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Introduction

The purpose of this paper is to examine the role of Korteweg’s theory of cap-
illarity [23] in predicting the steady motion of a rarefied gas where the motion
is induced by a temperature gradient on the boundary of the flow domain.
The theoretical treatment of problem of such a temperature gradient driven
flow dates back to the classical paper of Maxwell [29]. Maxwell noted that
he was looking for an explanation to the surface flow phenomena discovered
by Kundt and Warburg for gases and Helmholtz and Piotrowski for liquids.
Maxwell introduced a linear second gradient of temperature to the Cauchy
stress tensor thus realizing that it is the extra contribution to the tangential
stress that causes the gas motion adjacent to the domain wall. The velocity
of the gas is a slip velocity which Maxwell computed. In equations (55)-(59)
of his paper Maxwell derives what he termed the “final equations of motion”
and then remarks “I have not, however, attempted to enter into the calcula-
tion of the steady motion”. Maxwell also remarks “this phenomenon, to which
professor Osborne Reynolds has given the name of thermal transpiration was
discovered entirely by him. He was the first to point out that a phenomenon
of this kind was a necessary consequence of the kinetic theory of gases...”

In modern terminology the name thermal transpiration has been replaced
by thermal creep. More to the point we see from Maxwell’s paper that he
used the Boltzmann equation (where Maxwell gives full credit to Boltzmann)
to derive his higher gradient theory. Hence it is clear that Maxwell in 1879
preceded Hilbert’s expansion [7,8,35] (and of course the expansion of Chap-
man and Enskog [33-35,38,42] and Burnett [5,6]) in deriving a higher order
theory of stress from the kinetic theory of gases. In more recent papers Sone
and his collaborators [41,42] have continued Maxwell’s program and developed
a higher order theory of thermal stresses. Furthermore other higher gradient
theories are presented in the paper of Lockerby, Reese, and Gallis [25]. Hence,
in principle, if one was to use a continuum mechanical approach to thermal
creep Sone et al.’s expansion [41,42] would provide the equations for the anal-
ysis. On the other hand van der Waals [27] in 1894 introduced a variational
form of a second gradient theory which was later put in more general form as
a stress tensor in 1901 by Korteweg [23]. In recent papers [38-40] the third
author of this paper, based on Gorban and Karlin’s exact summation of the
Chapman-Enskog expansion [15-18,21] for a linearization of Grad’s 13 mo-
ment expansion [19,20], has suggested that the sum of the Chapman-Enskog
expansion has the appearance of Korteweg’s theory. In fact for the case of
isobaric motion where the product of density and temperature is a constant
the theories of Maxwell, Sone et al., Lockerby et al., Bobylev et al. [1-4], and
Korteweg all appear to be similar at the linear level. But, since Korteweg’s
theory in the form written by Dunn and Serrin [14] (which was in turn moti-
vated by [36,37]) gives a nonlinear, simple and frame indifferent version of the
higher order stress, it is the one we choose to use here.

In the literature on thermal creep one may find two recent themes evolving.
The first view is within the context of the kinetic theory of gases. This means
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solving the Boltzmann equation or moment approximation to the Boltzmann
equations motivated by Grad’s 13 moment expansion. Numerically computed
solutions of the linearized Boltzmann has been provided by Ohwada et al. [30,
31], Loyalka et al. [26-28]. Explicit solutions of Struchtrup et al.’s regularized
13 moment equations are provided in a series of papers [43-45] (See also the
paper of Karlin et al. [22] for a further discussion of R13). Inspection of the
results given in the paper of Takesi, Rana, Torrilhon, and Struchtrup [45]
shows qualitative agreement for their exact solutions and the numerical ones
for the linearized Boltzmann equation. The non-numerical papers known to
the authors are the works of C.-C.Chen et al. [9] and I.-K. Chen et al. [10-12,
46] where sharp estimates are obtained on the velocity of the flow in terms of
the data and Knudsen number. Again the linear Boltzmann equation is used
as the fundamental description for the gas motion. Of course the second theme
in the literature is continuum theory as reviewed by Lockerby et al. [24,25],
and this is the direction we pursue here.

Again we summarize our goal here: we use the non-linear Korteweg theory
to allow us to develop sets of non-linear ordinary differential equations for
thermal creep flow. Furthermore, for the case of half-plane flow, we give an
explicit solution to these nonlinear equations. For channel and wedge flow we
give a mixture of qualitative and quantitative results. We believe the material
here gives continuation of the issues raised by Lockerby, Reese, and Gallis [25]
as to the “usefulness” of higher order constitutive relations in describing rar-
efied gas flow, i.e., the “usefulness” is allowing non-linear problems in rarefied
flow to be represented as systems of non-linear ordinary differential equations
which can be analyzed and in some cases explicitly solved. Moreover, to return
to our earlier quote from Maxwell’s paper: unlike Maxwell, as is obvious from
the above remarks, we do attempt to give the calculation of non-linear steady
motion of the gas.
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1 Balance laws for isobaric flow

The balance laws of mass, momentum, and energy for steady flow in two space

dimensions (x,y) are given by

0 0
a—x(Pu) + 3—y(PU) =0,

0
%(PU2 —Ty) + a—(puv —T12) =0,
8_(/’“” —T2) + 8—y(pv —Tho) =0,
0 1 9
gz e+ 5 +v?)pu) + "oyt S +?)p0)
g dg, 0
= %(UTH +vT2) + (ule +vTh) — % - 8iy2

