Non-existence of localized travelling waves with
non-zero speed in single reaction-diffusion equations
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Abstract
Assume a single reaction-diffusion equation has zero as an asymptotically stable
stationary point. Then we prove that there exist no localized travelling waves with
non-zero speed. That is, if [lim inf},_,o u(2), lim sup|,|_, u(z)] is included in an open
interval of zero that does not include other stationary points, then the speed has to
be zero or the travelling profile v has to be identically zero.
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1 Introduction

In this paper we consider the following equation

% = Au+ f(u) in R, ¢t >0, (1.1)

j— 1 n
ul,_g = Uo in R™.

Here n > 1 and wug is a given bounded uniformly continuous function. The Laplacian A

stands for A & > 51 0%/0x%. Here f € C'(R) satisfies f(0) = 0. In addition, we assume

either

f(0) <o (1.2)
or
0 < liminf S < limsup J(w) < 00 (1.3)
w0 —ufulP T uso T —uful?
for a positive constant p with
2
n—1—--<0.
p

Typical examples are
(a) f(u) = —u+ |u|9 u with ¢ > 1;
(b) f(u) = —u(u — bg)(u— 1) with 0 < by < 1;
(¢) f(u) =ulul(u—1) withn =1,2.

We study a travelling wave solution v(xy, ..., x, —ct) with speed c¢. We write y = x,, —ct
and v(xy,...,x,_1,y) satisfies

n—1
0 0? ov )
<j=1@_x3+a—y2>““a—y+f<v>=0 (@1, 201,y) € R

This equation is the profile equation for a travelling wave solution v(x1, ...z, 1,2, — ct).

We write v(z1,...,2,1,y) by u(zi,...,x,). Then we have
ou .
Au + Co T f(u)=0  in R" (1.4)
L

In this paper we study this equation with

[lim inf w(z), lim sup u(x)] C (—aq, by). (1.5)
Here we put
by X sup{be (0,00)|f(s) <0 forallse(0,b)}e (0,00l

a0 ¥ sup{d € (0,00)| f(s) >0 forallse (—a,0)} € (0,00],



and have —ag < 0 < by. If u satisfies im0 u(x) = 0, we have (1.5). If u satisfies (1.4)
and limjg| o u(z) = 0, we call u a localized travelling wave solution.

If ¢ = 0, a localized travelling wave is a stationary solution. Many works have been
studied for the existence, uniqueness and the spherical symmetry of stationary solutions.
For the existence and the uniqueness of stationary solutions, see [14] , [3] , [4], [5], [16], [12]
and [19] for instance. For the spherical symmetry of positive solutions, see [7], [8] and [13]
for instance.

Localized travelling waves for systems of reaction-diffusion equations are studied in [15],
[10] and [6] for examples, and they are sometimes called travelling spots or travelling spikes.

For a single reaction-diffusion one might suppose that (1.1) is a gradient system for an
energy functional and thus a localized initial state with finite energy has to be a stationary
state or cannot keep its shape as time goes on. This intuitive idea suggests that there exist
no localized travelling wave solutions with speed ¢ # 0. The aim of this paper is to give a
simple proof of this non-existence.

The main assertion of this paper is as follows.

Theorem 1. Assume f € C'(R) satisfies f(0) = 0. In addition assume f'(0) <0 or (1.3).
If u € L>®(R™) N C*(R") satisfies (1.4) and (1.5), one has ¢ =0 or u = 0.

Remark 1. If one assumes either

liminf u(x), limsup u(z)] C [—ag,by) or [liminfu(x),limsupu(z)] C (—ao, bo)

in stead of (1.5), Theorem 1 does not hold true. Indeed, we put n =1, ag = 1, by = 1, and
choose f with f'(—1) > 0,

fu) >0, f(u)<f'(-1) for all uw € (—1,0),

and have a monotone decreasing solution connecting 0 and —1 with any speed ¢ > 24/ f'(—1)
to (1.4) by [11, 1, 2]. Thus the interval (—ag,by) in the condition (1.5) is maximal in
Theorem 1.

