÞ
2
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10
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3

5
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3

10
;

where 0 < e� 1 is taken to prevent singularity and the smoothness indicators bj’s are given by
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ð6:8Þ
From Figs. 18 and 19, one may observe that the scheme gives reasonable shock location except the case q = 3
for the sign-changing solution. In this case, the shock location is pretty same as the NT scheme. In the roll
wave computation, Fig. 20, the sonic glitch is not observed. In all of the three cases the error functions are
increasing away from the shock. Therefore, we may say that the flux is slightly under estimated.

7. Appendix

The properties of each scheme tested in the previous sections are tabled in Section 7.1. This comparison is
not to say that one scheme is better than the other, which is not possible at all. Instead it is simply to compare
their properties more clearly. It is natural to ask if there is a method that may neutralize the undesirable
behaviors of numerical schemes instead of magnifying them. In Section 7.2 we apply several other methods
and compare to previous results which employed the splitting method with the exact solver. In most of the
cases, the properties of each scheme are magnified similarly and there is no meaningful difference.
18. WENO scheme, (6.1) with (6.6), for the positive solution (3.13). This method provides reasonably correct shock locations.



Fig. 19. WENO scheme for the sign changing solution (3.15). Shock locations are correct except the case q = 3 due to the singularity at the
sonic point.

Fig. 20. WENO scheme for the periodic solution (3.17). The error functions are increasing. There is no sonic glitch. The discontinuity at
the sonic point for the case q = 3 is due to the singularity of the exact solution at the sonic point.
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7.1. Summery of test results

The tables in this section are made from the computation results in the previous sections. In Tables 1 and 2,
the accuracy of the shock location of each scheme are compared for the positive and the sign-changing cases,
respectively. In the tables the numbers of grid points between the exact and the numerical shock are given. The
negative or positive sign in the table imply the numerical shock is before or after the exact one, respectively.
One may observe that the Godunov second-order method gives the best shock location. However, considering
the huge number of grid points used in the computation, one can say other schemes are also equally good.

By computing the roll wave (3.17) one may test if a numerical scheme approximates rarefaction waves well.
In Tables 3 and 4, a few properties of schemes are tabled for the power q = 1.5 and q = 2, respectively. The
tables are about the structure of the error functions for �1 < x < �0.1. One may easily observe that the sec-
ond-order Godunov scheme has a unique property. It is the only scheme that the error function is negative and
decreasing. This indicates that the scheme provide numerical flux which is slightly bigger than the actual
advection. This property may cause vacuum or negative density in the computation of gas dynamics. Any
sonic glitch is not observed for the case q = 1.5. For the Burgers case sonic glitches are observed from the
Godunov schemes and the KNP scheme.
Table 1
Shock location test #1: the numbers of grid points between the exact and the numerical shock for positive solutions (3.13) are tabled

Scheme q = 1.5, t = 20 q = 2, t = 15 q = 3, t = 11

First-order Godunov �7 �4 �3
Second-order Godunov 0 +1 0
NT scheme �2 �4 �10
KNP scheme �2 �1 �1
WENO-LF5 �4 �5 �10

The negative or positive sign in the table indicate that the numerical shock is slower or faster than the exact one, respectively.



Table 2
Shock location test #2: the numbers of grid points between the exact and the numerical shock for sign-changing solution (3.15) are listed

Scheme q = 1.5, t = 20 q = 2, t = 15 q = 3, t = 11

First-order Godunov �7 �4 �3
Second-order Godunov 0 +2 +1
NT scheme +3 +1 �220
KNP scheme �1 +5 �210
WENO-LF5 �2 �8 �230

The negative or positive sign in the table indicate that the numerical shock is slower or faster than the exact one, respectively.
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7.2. Other algorithms for the source term

In the previous sections, we employed the splitting method with the exact solver to handle the source term.
In this section, we consider four other algorithms to discretize
Table
Roll w
for (3.

Schem

Godun
Godun
NT sc
KNP s
WENO

The st

Table
Roll w
(3.17),

Schem

Godun
Godun
NT sc
KNP s
WENO

The st
ut þ f ðuÞx ¼ u;
and compare their behaviors to the previous results. First, instead of the exact solver, splitting methods with
RK 2 and RK 4 are tested.

A natural non-splitting method is the direct substitution. For the fully discrete method (LxF, MacCor-
mack, Godunov and NT), it is written as
U nþ1
j ¼ Un

j �
Dtn

Dx
ðf ðun

jþ1=2Þ � f ðun
j�1=2ÞÞ þ DtnU n

j ; ð7:1Þ
where un
jþ1=2 is the interface approximation of each scheme. For the semi-discrete methods (KNP and WENO-

LF5), the operator L in (3.6) can be modified as
LðU n; jÞ :¼
f ðun

j�1=2Þ � f ðun
jþ1=2Þ

Dx
þ Un

j

and the third line in (6.1) is replaced with
3
ave (or Rarefaction wave) test with q = 1.5: the structures of the difference, the exact solution minus the numerical approximation
17), are listed for each scheme

e Maximum error Monotonicity Sonic glitch

ov First-order +0.1 Increasing None
ov Second-order �0.01 Decreasing None

heme +0.03 Increasing None
cheme +0.05 Increasing None
-LF5 +0.02 Increasing None

ructure on (�1, �0.1) is stated for comparison.