Here we have

density,

,v)  velocity,

p

(u

T;; Cauchy stress tensor,

e specific internal energy,
0 temperature,

q heat flux,

D pressure,

c

capillarity coefficient.
We impose constitutive relations as follows. The Cauchy stress

T; =T +TY + T}

ij

where TE TV TK are the elastic, viscous, and Korteweg contributions to the

ijo g
Cauchy stress. Denote Ti‘jﬂrK = Tl‘; + Tf We set
p =pb,
T = —pdij,
T = AMtrD)ds; + 2uDij,

where > 0, A = ——u,
ou 1, 0u Ov ov
Dy =—, Diu=D Doy = —
=g 12 21 = 2(8 + ay —), 22 oy’
and

Tg = {pcAp+ pc,M + 2pcyd @ d - V?p + pcog - d}dij — cd @ d.
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(Subscripts p, 8, M denote partial derivatives with respect to the quantities.)
Here, A, u are viscosity coefficients of a monatomic gas, ¢ = ¢(p, 0, M) is the
surface tension coefficient, d = Vp, g = VO and M = d - d and we choose a
system of dependent variables so that the gas constant R = 1. The form of
TZ-?-{ is taken from the paper of Dunn and Serrin [14]. The internal energy e
consists of two parts,

e=eP el ,

where

eE:§9
2

is the classical elastic contribution to the internal energy and
c—0c
K %d-d
2p
is the Korteweg contribution to the internal energy. Finally, the heat flux is
given by

q=q" +4q",

where

¢" = —rg,

is the Fourier contribution to the heat flux and
¢ = cptr(D)Vp

is the Korteweg contribution to the heat flux. We take a power law for the
capillarity coefficient,

c= Ap*d®,
where a,b are constants. For example, such power law constitutive relations
are familiar in the modeling of thermo-mechanical processes (see Tzavaras[47—
49]and the extensive references given there).

For comparison, observe Maxwell’s second gradient term given in his equa-
tion (55) is %‘;—ZAH, which for isobaric flow is proportional to —‘;—ZAp—i— non-
linear terms. Maxwell takes pu = pof. This yields —u20*Ap and with pc =
Apatlgb = Ape=b+l = APP=—1 would require b—a—1 = 4,i.e.,b—a =5 We
note in addition Maxwell’s coefficient will be negative, i.e., —u3f* where as
Korteweg theory gives a positive coefficient. This is no surprise since Maxwell
has computed the linear term in Burnett coefficient which we know [2,3] to
have the “bad” sign. The point of the papers [38-40] is that the sum of the
Chapman-Enskog expansion will give the “good” positive sign.

Following Maxwell (see his equation (57)) we consider isobaric flows for
which

p=1
so that
pd = 1.

Isobaric flows will capture the essence of transpiration flow near a solid bound-
ary where there is no induced pressure gradient to drive the flow.
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2 Boundary value problems

We consider three boundary value problems: channel flow, half-plane flow,
and wedge flow illustrated in Figure 1. We prescribe the following boundary
conditions:

?y
| Yy
I
I
I
1 y=H/2

f I

- H_ ___ oo »
I T
y=—H/2 @
(a) channel flow (b) half-plane flow
AY AY
) = 1tbo
/ / / /1)y
777
(c) wedge flow (d) flat wedge = half-plane

Fig. 1 Three boundary value problems are considered in this paper and their domains are
as the above, (a,b) and (c). If the angle ¢ = 7, the wedge-flow becomes half-plane flow (d).

(a) channel: 0 = 61|z|°, v(x,y) =0, |y|=H/2, (2.1)
(b) half-plane: 0 = 04 |z|°, v(z,y) =0, y=0, (2.2)
(c) wedge: 0=0.r° (u,v) - n=0, =%, (2.3)

where n = (— sin ¢y, cos 1g) is the unit normal vector to the wedge and (r,v)
is the polar coordinates. Here and in that follows we take a domain x > 0
for (a,b) due to the symmetry of the problem with respect to y-axis. We also
take the upper half plane y > 0 for (¢) by the same reason. The power s can
be chosen freely and this freedom will be used later to construct a similarity
solution in Section 4. Notice that the half-plane flow is a special case of the
wedge flow when ¢y = 7 as demonstrated in (d). The boundary conditions
are also identical for these two cases.
Consider a Navier-Stokes-Fourier fluid with

T =T + Ty,

q =4q",
Kk = Kob".
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Then, (u,v,0) = (0,0,0) will be an exact solution to three isobaric boundary
value problems if @ is the solution of

A0 =0

satisfying the above boundary conditions. In other words, for boundary con-
ditions given by (2.1), (2.2) and (2.3) with the no-slip condition, not only will
the Euler equation produce no non-trivial motion but also the Navier-Stokes-
Fourier system as well. Since motion is experimentally observed, this points
to “incompleteness of continuum fluid dynamics” [25].

3 Rescaled equations for thin layer

We will analyze the isobaric motion in two different ways, one based on a
rescaling for motion close to the walls and the second based on self-similarity
for which we will recover equations for isobaric motion away from the walls as
well.