2 Proof of Theorem 1

We put .
def
Flu) /0 £(s)ds.

For any R > 0 we use B(0; R) o {r € R"||z| < R} and 0B(0; R) = {r € R"||z| = R}.

We write the outward unit vector v = (v4,...,1,) at z € 9B(0; R) as

~—~

for x € 0B(0; R).



We denote 9/9xz; by D; and 9*/0x;0x; by Dy for 1 < i,j < n. Under the assumption of
Theorem 1 we put

def def )
A 1~|—xs€u£n lu(z)], M = max{l,_ggéﬂf(sﬂ},
By l‘mla inf u(x), By ¥ limsup u(x),
T|—00

|z]—o0

and have —A < B; < By < A.

Lemma 1. If u € L>(R™) N C?*(R") satisfies (1.4), one has
1
c/ﬂ (DMQ2::/ (4vmﬁ-F@o>L%-/‘ Dou(Vu, ). (2.6)
B(O:R) 0B(0;R) \2 9B(0;R)

Proof. Using

div (D,uVu) = DyulAu + Z Dj,uD;u

j=1
and

n ([Vul?) Z D;uDjyu,
we get

div (D,uVu) =

=D, (|Vul?) + Dyulu.
Multiplying (1.4) by D,u, we have

OzdﬂDwvw—%QJNM3+dDwf+DAFw».

Applying the Gauss divergence formula [ so.r) GV EF = /. oB(0:r) (Fs V), we obtain

1
0= / D,u(Vu,v) — —/ \Vul*v, + c/ (Dypu)? —|—/ F(u)v,.
DB(0sR) 2 JoB(o;R) B(0;R) OB(0;R)

This completes the proof.

We take dg > 0 small enough such that we have

sf(s) <0 if s € [—dg, d0]\{0}

and
1
—=f'(0) < inf £ (s)] < sup | (s)] < —2f(0) if f/(0) <0
2 s€[~00,00]\{0} |5] se[=do.0]\{0}  |5]
a< inf ’f<1 s)| < sup |f(15)’ < 400 if f satisfies (1.3).
sel-d0500 (0} [S]TFP = sciamipfop |57
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Here a € (0,00) is a constant. We put

if f/(0) < 0.
For any zo € [—dy, d] we define T'(t; zo) by
T'(t;z0) = [f(T(t;z0)) t>0,
T(O, [IZ’Q) = Xo-.

Here ' means d/dt. If z¢ # 0, we have

/T(mO) ds /’”0 ds
t = — = .
0 f(S) T (t;z0) —f(S)

%min{l,ao + Bl,bo — BQ} if ag < 0, by < 0,
def } 3 min{1,by — By} if ap = 00, by < 00,

min {1,ap + By} if ag < 00, by = 0,

We put

N NI— N

if ag = 00, by = 00,

and have 0 < g9 < 1/2 and [By — ¢, By +¢] C (—ag, by) for all € € (0,¢). For all € € (0, &)
there exists r. > 0 such that

By —e<u(x) < By+¢ if |x| > re. (2.7)

Lemma 2. Suppose f'(0) < 0. For zg € [—d¢, o] one has
T (t; 20)| < |wole™™* forallt > 0.

One has
sup e max {|T'(t; By — €)|, |T(t; By + €)|} < +oc.

t>1

Proof. The assertion holds true for the case xg = 0. For the former statement we give a
proof for the case xq > 0, since the case ¢y < 0 can be proved similarly. Using

1 1
<

—f(s) ~ as

for all s € (0, g, we get

/ T4 o / ods
Ttze) —f () = T (0 @5
This gives
log T'(t; xo) < —at + log xg
for all £ > 0. The latter statement follows from the former statement. O



Lemma 3. Suppose f satisfies (1.3). For xq € [—d0,0) U (0, do] one has

1
T (t; 20)| < (apt + |zo|77) 7 for allt > 0.

One has

sup(apt)? max {|T(t; B, — ¢)|, |T(t; Bs + ¢)|} < +00.
t>1

Proof. For the former statement we give a proof for the case xq > 0, since the case ro < 0
can be proved similarly. We have
o ds
t< pETE
T(twe) 577

1 -
t < ap (T(t; o) 7 — 2,7) .

