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Abstract. In this paper we study the long time asymptotics of a logis-
tic model with a diffusion process motivated by spatial heterogeneous
Brownian movement of individuals. Global stability and zero diffusion
limits are obtained under such diffusion.

1. Without dynamics

1.1. General result

Consider the problem

u

m(z) Ju| - m=0 forxzedf2, t>0, (1)
(:C,O)—uo( ) >0,

( m(@) u) forz e 2, t>0,

where n denotes the unit outer normal vector at the boundary 92 and
a(s) represents the mobility and m(z) is the density of the resources.
Throughout this paper, we posit that

(A1) a(s) = dai(s), where d > 0, aq(s)
positive. W.Lo.g., assume that o (1)
(A2) m(x) € C%(£2) is non-constant and m(x

€ C?(0,00) is decreasing and
=1.
) >

n {2.
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Theorem 1. Suppose that (A1) and (A2) hold. Then there ezists a
constant Cy > 0 such that

lim «af m() Ju(z,t) = Cy

t—too u(x,t)

where u(xz,t) denotes the solution to the initial value problem (1).

Proof. W.l.o.g., assume that d = 1. First, it is standard to show the

local existence and positivity of the solution to the problem (1).
Next, set w = a(#)u. We can rewrite (1) as follows

1
a(#)_a/(m(r))m(m) wy = Aw forxz € 2, t>0,

Vw-n=0 forz €00, t>0, (2)
m(z))uO > 0.

uo

w(z,0) = wo(x) = af

Multiplying the first equation in (2) by w; and integrating both
sides over {2, we have

1d
ST /Q |Vw|?dzx

—— [ | - o™ )u}lw%dxso, 3)

which immediately yields that

/]Vw(x,t)|2d:r§/ |Vwo(z) | d. (4)
n 2

Moreover, by the maximum principle, it is routine to show that

minwp(x) < w(z,t) < maxwy(x). (5)

2 02
Since clearly limg_,o @ = 00, there exists a function wug(xz) > 0
such that a(umo((?))uo(x) = ming wo(x) for all x € £2. Thus, (5) implies

that u > wug, and so there exists some constant ¢ > 0 satisfying a(%) >
a(umo) > /¢ in (2. Therefore, multiplying the first equation in (2) by w
and integrating both sides over {2, we have

Vo |2ds = — /Q [a(m(‘”)) _ a'(m(";))mf)} " wnde
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Thus, (5) and (6) together give that for some constant ¢ > 0,

independent of ¢,
2
c(/ |Vw|2d:v) §/w§dw.
10 10

Moreover, (3) implies that for sufficiently large T' > 0 and some con-

stant C > 0,
/ / w?dwdt < C.
T J

It follows that for some constant C’ > 0,

/Too (/Q |Vw|2d:v)2dt <.

Therefore, (3) implies that
/ |Vw|?*dx — 0, as t — oo. (7)
9]

Thus, (4) and (5) together give that

lw(, O)llwrze) < e,

where the constant ¢; > 0 is independent of t. Therefore, it follows
that there exist @ € W12(£2) and a sequence t,, — oo such that

w(z,t,) — w(z) weakly in WH2(0) (8)

as t, — oo.
For any non-negative function ¢ € C1(£2) with V¢ -n = 0 on 942,
(7) and (8) imply

/ VawVedr = 0.
2
Therefore w is a weak solution of the problem

{Aw* =0 for x € 12,

Vw* - n=0 forz e df. (9)

It is known that (9) only has constant solution, hence w = Cy > 0.
At the end, back to (1), it is easy to see that

7 Qu(x,t)dx =0,

which immediately gives that [, u(x,t)dz = [, uo(z)dz. Set

Flz,u,w) = aof Ju—w = 0.
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Direct computation yields that

Fu = of > 0. (10)

Applying the Implicit Function Theorem, we get u = p(z, w). Hence

| plawte e = [ (o

9]

which yields that

/Qp(;r,Co)dm:/Quo(:c)dx.