3.1 Rescaled equations of channel flow

Consider the channel flow problem and set
y=yH, x=2zL, (3.1)
where L is a typical length scale along the walls. We are interested in the case

where

€ = —

L

is a small parameter. Insertion of (3.1) into (1.1),(1.2),(1.3) immediately yields
to leading order in e,

0
a_g(pv) - Oa

which incorporated with the boundary condition v = 0 on the walls, tells us

(%(Tm) =0, (3.2)
(1) =0, (33)
@(le) O =0. (3.4)
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We look for a solution of the form
(9),

“0(y). (3.5)
~55(3),

Il
>

>
I

> S
Il
8 8 O

:17

where recall s is determined by the boundary condition (2.1). From (3.5) and
the chain rule we find )] =0, T}% = ,u%, Ty, = 0 and

e slsrl)
peldo = o (Tpz P+ gm)
A 2 12
P P p
peoM = T3 (£2L2 i ﬁ)

.df@ 5 _ﬁ
peeg-d = =5\ 7212 2H?)

o Al

e —pp
_¢ | 7212 ZLH
€T Al 52
—pp" b
IZLH H?

Insert (3.6) into the expression for Tg and then read off (to leading order in
€) equations (3.2), (3.3),

9 o cpp’
3_17(/” * L:f25+1) =0 (3.1
and
o Cﬁﬁ” cppApA/2 C@ﬁlz Cﬁl2 B
a_g( 728 738 - ff2[3 - 1—725) =0. (38)

Here, since ¢ = Ap®0®, ¢ is independent of M and so we set ¢y = 0.

We have taken x(60) = k00" and hence to have a constant Prandtl number
we set p(0) = pof”. Examination of (3.7) tells us to force the same power of
Z in both terms we need

p= 1ol = poz*"0",
c Ape—bg—sla=h) ~a—b b)—2s—1
T2+l 2541 = Ap* bz slemtmEen

to have the same exponent for z, i.e.,
sn=—s(la—>b)—2s—1.
In the rest of this section we set s = 1 and hence

b—a=mn+3. (3.9)
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For example, for the case of Maxwell molecules, i.e., n =1,

b—a =4, (Maxwell)
and, for hard sphere molecules, n = 1/2,
7
b—a= 7 (Hard Sphere)

If we refer back to Section 1, we see the needed scaling is b —a = 4 as opposed
to the one predicted by Maxwell himself (b — a = 5) from the kinetic theory
of gases.

We then see that (3.7) becomes

ﬁa—b+1

: L ﬁj:o

ApAa—b-i-l
L

We know however that for the channel flow problem the solution @, p should be
even in § and hence @/(0) and p’(0) must vanish. Thus the constant in (3.10)

is zero and with 8p = 1 we have

9 .
ng/
% (M09 U +
or

o’ + p' = const. (3.10)

ra—b+1+
;L Ap "

pot’ + 17 p=0
and integration tells us
Aﬁa_b+2+n
U+ = const. 3.11
RO Tla—b+2+7) (3.11)

Thus once p is determined, @ is known up to two constants.
We must now solve (3.8) subject to the boundary conditions p = 1/6; at
y = £1/2. Again to get the same power of Z in each term we need

c Aﬁafbjfs(afb)

72s 72s ’

ra—b—15—s(a—b—1
c,  Aap 5 )
73s 73s ’
o Apraberl‘,z.fs(aberl)
= zs

to have the same exponent for z, i.e.,
—s(a—b)—2s=—-s(a—b—1)—3s=—-s(a—b+1)—s,
which is indeed true. Thus (3.8) becomes

9 ~a— ~ ~a— ~a— ~a—b\ A
% (Ap bR 4 (Aap®™b — Abp®~b — Ap b)p'2) =0 (3.12)
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or

C
PP+ (a—b—1)p"” = ﬁaib, (3.13)

where (' is a generic constant. Set
w = /5/2

so that ‘2—7“5 = 24/p". Then, (3.13) becomes

po C
242 p

or
dw 2(a—b—1w 2C4

= . 3.14

dﬁ + [) ﬁaflﬂ*l ( )

Equation (3.14) admits the integrating factor p?(*=*=1. Multiply (3.14) by
this integrating factor to obtain

d
d_ﬁ(ﬁ2(a7bfl)w) _ 201[)1171)73,

which we integrate to see

20 ~a—b—2
pHa=b=Dy, TP o
a—b—2

where (5 is also a constant. Hence we have

(1) <= 20

C ~—2(a—b—1)
4y a_p_2 2

2C
__ ~b—a 1 ~b—a+2
= —+C ) 3.15
p (a — 5 T Cep (3.15)
For b —a > 3, as in the case of Maxwell molecules and hard sphere molecules,
take C7 > 0, Cy > 0 so that (3.15) gives us the phase plane portrait in Figure

2 where Z—g = 0 when azgiS +Cyp~tt+2 = 0. Hence the crossing point on the

p axis moves as we adjust the ratio g—; We derive the graph given by (3.15)

and note the intersection with the vertical line p = %. We desire the travel

time between the points of intersection equal to 1, i.e., —% <y < % This is
accomplished by adjusting our ratio % since this will monotonically increase
travel time from zero as we move the phase portrait to the right. This proves
existence of a solution of (3.13) satisfying p(3) = p(—3) = %. Hence we know
p and from (3.11) we know @ as well. Should we desire an explicit solution
to (3.15) we can substitute values of b — a, which reduces the problem to a

quadrature. For example, b — a = 4 for Maxwell molecules and,

() =0(-F o).
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dp
A dy

e

Fig. 2 The phase plane portrait given by (3.15).

b—a= % for hard spheres and,

dpy? A7/2( ACH 56
VP _ (- 4G 1 o),
(dg) p TG
1 o 4Ci1\—zdp
= (0’ — 7)) T =
p 11 dy
Finally we note that a sketch of the velocity profile is easily obtained from
the phase-plane portrait given in Figure 2. Notice that as we move along
the trajectory in the figure, say from top to bottom, beginning and ending
at p = 1/61, p decreases to what would be the value at § = 0 and then
symmetrically increases again. Thus, since the exponent

a—b+2+n

in equation (3.11) is negative, it tells us that the profile for @ will increase,
reach a maximum at § = 0, and then symmetrically decrease. But one easily
sees that this is consistent with numerically computed profile given in Figure
8 of [31].