The latter statement follows from the former statement. ]

which gives

We define a constant £ > 0 as

j, et 1+ sup,>; e max {|T(t; By — €)|, |T(t; B + ¢)|} if f satisfies f/(0) < 0,
© 1+ supgsy (apt)r max {|T(t; By —&)|, |T(t; By +¢)|} if f satisfies (1.3).

We define a positive constant 3 as

1 1 1
— mi —— 5 if tisfies (1.2
5 4 in w1} Va7 if f satisfies (1.2),
o 1 . 1 1 . .
min if f satisfies (1.3).

4 max{1, |c|} 1+ M
Using a method in [18], we will prove the following a priori estimate.

Proposition 1. For any € € (0,e9) let 7. > 0 be as in (2.7). Assume that u € L*(R™) N
C*(R™) satisfies (1.4) and (1.5). In the case of (1.2) one has

lu(z)| < 2kePle] (2.8)
if
L r.(Ble|++v/n) 1 2A(r )™
2 {15, S+ s (15 ) |
In the case of (1.3) one has
|u(e)| < 2k (apfBle])~ (2.9)
if 1
1Bl +vi) 1, (2400
|| Zmax{l,ﬁ, 27 +510g<k(7r5)’56§)}'



Proof. We only give a proof for the upper estimate on u, since the lower estimate on u can
be proved similarly.

We put w(z, t) o u(x) —T(t; By +¢) for x € R" and t > 0. Then we have
wy — Aw — cDyw = f(u(z)) — f(T(t; Ba + ¢€))
for z € R™ and ¢t > 0. Thus we have
1
wy — Aw — cDyw — w/ f(Ou(zx)+ (1 —60)T(t; By +¢))dd =0 for all z € R", ¢t > 0,
0
w(z,0) =u(x) — By — ¢ for all x € R™.

We introduce w(x,t) by
1
wy — Aw — ¢D,w — @/ f(Ou(z)+(1—0)T(t; By +¢))dd =0  forallz e R", t >0,
0

7(2,0) 2A if || <re,
w(x,0) =
0 if|z| > re.

By the maximum principle, we obtain
w(z,t) forallz € R™, t > 0,
w(z,t) forallz € R", t > 0.

VANVAN

0
w(z, t)
For the maximum principles see [17] or [9] for instance. We introduce W (z,t) by

Wy — AW —eD,W — MW =0 forallz € R", t > 0,

2A if |z <
W0y =24 k=T
0 if |z| > r..
We have
w(x,t) < W(x,t) for all z € R", t > 0,
and
u(z) <T(t; By +¢) + W(x,t) for all z € R”, t > 0. (2.10)
Using
n—1 9 2
det a1 Zj:l i+ (T + )
K(r,t) € eM—exp | - ,
(x,t) = e n0)? exp ( n
we have

O<W(x,t):2A/ K(x —y,t)dy.
B(0;r¢)

Using B(0;7.) C [—r, r:]™ we have

0<W(3:,t)<2A/ K(x —y,t)dy,

[_Ts,ra}n



and thus
Zntretet o zjtre

n—1 T E
Vit VT
0< W(z,t) < 2AeMt/ R dzH "e
j=1

dz
Tp—retct T Tj—Te m

2

for all z € R™ and all ¢t > 0.
Then (2.10) and (2.11) give

u() < Tt By + ) + 24g(x, 1)
for all x € R™ and all ¢t > 0, where

Tp+1e+ct Tj+ e

2 n—1 2
def At V4t e N
t) = d dz.
glat) = e o r e JT Zjl_l1 T =T /& o

Vit VA

Now we study g. Using

min{(:l:j + 7“5)2, (xj - Ta)Q} > |xj|2 - 2Ta|$j| + 7"3 = (IIJ| - 7“5)2,

we have
Tj+Te
Vit e Te (J;] Ta)2 .
0< /f:lf] — T ﬁ dz S \/E €xp At if |‘7“]| > T,
VAt
and