4
ave (or rarefaction wave) test with q = 2: the structures of the difference, the exact solution minus the numerical approximation for
are listed for each scheme

e Maximum error Monotonicity Sonic glitch

ov First-order +0.1 Increasing Yes
ov Second-order �0.03 Decreasing None

heme +0.02 Increasing None
cheme +0.05 Increasing Yes
-LF5 +0.01 Increasing None

ructure on (�1, �0.1) is stated for comparison.



Fig. 21. LxF Scheme (4.2) for the positive solution (3.13) with q = 2. Separation phenomenon does not appear for the direct method.

Fig. 22. MacCormack’s scheme for the positive solution (3.13) with q = 2 and t = 7. A non-physical shock appears similarly.

Table
Shock
listed

Metho

Exact
Non-sp
Semi-i
RK 2
RK 4

The ne
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Unþ1
j ¼ 1

3
U n

j þ
2

3
U ð2Þj þ

2

3
DtnLðU ð2Þ; jÞ: ð7:10Þ
Unlike the fully discrete case the information of the source term is also updated with RK 3 accuracy and,
hence, one may expect better resolution. We also consider the splitting version of the semi-implicit method
discussed in [13]. As mentioned in the paper the non-splitting version is somewhat worse and results of split-
ting version are included.

First, we test if the separation phenomenon of the LxF scheme similarly appears under these methods. In
Fig. 21, one can observe similar separations under the semi-implicit method and RK 4. The direct method is
the only successful case. We know that the odd numbered grid points and even numbered ones evolve inde-
pendently in the LxF scheme. In the direct method (7.1) they are not separated anymore and the separation
phenomenon is resolved. However, it is just a lucky case. This kind of luck does not happen in the following
example.

Next we check if the non-physical shock of the MacCormack’s scheme appears similarly. In Fig. 22 one can
observe that such a phenomenon appears in all three cases. The shape of the numerical solutions are similar.
Therefore, one can say that there is no meaningful difference.

The test for computing the roll wave (3.17) does not give any noticeable difference. Therefore, we include
the shock location comparison only in Table 5. One can observe that RK 4 shows almost the same shock loca-
tion as the one with exact solver and one of the RK 2 is several grid points behind. These indicate that if one
increase the order of splitting method, the approximation converges to the one with the exact solver. In the
meantime, the shock propagation under the semi-implicit method is several grid points faster. The direct
5
location test with q = 2: the numbers of grid points between the exact and the numerical shock for sign-changing solution (3.15) are

d Godunov 1 Godunov 2 NT KNP WENO-LF5

solver �4 +1 +1 +4 �8
litting (7.1) �265 �260 �260 +4 �8

mplicit �2 +3 +2 +9 �5
�8 �3 �1 �4 �12
�4 +1 +1 +4 �8

gative or positive sign in the table imply the numerical shock is before or after the exact one, respectively.
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substitution (7.1) shows poor performance for the fully-discrete case. However, the accuracy of the semi-
discrete case is as good as RK 4. The pattern one can observe is almost same for all the schemes tested. Con-
sidering the huge number of grid points used in the computation these differences are relatively small.
8. Conclusion

In this paper, we have introduced a theoretical microscope to examine the properties of numerical schemes
for advection equations and applied it to LxF, MacCormack, Lax–Wendroff, Godunov, NT, KNP and
WENO-LF5 schemes. Unusual blowups of numerical solutions are observed from the test, see Figs. 1–5. It
is shown in Proposition 1 that a defect of a scheme is exponentially magnified together with the linear source
term in (2.1) if a splitting method is applied with the exact solver for the source term. In many cases, these
defects are overlooked since they are small. However, if the evolution is dominated by the reaction, those small
bugs may grow into a monster as observed in the previous examples. Therefore, one should pay more atten-
tion to the properties of each scheme when the reaction plays a dominant role.

Even though we used the model equation (2.1) to test the properties of schemes for the advection, it can be
employed to test schemes for reaction. For example, one may ask if there is a better way to handle the source
term so that defects of each scheme are neutralized instead of being magnified. In Section 7.2, we tested semi-
implicit, non-splitting and higher order splitting methods and obtained similar behaviors. It seems a challenge
to find a method to handle a source term in a way that those defects are neutralized. If that is not possible, it
can be a more realistic approach to find a cure to fix the defects of each scheme.
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