3.2 Rescaled equations of half-plane flow

In our analysis of half-plane flow we anticipate a boundary layer of height H
and where again L is a typical length along the wall. Hence the derivation of
equations in (3.10) and (3.13) for & and p is exactly the same as for channel
flow. In both (3.10) and (3.13) there are constants of integration and we impose
the far field conditions

P —0 as §— oo (3.16)
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that yield these constants to be zero. Hence 4 is once again determined by
(3.12) where as p is given as a solution of

pF" + (a—b—1)§ =0, (3.17)
. 1

Division by pp’ in (3.17) gives
Inp +Inp* " t=cC
and allows us to explicitly solve (3.17) and (3.18) to find

o) = (Csv+ (%)H) T Gy=(a—b)eC. (3.19)

Substitute (3.19) into (3.11) and we can read off the explicit solution for the
half-plane problem,

a—b+24n

A(Csg + 6077 v
Lla—b+2+n)

Mot +

= const. (3.20)

Recall (3.9):
b—a=n+3.

Hence the exponent in (3.20) is 1 for Maxwell molecules and £ for hard spheres
when s = 1. Furthermore the constant Cj is negative for all cases. Now (3.20)
becomes

A
Hotl — Z(ng + 19‘11)i = const (3.21)
for Maxwell molecules, and
. A _ 8.3
Lot — Z(ng + 67 )s = const (3.22)

for hard spheres. Therefore, the negative sign of C3 shows that the gas flow
moves to left in the domain = > 0 if no slip boundary condition is imposed.
We notice that unlike the numeric and analytic results of Ohwada et al.
[31], Loyalka et al. [26-28] and Struchtrup et al. [44,45] equation (3.20) gives
a (4) sublinear growth of |&| in § as opposed to a graph of the form (i7)
@ = constg + Y.~ const; exp(—f;y) when 3; > 0. The reason for (i7) is an
immediate result of their model. The authors use a linear model and as is well
known from the theory of constant coefficient evolution equations, if there are
no oscillations (damped or undamped), then all bounded solutions must be
of the form (ii). Hence, there is no inconsistency between (i) and (iz). Both
provide the magnitude of % as a monotone increasing, concave function of .
One might question the growth of @ for large 4. But of course once y becomes
large (say of order %), then the original scaling arguments used to derive the
ordinary differential equation for @ and p are no longer valid. This motivates
deriving a system of ordinary differential equations where the scaling in € is
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not used and we shall do this in the next section. Finally, in both Sections 3.1

and 3.2, we have %—O
If we wish to compute g1, we note that since ¢f is zero to leading order in

€, the dominant term is given by ¢f which for the half-plane flow yields

00 —rosT —g sp~ (1)
£ = — 9 = 0 = 0
q K’( )ax L L
= K/OS (C3y + eb a) )

which again gives exponents % for Maxwell molecules and % for hard spheres
and hence gives sublinear growth in .

4 Self-similar solutions for flows over a wedge

As noted in Section 3.2 the result derived from Korteweg theory given by (3.20)
will become inconsistent with their derivation for large y where as the results
of Loyalka et al., Struchtrup et al., and Ohwada et al. [31] will inevitably
reflect the linearity assumption of their underlying systems of equations. This
motivates us to derive a system of ordinary differential equations for isobaric
flow not based on the smallness of y or linearity.

It is well-known that the conservation laws given in (1.1)—(1.3) have the
similarity structure along a variable { = £. Therefore, we may consider a simi-
larity solution in terms of polar coordinates. First, we rewrite the conservation
laws in polar coordinates r and 1. The velocity vector field is written as

(’U,, 1)) =wie, + W2€y = (wla MQ)K)(E W)v

where e, = (cos,sine) and ey, = (—sin, cos¢) are unit vectors in polar co-
ordinate system and the subscript ‘@’ in (wi,w2),, is to denote this coordinate
system. The stress tensors are written as

E

Tij:_paij

N A s
1om 4 om_wmo(lgmym)_2v.w

TX = pV - (c(p,0)Vp)di; — c(p,0)Vp @ Vp.

The mass conservation (1.1) is written as

_19 19(pw2)
Ve (pw) = o (rpwn) + — 9% =0 (4.1)
The momentum conservation (1.2) is written as
HZrsn)) + (S-S
ves— |7 aar( 11) :( 12 — S22) o, “2)
37 (rS12) F(aqu?? + S12)
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where S is a symmetric tensor given by
S=pwaw-—TVTE

Now, we will construct a special solution in a form of

p =1 pY),
wy =17 W (Y),
wy =17 W (¥), (4.3)
0 =17 0(y),

111";+K = r(s Tl] (2/1)7

and ﬁ6‘~ = 1. The powers are given by
—1 . 1 —n
2n+1’ 41

o =

where

p=pob", clp,0) = Ap*6” = A6"~"

and
b—a=342n. (4.5)

The choice of the powers above are from similarity structure of the problem,
which is briefly discussed in the Appendix. In particular, notice the difference
from the previous choice in (3.9).

The first step is to find equations for g,0,T, i, and W o= (W1,W2)e by
substitution of the ones in (4.3) into the balance of mass and momentum.
First the mass flux is written as

ow = T pw.