Combining these estimates together, we obtain

.’L'j—i—T'g

VAt e’ Te re? (|z;| — 7’5)2
< T r z e exp | o7 ) exP
V4t

for all z; € R and ¢ > 0. Using

min {(a:n + ct + r€)2, (xy + ct — 7“5)2} > (|xn + ct| — 7“6)2 ,

we obtain

Ty, + 1.+ ct

Ty, — T+ ct ﬁ
VAt

4t

- = _ 2 2
4 n t _ )
vt C _dx< exp (—(lx ot = re) ) if |z, + ct| > r.,

(2.11)

(2.12)



and
T, + 7+ ct

2
Vat e’ Te :
< <r.
Ty — Te +Ct ﬁdz— [t lf‘xn"{'cﬂ—rs
VAt

Combining these two estimates together, we obtain

Ty + 71+ ct

\/@ e*ZQ 7“2 (|en + ct| — T5)2
0< T, — 7o + \/_ \/_ exp exp | — m
VAt

for all x,, € R and t > 0. Now we obtain

0< gl t) < M o (”(7‘6)2) exp <_J(w,t)) |

(mt)? At 4t
where 1
J(@,t) = (Jon+ct] =12+ (Jay] = 72)%.
j=1
Now we get
n—1
J(z,t) = |z|* + 2ctz, + At — 2r |2, + ct| — 2r. Z |2;] + n(r.)2.
j=1
Now we set t = x| and have
n—1
Iz, Blz]) = |2 + 2Bexalz| + 2P| — 2. Y || — 2|y + et| + 2.
j=1
Using
j=1
we get
J(x, Blz]) = (1+ 8% = 2B]c|)|a|* — 2rev/nfa| — 2reBlela] + nrZ,
and thus

J(z, Blz]) = (1= Blel)?|z]* — 2re(V/n + Ble|)|x] +na.

From the definition of 5 we have

(1Bl 2
and .
Iz, Blzl) = S lal* = 2re(Ble] + vn)|x| + nrZ.
Thus we get
0 < gfeflel) < - (g| )T) exp (”(5'02'; ﬁ)) exp (— (% _ zvm) |x|) |

9



From the definition of S we have
1

20 < % —Mp if f satisfies (1.3).

In the case of f/(0) < 0 we have
u(z) < 2ke Bl

if

eocﬁ|ac| > 2A(T5> _ exp (7”5(5’6’ + \/ﬁ)) .
k(mp|x])z 26
This gives (2.8).
In the case of (1.3) we have

nlaly b o 2ACD" e (Blel V) o
u(z) <k (app| |) 775|$|) p( 23 )

E (apBl])” < exp <rs(5|02|; \/ﬁ)) (apmxw;eweﬂxl)

e e (45 9) )

sup(apﬁr)%e_ﬁr = <2>; :

r>0

E\H

< k (apBz|)”

if |x| > 1. Here we used

This gives (2.9) and completes the proof. O]

Let s € (n,+00) be arbitrarily given. If w € W25 (B(0;2)) N L¥(B(0;2)) and h €
L*(B(0;2)) satisty
(—A —cD,)w=~h in B(0;2),

one has

lwllw2sBo1) < Kollh|lsB0:2)

by the Schauder interior estimate, where K is a positive constant. See [9, Theorem 9.11]
for a general theory. Then W?%%(B(0;1)) C C*(B(0;1)) and L>*(B(0;2)) C L*(B(0;2))
yield

Hchl(B(o;U) < K|[hl[ e (B032)).

where K is a positive constant. See also [9] for the Sobolev imbedding theorems.
Proof of Theorem 1. For any y € R" we put w(x) o u(z +y) and have

—Aw(z) — cDyw(z) = f(w(x)) for x € B(y;2).