Therefore, Cp is independent of the choice of the sequence {¢,} and
the proof is complete. O

1.2. Special example

In this subsection, we want to show a very interesting example with
special mobility a(s) in the one dimensional case. The amazing part of
this example is that, based on some straightforward computations, we
can provide an explicit expression of all steady state solutions of (1).
More importantly, these steady state solutions not only demonstrate
the rich structures of the solutions of (1), which is a sharp contract with
the random diffusion case, but also reveal the interactions between the
mobility, resources and the behavior of the solutions.
Now, define the mobility «(s) as follows

h for s € [0,1 —¢),
a(s) =4 —ge(s—1—€e)+g(s—1+eforsel —el+e, (11)
/ for s € (1 + €, 00),

where h > ¢ > 0 and € > 0 is very small.

Let us formulate our problem more precisely. The stationary prob-
lem for (1) in the one dimensional case is written in the following
form:

(oCitut), =0 forae @), (12)

(a(ﬁ%f)u(:v)) =0 atx=0,1,

where a(s) is defined in (11).
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Theorem 2. All positive solutions of (12) can be expressed explicitly.

Moreover, if
maxp m(x) < l+e\h
mingm(xz) — \1—e¢

g Y
there exists a positive solution of (12) such that

m(z)

I—-e< <l+e

for all z € [0, 1].

Wy =0 forx € (0,1),
w, =0 atx=0,1.

Proof. Setting w = «a( )u, we have

This immediately yields that

where C' is restricted to any positive constant since we only consider
positive solutions of (12). Now we can classify all positive solutions of
(12) based on the values of C' > 0.

1. Suppose that C' > %~ maxg m(x). It is routine to check that
C
is a positive solution of (12).

2. Suppose that C' < 1 ming m(x). Similarly, we can find a positive
solution of (12),

1
3. Suppose that - mingm(z) < C < - maxg m(z). Recall that

C = a(f((f)))u( ), hence in this case, there exists = € [0, 1] such

that 1 —e < 73((;)) <1+ e. When

1—€e<

a(m(z))u(x) = C yields that

5 (%) - ‘G) = (Tff)) ! “) -
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It then follows from direct calculations that

hm(x) — bm(x) + 2¢C

we) = g — = o
Moreover, it is easy to see that u(x) = C'/¢ when 7:((;)) >1+e€and
u(z) = C/h when T((f)) <l-—e
Summing up, we have
c/e it 28 > 1 4,
u(z) =  MREIEEC i1 e <M <146, (13)
C/h if 20 <1 -
Furthermore, notice that
__mlz) _ (=), u(z)
ie.,
c a(m(m)) u(x)
m(z) u(x) ‘m(z)’

where the right hand side is decreasing in TS((;;)) according to (A1),
therefore, it is clear that

is equivalent to

Similarly, 75 > 1+ € is equivalent to m(z) > %(1 + €), while

Zl((:f)) < 1 — € is equivalent to m(z) < %(1 —€).

Consequently, we derive the explicit solution as follows

C/e if m(z) > G(1+e),
ulw) = § Mg i § - <mle) < F1+e),  (14)

C/h it m(z) < %(1—6).
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In particular, if

maxg m(x) < 1+e€\h
mingm(z) — \1—¢€/ £’
for all z € [0, 1], then for any C; > 0 satisfying

{
TTe mgxm(a:) <1 < . ménm(x)

we have o o
(-9 <mla) < ZH(1+¢)

holds for all z € [0, 1]. Hence, due to (13) and (14), it is obvious that
in this case for all z € [0, 1]

~—

1_Egm(av

<1
u(:):) <l+e€

and in fact, to be more specific,
u(z) = hm(z) — fm(x) 4 2¢Cy
h(14¢€) —£(1—¢)
The proof is complete. 0O

in [0,1].

Remark 1. In this example, the conditions € is very small and

maxg m(x) < l+e\h
mingm(x) — \1—¢

L

mean that the species is very sensitive to the sufficiency of the re-
sources. Hence intuitively, it should result in the fact that the distri-
bution of the species can match that of the resources very well, which
corresponds to the conclusion

1—€e<

<1l+4e

for all = € [0, 1], in Theorem 2.

2. With dynamics

In this section, we will incorporate population dynamics into (1). In
fact, we will consider the following logistic model

up = A ga(mq(f))u> +ulm(z) —u] forxze 2, t>0,
Via(™®yy).n =0 forz €90, t >0, (15)
u(z,0) = uop(z) >0 for z € 0,

where a = daq, and study the existence, uniqueness, global stability
and asymptotic behavior of the positive stationary solutions of (15).