Hence, the mass conservation, V - (pw) = 0, is written as
(a+7y+1)piy + (pis) =0, (4.6)

where the ordinary differentiation above is with respect to 1 variable.
There are three tensors for momentum conservation. Similar substitutions
give
pw QW = 1T i @ W, (4.7)
TV = =iy,
4v=2 ~ 2 ~
~ w1 — 2 (w w — 1)ws
T—/m@(?’,l 3(2) (2’114 4)~/>
(1) + (v = D)o +5(
)

2)
TK — plb=a=2)-2pK 7K _ A b(ﬂ2(1 . (b a2 +

p

~/

~~// ~/\2 ~a—b 2 2 /Bp
(57" + (a = 0)(5)*))dij + A" ( e (4.9)
The powers in (4.4) give
a+2y=pn+y-1=80b-a—-2)—2=-1=04.
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Therefore, the tensor S satisfies S = r—18 with

S=pwow-—-T"V -TK,
The momentum conservation is written as

(1 + 5)5’11 + giz - S’QQ) <Sl2 S22>
V-S=0= ~ ~ < = =0. 4.10
((1 + 5)812 + Sé2 + 812 822 + S12 ( )

(Notice that the above choice of the power § = —1 simplifies the momentum
conservation.) Therefore,

Sl 4+ 810 =0, Sy =25,
and hence we obtain

Sio = C4 cosp + Cysiny

= piny — pop (W + (v — 1)ia) — AB* "7, (4.11)
- 4 4 -2
Say = —Cysinty + Cy cos ) = il — uoﬁ—”(gw; +— i )
—AP N (M4 a=b)B%5" 4+ pp" + (a—b+1)p"" —25).  (4.12)

Notice that we do not consider the equation for energy conservation. The
reason for this is both mathematical and physical. Of course the mathematical
basis for ignoring energy conservation is obvious: (4.6), (4.11) and (4.12) will
provide a closed system of ordinary differential equations in p,w; and ws.
The physical basis for neglecting energy balance may be found in the paper
of Sone where he writes on the discrepancy of the Navier-Stokes system [41,
Section 3.1]. “Anyway, the heat-conduction equation is not appropriate to the
description of the temperature field of the problem ... the temperature field has
to be obtained simultaneously with the flow with the case of the continuity
and momentum equations.” Sone bases his remarks on order of magnitude
relations in the balance laws. Mathematically the energy equation would have
to be modified by the terms ¢f¢, ¢& and e¥. Now just as in the more traditional
examples of isothermal and isentropic gas dynamics in absence of the heat
flux the balance of mass and momentum will imply the energy equality. This
is of course familiar in continuum thermodynamics (see C.M. Dafermos [13]).
Moreover, it is interesting to note that Maxwell himself weighed in on this
issue. He wrote “However, it is important this consideration may be in the
theory of specific heat and that of conduction of heat, it has only a secondary
bearing on the question of stresses in the medium; and as it would introduce
great complexity and much guess-work into our calculations...”
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4.1 Numerical computation of the similarity equations

The three equations in (4.6), (4.11) and (4.12), make a system that involves
first order derivatives of w; and W, and first and second order derivatives of
p. Hence, we obtain first order system of four equations

p=0a, (4.13)
N . B pa-
wy = (1 =)Wy — —p &
Ho
hi
+ —(pwiwg — C1 cosy) — Casiny), (4.14)

Ho
= W
Wy = —(a+ 7y + 1)y — S, (4.15)

/ 1 22 2 2 1y o prot

W =p((b—a=1)(57p" +&7) +20%) + 2" "y — ——— X

. " 4w
(Cg costp — Cysine) + pop "((gﬁ — 2y)un — 3—ﬁw2)). (4.16)
We solve this problem on an interval [1g, 7] with initial conditions

(o) = po > 0, w1 (o) = Wi0, W2(tho) =0, @(o) = Do, (4.17)

where 1) is the angle of wedge. Note that the above C; and Csy are not arbitrary
constants. They have to be chosen appropriately. For example, the angular
component of the velocity vector should be zero at the other side of the wedge,
ie.,

Wa(2m — tho) = 0. (4.18)

Notice that we consider a symmetric wedge and hence a symmetric solution
with respect to x-axis. Therefore, the constants C; and C5 should be chosen
to satisfy

wo(m) = 0. (4.19)

In the numerical examples and computations of this section C and Cy were
chosen in a way that (4.19) is satisfied. The existence of such Cy and Cs seems
to depend on the initial values in (4.17) and the wedge angle ¢y. We could
not show existence or uniqueness of such constants that give the symmetry to
a solution.

In Figure 3 the velocity vector fields of four similarity solutions are given
in xy-plane. In these examples, hard sphere case is considered with n = 1.
Two cases of wedge angles are considered with vy = 0,7/6, where )9 = 0
should be considered as the limiting case that the wedge angle approaches to
zero. Since the power v < 0, the far field velocity is zero. However, to generate
these flow under the isobaric assumptions, the temperature diverges as r — oo
since 8 > 0 and the gas is a vacuum at the far field. The examples in Figures
3(a,c) are with slip boundary conditions and in Figures 3(b,d) are with no
slip boundary condition. In particular Figures 3(b,d) show that the similarity
solution is not stationary even if the velocity field is zero along the wedge.
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(a) slip boundary condition with v = & (b) no slip condition with o =
4 AF =T >
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(c) no slip condition with ¢ = 7 (d) no slip condition with 19 =0

Fig. 3 Velocity vector fields of similarity solutions for wedge problem (4.13)-(4.19) in zy-
plane. Slip boundary condition %1 (19) = 1 is given for (a), and no slip boundary condition
w1(¢po) = 0 is given for (b,c,d). The wedge angle is ¢o = 7/6 for (a), Yo = 5 for (b), and
1o = 0 for (c,d). The other boundary conditions are identical with w2(0) = 0, p(1p0) = 1
and p’(10) = 0 and constants C7 and Cs have been chosen to satisfy w2 (7) = 0.