10



The Schauder estimate gives

lwll sz < Kl (W)= s0:2)),
which yields
[Vu(y)| < K sup |f(u(y + z))| for all y € R™.

2] <2

Especially we get

|Vu(z)| < KM sup |u(x + y)| for all z € R™.

lyl<2
In the case of (1.2) we obtain

V()| < 26K Me=50e1-2) < o ¢ N2 emable]

o {1 B+ ) (2400
|z| > ma {35 G +a510g T .

In the case of (1.3) we obtain
[Vu(a)] < 26K M3 (apBlal) >

1 r(Ble+vn) 1, 2A(r.)"ar
= Zmax{?”ﬁ’ 232 +ﬁ Og(k;(ﬁ)%i)}'

Using estimates on u and |Vu|, we get

1
/ (—|Vu|2 — F(u)) Vp — / Dyu(Vu,v)
oB(0:R) \ 2 OB(0:R)

21 3 M
< = Rl (2 max Vul®> + — max |u]
(%) 2 9B(0:R) 2 9B(O:R

Here I is the Gamma function. Recall that 27"/2/I"(n/2) is the area of a unit ball in R™.
If f/(0) < 0, we have

1
/ (—|Vu|2 — F(u)) Up — / Dyu(Vu,v)
2B(0;R) \ 2 OB(0:R)
from Proposition 1.

If f satisfies (1.3), we have

=0

lim
R—o0

max |u| = O(R™7), max |Vu|=O(R»)
OB(0;R) OB(0;R)

as R — oo using Proposition 1. Thus we obtain

1 2
/ (—|Vu|2 — F(u)) Up — / Dou(Vu,v)| = O(R"'77)
aB(0;R) \ 2 OB(0:R)

11




as R — oo. Using

2
n—1—-<0
p

and sending R — oo in (2.6) in Lemma 1, we obtain

c/n (Dpu)? =0

for both cases. This equality gives ¢ = 0 or D,u = 0. If D,u = 0, the condition
lim|g oo w(x) = 0 implies u = 0. Thus we find that ¢ = 0 or u = 0. This completes
the proof of Theorem 1. O

3 Applications

Letn>3,1<q<(n+2)/(n—2)and f(u) = —u+ |u|?" u. Equation (1.4) for ¢ = 0 is
called the scalar field equation. It is well known that there exists a unique positive U of
class C?[0, c0) satisfying

n—1

U"(r)+ Ur)+ f(U(r) =0 forallr >0,

U'(0) =0, lim U(r)=0.
r—00
If u > 0 satisfies
Au+ f(u) =0 r € R,

u(z) = U(|z —y|) for some y € R™ from [7, 8]. From Theorem 1 in this paper one has ¢ =0
if u # 0 satisfies (1.4) and (1.5) for some ¢ € R. Thus there exist no localized travelling
waves with non-zero speed for f(u) = —u + |u|?"u.
We give another example of f that satisfies (1.3). Let f(u) = u|ul(u —1). If u > 0
satisfies
Au+ f(u) =0 r € R,

u has to be spherically symmetric for some point in R? from [13]. For an example of
spherically symmetric solution is as follows. For n = 2, the following equation

U"(r)+ U (r)+ f(U(r)) =0 for all r >0,

lim U(r) = 0. (3.13)
T—00

has a solution 1
Ulr) = ——.

From Theorem 1 one has ¢ = 0if n = 1,2 and u # 0 satisfies (1.4) and (1.5) for some ¢ € R.
Thus there exist no localized travelling waves with non-zero speed for f(u) = u|u|(u — 1)
when n = 1, 2. However our assumption does not hold true when p = 1 and n > 3. Thus it
is an interesting open problem to prove the existence or non-existence of travelling waves
for f = u|u|(u — 1) when n > 3 or more generally for f with (1.3) when n > 1+ (2/p).

12
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