8 Ohsang Kwon', Yong-Jung Kim? and Fang Li%*

2.1. General result

Theorem 3. Suppose that (Al)and (A2) hold, then (15) has at least
one positive stationary solution. If in addition,

ai(s) —s(s —1)aj(s) >0 for 0 <s <1, (16)

then there exists a unique globally asymptotically stable positive sta-
tionary solution of (15).

Proof. Set w = al(y)u. Then

F(x,u,w) = aq( " Ju—w = 0.
Direct computation yields that
Fu = an (P& _ g (m@)ymia) (17)

Applying the Implicit Function Theorem, we get u = p(z,w). Hence
(15) can be rewritten as follows

wy = [ — 4 2] [dAw + p(m — p)] forz € 2, t >0,
Vw-n=0 forz e 0, t>0, (18)
w(z,0) = wo(z) for x € £2.

Due to the relation between (15) and (18), it suffices to show (18)
has a positive steady state. To this end, we will generalize the classical
upper /lower solution method.

On the one hand side, choose

maxg m(x) ) min m ()

0<ec <ap(—22—"2
ming m(z) " 0

and set w(z) = ¢1. It is easy to check that

u(@) = plz,w) < minm(z)

according to the assumption imposed on the mobility «j(s) and w =
m(x)

a1 (—=)u. Clearly,

u

[oq - o/llﬂ [dAw + u(m —u)] >0
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in £2. Let wq(z,t) denote the solution of the initial value problem (18)
with initial data w(z) = ¢;. By (18), it is standard to check that w;
satisfies that

(wie)r = [041 —a) 1] [dAwy + (m — 2p) pwiy]
+ [041 - Oéiﬁ
U1

where u; = p(z,w1), with Vwy, - n = 0 for x € 902,¢t > 0. Then, the
maximum principle implies that (w;); > 0 for x € £2,¢ > 0.

On the other hand side, choose
ming m(x)

maxg m(x) ) mgxm(x)

Ccy > 011(
and set W(z) = cy. Similarly, this implies that
u(z) = p(x,w) > maxm(z).
02
Then let wa(x,t) denote the solution of the initial value problem (18)
with initial data w(x) = co. Similarly, it can be proved that (w2); <0
for x € £2,t > 0. ~
Now, since initially, wi(x,0) < wa(z,0) in 2 and for ¢t > 0,

dAw; + p(z,wy)[m(x) — p(x,wi)] > 0,

dAws + p(z,wa)[m(x) — p(x,ws2)] <0,
the maximum principle and Hopf boundary lemma imply that w; (z,t) <

wo(z,t) for z € 2 and t > 0.
Therefore, we have, the pointwise limits

1(x) = Jim wn (2.,
U)Q(-T) = tg%wQ(x’t)
exist and
wl(x70) < wl(x7t) < U~}1($) < w2(x) < w2($7t) < wg(l’,())- (19)

Next, for any ¢ € C2(§2) with g—f = 0 on 92, multiplying the first
equation in (18) with initial value w(z) = ¢; and integrating it over
{2, it follows that

/ plz, wi(z,T)) — p(x, wi(z,0))

T

/ / (dAwy + p(x, w1)[m(z) — p(x,w1)]) pdrdt

/Q{dA@ /0 wi (z, t)dt+<p/ (z, wy)[m(z) — P(w,w1)]dt}da:.
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Now, it is easy to see that

lim p(ac,wl(x,T)) —p(.’I},’U}l(LU,O))
T—oo J T

=0,

1T .
TlgroloT/o wi (z, t)dt = w1 (x),

and

T
Jim % /0 pla; wi)m(x) — p(a, wi)ldt = p(z, w1)[m(z) — p(z, w1)].

Therefore, by the Lebesgue dominated convergence theorem, we get
/ dw1 Ap + p(z, wr)[m(z) — p(z,1)]pdr =0,
0

for all p € C?(02) with g—f = 0 on 92. Similar to the arguments in [4,
Page 989], we have w;(x) is a classical stationary solution of (18).
Similarly, it can be proved that ws(x) is also a classical stationary
solution of (18).
Consequently, the existence of positive steady state of (15) is proved.
Suppose that w1y (x) # we(x) and (16) holds. Set 1 (x) = p(x, W)
and ua(z) = p(z,w2). Since W () satisfies
dAw + al[m(x) — ﬂl] =0 forxe€ (2,
Vuw; -n=0 for x € 012,

multiplying it by w2 (z) and integrating over {2, we get
/Q (—dVun Vg 4+ w2 (z)tr [m(x) — 1)) de = 0.