0 N
\\\\ ——n=0 /
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_03 ~ .=
1 15 2 25 3
(b) w2(¥)
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~01 N T2
N
—0.2 \\\ | //
\\ / /
- - —n=12 3 -0.3 N
] \ N /
-2 04 -
0 1 2 3 "o 1 2 3 0 1 2 3
(d) @1(¥) (e) wa(¥) (£) p(¥)

Fig. 4 [horizontal-axis: angle #]. Similarity solution of (4.13)—(4.18) with no slip boundary
condition. The first row is the case in Figure 3(b) with 9 = 7/6 and the second row is in
Figure 3(d) with ¢o = 0. Three cases of n = 0,0.5,1 are considered.
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Fig. 5 [horizontal-axis: distance from the horizontal surface.] Velocity vector fields of simi-
larity solution in rectangular xy-coordinates for a thin wedge are given in (a,b). The initial
conditions are identical to the case in Figure 3(d) with no slip boundary condition. The

half-plane case with the wedge angle 19 = 5 as in Figure 1(d) is given in (c,d).

In Figure 4 the profiles of velocity W = (w1, wW2),, and the density p are
given for the two cases with no slip boundary conditions. The first row corre-
sponds to the case in Figure 3(b), where three cases of n = 0,0.5 and 1 are
displayed. The second row is the case in Figure 3(d). In these examples, we
have p > 0 and we = 0 for n = 0 case. These observation will be proved in
Theorem 1. In these examples, one may also observe that p has a unique local
minimum in the interval [¢)g, 7]. Part of such behavior is shown in Theorem 2.

In Figure 5(a,b), velocity vector fields are given in rectangular coordinates
along a line x = 1 with 0 < y < 6. These figures correspond to the case in
Figure 3(d) with no slip boundary condition. One may observe the dynamics of
the velocity field away from the horizontal thin wedge plate with wedge angle
1o = 0. In Figure 5(c,d), velocity vector fields are given similarly for the case
with 19 = 5. This is the flat wedge in Figure 1(d) that gives the half-plane
flow in Section 3.2. The specification of the simulation is same as Figure 3(c).
One may observe differences between this half-plane flow and the previous thin
wedge plate flow. First notice that the parallel component v to the surface in
(c) has the negative sign. This is the same sign obtained from (3.22), where
C3 in the formula is negative. The vertical component w in (d) has zero slope
on the boundary and hence is smaller than the horizontal component near the
surface. These two components become compatible beyond the thin layer near
the surface.
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Some of the simulation results agree with other linear theory results. For
example, the magnitude of the horizontal component of velocity increases in
the thin layer of the plate, say 0 < x < 1, and approaches to a maximum,
which agrees with the results in [45, Figure 6]. However, as x increases beyond
the thin layer, the velocity v decreases and converges to zero eventually. This
second part shows the difference of the nonlinear theory of this paper from the
linear theory.

4.2 The structure of similarity solutions

In this section properties of previously obtained similarity solutions are stud-
ied. We have observed several solution structures from numerical computations
in the previous section. For example, the gas density p was positive and there
were at most two critical points in the interval [0,7]. The angular velocity
was identically zero we = 0 for the case with n = 0. We will show some of
these observations for the case of n = 0. We assume the wedge is symmetric
and hence the solution is also symmetric with respect to z-axis. Therefore, the
range of the angle of our interest is ¢g < ¢ < m. If n = 0, the powers in (4.4)
become

a=-—1

., B=1 =0, §=-1, b—a=3. (4.20)

For this case, we can reduce the system for similarity solutions to a single
second order ODE of p. First the conservation of mass, (4.6), is written as

(p2) =0 = pbs = const.

Since wa(1hg) = 0, this constant should be zero. Therefore, if the gas density
p(1)) is positive on an interval [¢)g, 7], then the angular velocity is zero in the
interval, i.e.,

ﬂ)g(’lﬁ) =0, Yo<V<T. (421)

One may observe this phenomenon from Figures 4(b) and (e). In the followings,
we will show that we may take 7 = m unless the solution blows up.
The equations (4.11) and (4.12) are simplified as

Cy cosp + Cysineh = —pgw) — Ap—2p/, (4.11)
—C1sing + Cacosth = —uo(%wl) S AT (=25 4 PP — 4. (4.12)
The integration of (4.11)" gives
— oy = —A% + C1 siny — Cy cosvp + Cf,
where C5 is decided by initial values, i.e.,

5 1
Cs = —pows (1) + A=

—— — (1 sing + Cy cos 1.
) 18in ¢ 2 €08 Yo



20 Yong-Jung Kim et al.

The substitution of ugw; into (4.12)" gives

7?2, 2. 7

(—gCl sin) + gCg cos 1) — %Cg) . (4.22)
Let z = 6% = ;3. Then, Eq. (4.22) is written as

2+ 22 = % (=7Cy sinyy 4 70y cosp — 4C3) 2%/3.
Let

R(¢) := —(=7Cysinvp 4+ 7Cy cosyp — 4C3) = By cos(v) — 1)) + By,  (4.23)

| =

where

7/ 4 - . &
BlZZ 012+C22>0, BQZ—ZC?,,w:ta.nl(—a).

Then, z satisfies
2" 42z = R()z%3. (4.24)

(Above notations are reserved and appear in the rest of paper.)

Theorem 1 Let o, 8, v, §, a and b be given by (4.20) and n = 0. Then,
o) >0 and wa(1)) = 0 as long as p is bounded.

Proof Let T > 1)y be the first point such that p(7) = 0. Then, z := p~3 = 63
is well defined for 1y < ¥ < 7 and satisfies

P (2 - ﬁR(w))z —0.

Density p is bounded on [¢pg,7) C [0,7] and thus all the coefficients of the
second order differential equation are bounded. Therefore z is bounded in
[tbo, 7) which contradicts the assumption p(7) = 0. Therefore p > 0 for all
¥ > 1o as long as p is defined. The same 7 > 1 in (4.21) can be any angle
in the domain that p is bounded and hence the second part of the theorem
holds. O

As discussed in previous sections, the global existence of a similarity so-
lution requires wo(mw) = 0. The theorem guarantees the relation for the case
n = 0 as long as the density p is bounded. However, the density may blow
up within the interval ¢ € (¢, 7] depending on the choice of coefficients C4
and Cy. The following lemma provides a necessary condition for the global
existence of a similarity solution.

Lemma 1 Leta, 8,7, d, a and b be given by (4.20) and n = 0. If R(¢)) < 0 in
[a1, az], the gas density p has no local mazximum in [a1,as] and, furthermore,
if ag —ay > L2’ there exists a blow up angle ¥y, € (a1, az).
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Proof Let z; := p~3 = 6. Since R(¢)) < 0 in the interval [a;, as], we have
2 422 = R)Z <0, € lar,a). (4.25)

Therefore, by the maximum principle, z; has no positive local minimum, i.e.,
p has no positive local maximum. Now we assume as — a1 > % and compare
z1 to

20(1) = 21 (an) cos(VE( — ar)) + Zi%l) sin(Va(¥ — a1)),

which satisfies 2 + 220 = 0, 22(a1) = z1(a1) and z5(a1) = 2z{(a1). We employ
a maximum prlnClple [32, Theorem 14 of Chap.1] and conclude that zo > 21
on (ay,asz) (see Appendix). Now zo attains a zero ¢y such that

tan(vV2(¥1 — a1)) = _\/QZ}(C“). (4.26)
21 (a1)

Since the period of the function ‘tan(yv/2)’ is \% and as — a; > f’ there
exists ¥1 € (a1,az) that satisfies (4.26), i.e., 22(x1) = 0. Since z1 < 23 on
(a1,a2), there exists ¢, € [a,11] such that limy .y, 21() = 0. Therefore,

limw_)wb ﬁ(’t/]) = 0Q. O

Notice that even if as — a1 < f the solution may blow up depending on
the values of z1(a1) and z{(a1). Hence the above lemma only gives a necessary
condition for the global existence of similarity solution. The choices of C
and Cs, together with initial conditions, decide the negative regions of R(%)).
Hence, to expect a similarity solution, one should choose C; and Cs in a way
that R(¢) has positive values in a larger region. On the other hand, similarity
solutions have been constructed numerically for all the test cases with ¢y > 0.
Hence it can be conjectured that for any given initial value in (4.17) and wedge
angle 1y > 0, there exists C; and Cs that gives the global existence of the
similarity solution. However, we do not have its proof.

Next we consider the number of critical points of similarity solution.

Lemma 2 Leta, 3,7, 0, a and b be given by (4.20) andn = 0. If R(y)) > 0 in
[1/1 Y +7] C[0,7], 0 has a local mazimum at 11 € [1), ’Q/J-i-j'] and p+71—1 <
\/5, then there is no local minimum in the interval (1,1 + 7).

Proof The proof is similar to the one for Lemma 1. This time we let z; := %é
which is the derivative of the z; in Lemma 1. Then from (4.25), we have

A+ (2 2R0P) 21 = R(W)p~? = ~Bysin(y — 9)p? < 0

and z1 (¢ 0. One may easily check that any z; cannot be constant on

for ¢ € [1,% + 7]. Since vy is a local maximum of 6, we have z1(1) =0
1) <
(11,11 +¢€) for any € > 0 and hence 2/ () < 0 on (91,11 +¢€) for a small € > 0.
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Hence we may assume 2z (1) > 0 by taking a slightly larger angle if needed.
Now compare 27 to
2 () = —Esin(V2(e) — 1)),
which satisfies 2§ + 229 = 0 and 22(¢)1) = 0. By choosing a small €, we have
0 > 25(1p1) > 21 (¢1). Furthermore, since zo < 0 and R > 0 on [¢1,¢1 + \/ii]’
2
25 + (2 - gR(w)ﬁ)ZQ > 24 + 229 = 0.

We employ the maximum principle [32, Theorem 14 of Chap.1] ‘again and
conclude that 23 > 21 on (¢1,9+7) (see Appendix). However, since )+7—11 <
%, 2o < 0 on (1,9 + 7) and so is z1. Therefore, § has no critical point in
the interval. O

Lemma 2 lets us control oscillation behavior in the region ¢ > 1. Hence
we first set ¢ = ¢y by fixing the ratio % as

)= tan_l(—%) =g, ie., Cp=—Cytan(typ). (4.27)

Hence we have one degree of freedom left in choosing the constants. The func-
tion R(1)) is given by

R(v)) = By cos(1) — 1hg) + Ba.