Similarly, using the equation satisfied by wa(x), we have
[ (=90 + iy (@)iafte) — ) o =0

Therefore, it follows that

/ o (T8 i () — ] dar = / an () o o) — dia) .
2

u9 N (51

Obviously, (20) can be rewritten as

-ty loats] m) m@),
/Q [a( ~(x)) Oé1(m~(‘r))] o Uy Jou( Ug ym(z)tztndz = 0.

a1 U2




Biological Pressure 11

On the other hand side, note that w;(z) < wa(z) implies that
u1(x) < ug(x) because of (17). Moreover, it is routine to check that
(A1) and (16) yield that

d (1-1
51 >0 forall s>0.

ds \ ai(s)

Hence, it follows from the assumption w(x) # wa(x) that

/ o (PO o () — aJda > / o (P8 2 o lim(a) — ]
[P

U2 0 Ul

This is a contradiction to (20). Therefore, (18) has a unique positive
steady state, which is globally asymptotically stable since wi(x,0) = ¢1
and wa(z,0) = co can be respectively chosen to be arbitrarily small
and large.

The proof is complete. O

Remark 2. The choices of generalized upper/solutions in the proof of
Theorem 3 automatically implies that

al(

)minm(z) < w < o ming m(z) )ymaxm(x), (21)

maxg m(x)
ming m(x) " o maxgpm(x)” 0

IN

where w(z) denotes a positive steady state of (18).

The following result is about the uniqueness of positive stationary
solution of (15) with extra conditions imposed on the resources m(x).

Proposition 1. Suppose that (A1)and (A2) hold. If m satisfies that
Vm-n <0 on 92 and Am + ﬁ(z)mQ > 0 in §2, then (15) has a
unique globally asymptotically stable positive steady state.

Proof. Suppose that there exist two different positive steady states of
(15), denoted by wu;(x) and wug(z). Thanks to the proof of Theorem 3,
we can assume that ug(z) < ug(x) in 2.

Recall that u;(x), i = 1,2, satisfy

A (a(%f))u@) + ui[m(z) —u;] =0 forz e 2,
V(™2 )u;] - n =0 for € 012,
It is easy to see that

/Qul[m(x) — uy]dz = /ng[m(m) — up]dz =0,

which immediately implies that

/ (u1 — ug)[m(z) — up — ug)dx = 0. (22)
2
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We claim that u(z) > mém) in 2 under the assumptions of this
proposition, where u(x) denotes a positive steady state of (15).

Then, this claim, ui(z) < ug(z) and wui(x) # uz(z) immediately
imply that

/ (up — ug)[m(z) —uy — ug|dz > 0,
0
which contradicts (22). Hence, the uniqueness and thus global stability

of the positive steady state of (15) follow.
Now, it suffices to prove the claim. For convenience, set

—ozs1 and s(x :m(x)
5(s) = a(s) and s(a) = "
Notice that on the boundary 012,
0= V[a(%)u] ‘0= V[B(s)m] -n = [8(symVs + B(s)Vm] - n,

which, together with the assumption Vm-n < 0 and 5'(s) < 0, yields
that
Vs-n<0 on 02 (23)

Hence the problem

Via(™2dyy] . n = for z € 502

can be rewritten as

AB(s)ym)+m?Li[1-1] =0 forze
Vs - n<0 for z € 012.

It then follows from straightforward computations that s(z) satisfies

" 2 I6] m? 1
As+ 2 |Vs2 4+ ZVm -V Am+ ™ (1-2)] =0 (24
S+5’| s +—Vm S+6’m[ m + a( S)] 0 (24)

in 2.
Clearly, to prove the claim, we simply need show that

max s(z) < 2. (25)

Suppose that this is not true, that is, there exists z¢ € £2 such that

s(xg) = max s(x) > 2.
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First, assume that x¢ € 2. Then at zq, it is routine to check that

. m?2(xo) 1 . m?2(xo)
Ao+ (o) (1 s(xo>>>A (o) ¥ Sai) = °

due to the assumption on m(z). By (24), we have As(zg) > 0, which
is impossible since the maximum value of s is achieved at x.
Secondly, assume that z¢ € 2. Obviously, Vs(xp) - n > 0 since

s(xzg) = max s(x) > 2.