Since there should be a local maximum between two local minima, the distance
between two local minima should be larger than %

From the numerical simulations of previous section we have observed that
there is at most one local minimum of 5 and 6 in the interval (¢, 7). Using
the previous two lemmas we show in the following theorem that a similarity
solution may have at most two local minima on (¢, 7).

Theorem 2 Let a, 3, v, 4, a and b be given by (4.20) and n = 0. There exist
at most two local minima of 6 on [1g, 7]. If the wedge angle 1o > m™— Lz’ then

the local minimum is unique on [vg, 7.

Proof Depending on the choice of constants C; and Cs, the sign of R(¢)
changes. Notice that R() is a decreasing function on (v, 7). Hence there
may exists 7 € [¢g, 7| such that R(y) > 0 for ¢ < ¥ < 7 and R(¢)) < 0

forr <Y <m lfr—7> \%, then Lemma 1 implies that the solution

blows up. Hence we may delete this case. Lemma 1 also implies that 6 has
no local minimum on (7, 7). Hence, if 7 — 1)y < 5. then there exists at most

one local minimum in (¢, 7) since the distance between two local minimum

points should be larger than % by Lemma 2. If g > 7w — \/ii’ then, for any

0<7<m17—Y < % and hence there is at most one local minimum.
s

Furthermore, since 3 < 73 it is not possible to have three local minima even

if 7 =7 and ¥y = 0. Hence, there are at most two local minima of 6. a

Notice that our numerical simulations provide a unique local minimum on
interval (¢g, 7). We could only show the uniqueness of the local minimum for

the case that g > 7 — % and n = 0.
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5 Concluding remarks: Maxwell’s incomplete computation

In the introduction to this paper we have given a short description of Maxwell’s
derivation of what are now called the Burnett equations. Maxwell’s compu-
tation was for only linear terms and in fact he only displays one of the three
momentum equations (59) and his equations (as Maxwell noted correctly on p.
248) are missing the crucial shear stress. Hence it is natural to ask if Maxwell
had included the shear stress would he have derived the experimentally ob-
served motion? We see in the Korteweg theory the shear stress T'5 is linear
in g/, say as given (3.6), and it seems likely Maxwell would have recovered
this term as well. More striking however, since Maxwell was dealing with the
Burnett equations, as we have shown in Section 1, his coefficient would would
be the opposite sign of our A > 0. Hence, while Maxwell could have completed
his calculation he would have found a new type of “Bobylev instability” 100
years before Bobylev’s result, i.e., the gas would move but opposite to the
experimentally observed direction.

6 Appendix

6.1 Finding appropriate similarity scales

In this section we briefly discuss how the scales in (4.4) have been obtained.
To find a similarity solution in a form of

p = rp¥),
0 = TBG( V),
wy = r7ay (Y), (A1)
Wy = r"“wg(w)
T = r'Ti;(¥),

we are looking for equations for p, é, w1, we and Tij with the angular variable
“” only. Our strategy is simple. If (i) each term in a balance law shares an
identical power of r after a substitution of (A.1) into (1.1),(1.2) and hence (i7)
the radial variable can be cancelled out after this substitution, then we may
expect a self-similar solution.

For example, the two terms in the mass balance law are written as

pwy = réprtay,  pws = 1 pr’2ad,.
Therefore, the first requirement is
a+vy=a+ v, (6.1)

which gives y1 = 72 =: 7.
For the isobaric case, the powers o and 3 should satisfy the isobaric relation

ot B =0,
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and the elasticity contribution to the tensor 7;; disappears since the pressure
p is constant. Now, there are three terms left in the momentum balance. The
scales of these terms in radial direction are given in (4.7)—(4.9). These three
scales give three equations

a+ 2y =46,
Blb—a—2)—2=0.

In this system, there are four unknowns, «a, 3,7 and ¢, and four equations
including the isobaric relation. Hence one may expect a unique similarity scale.

Notice that the relation in (4.10) is simplified if § = —1. If we choose the
Korteweg coefficient to be c(p, §) = Ap®0® with b — a = 3 + 27, then we may
have 6 = —1. The similarity scales of the case are the ones given in (4.4).

6.2 Maximum principle

In this section we introduce one dimensional maximum principle [32, Theorem
14 of Chap.1] used in this paper in a simplified version, which suffices for our
situation. Let g and h be bounded and consider an operator

(L + h)u] =u" + g(z)u’ + h(x)u.

Maximum principle: Let z1(x), zo(x) and w(x) be smooth functions on an
interval [a1, az] with the following properties:

1. w>0 on [ay,az].
2. z1(a1) < za(a1) = v1 and z1(a1) < zh(a1) = 2.
3. zi(ar1)w(ar)—z1(a1)w' (a1) < vow(ar)—y1w' (a1) < zh(ar)w(ar)—z2(ar)w' (ay).
4- (L4 h)w] <0, (L+h)[z] < (L +h)[z].
Then,
z1(z) < z9(z) for a1 <z < as.

This maximum principle has been used in the proof of Lemmas 1 and 2.
For the proof of Lemma 1, we take g(z) = 0, h(z) = 2, z2(a1) = z1(a1),
zh(a1) = z1(a1), and

w(z) = sin(vV2(¥ —a; +¢)).

T—2€
vl
where e can be arbitrary small. For the proof of Lemma 2, we take g(x) = 0,

h(z) =2—2R(¥)p, 0 = 22(a1) = z1(a1), 0 > z5(a1) > 2{(a1), and the same

w. One can easily check that all assumptions in the theorem are satisfied.

Then, we may apply the maximum principle on the domain [a1,a; +
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