Thus, Vs(zp) - n = 0 because of (23). Moreover, the maximum value
of s is obtained at xg € 92 and Vs(zg) - n = 0 together imply that
|Vs(xo)| = 0. Similarly, we also have

m?(zo) (1
Ami@o) + ) (1 s(xo>> >0

Therefore, by (24), As(z) > 0 in Bs(xo) () {2, where Bs(zo) denotes a

ball centered at xp with radius § and § > 0 is sufficiently small. Then

Vs(zp) - n = 0 contradicts to the Hopf boundary lemma.
Consequently, (25) holds and the claim is proved. O

Note that to guarantee the existence of positive stationary solutions
of (15), the requirements for the mobility «(s) is very weak. We only
require the values of «(s) to be positive and non-increasing. However,
to have the uniqueness of positive steady states of (15), we have to
impose extra technical conditions either on the mobility m(z) or the
resources «. We hope that these conditions can be removed.

At the end of this section, we want to include a priori estimates for
the positive steady states of (15), namely positive solution to

{dA <a1(#)u> +u[m(z) —ul =0 forz e 2, (26)

Vie(™2yy] . n=0 for z € 92,
which will be useful in proving limiting cases later.

Lemma 1. Let u(x) denote a positive solution of (26). Then

m(_;n m(z) < aq( mix)

Ju < m(_a;xm(x). (27)

Proof. For convenience, set w(x) = aq( Ju. Suppose that

m(xo)

Ju(zp) = max w(z) > maxm(x). (28)

w(zo) = en( u(xo) 2 Q2
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First, we assume that xg € 2. From (26), it is easy to see that

u(zo)[m(zo) — u(zo)] = —dAw(xp) > 0.
Thus
m(zo) > u(xo), (29)
which, combined with the assumption (A1) and (28), implies that
u(zg) > al(T((js)) Ju(zg) = w(zp) > m(_z;x m(x) > m(zop).

This obviously contradicts (29).

Now, we know g € 92. If m(xg) > u(zg), similarly, it follows from
(A1) and (28) that m(zp) < wu(zg), which is impossible. Therefore,
m(zg) < u(xg). However, this implies that

Aw(zg) = —u(zo)[m(zo) — u(xo)] > 0.
Hence,
Aw >0 in Bs(xo)[ )42,

where Bjs(xg) denotes a ball centered at xy with sufficiently small ra-
dius 6 > 0. Since according to our assumption (28) zp € 92 is where
the maximum value of w is achieved. Thanks to the Hopf boundary
lemma, a contradiction follows easily.

Consequently,

aq( ZE))u < mgxm(a:).

The other inequality in (27) can be handled in the same way. O
Obviously, Lemma 1 is an improvement of (21).

Lemma 2. Let u(x) denote a positive solution of (26). Then there
exist positive constants K1 and Ko independent of d such that

m(z)
Ki< i < K (30)

Proof. Define 3(s) = a1(s)/s. According to the assumption (A1), it is
easy to see that

/
gi(s) = Al _als)
s s
Hence f(s) is invertible. Moreover, by Lemma 1, we have

ming m(x) m(z), N m(z), u(x) _ maxgm(x)
m(x) b u ) =aul u )m(az) = m(x)
Therefore K < u((x)) < K5, where
K — ﬁ_l(max() m(x)) and K = 51 ming m(x) )
ming m(x) maxgm(z)”

The proof is complete. O
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2.2. Limiting cases

Let ug(x) denote a positive solution of the stationary problem

{dA(a (m<)))+u[ (@) —u] =0 forze s1)

Ve ("2yy).n =0 for z € H02.
We will explore the behavior of the solution ug(z) as d — 0 or d — co.
Theorem 4. limg_,g ug = m uniformly on any compact subset of §2.

Theorem 5. wy converges to a constant in CY* as d — oo, where
m(z)

wg = a(X ) ud-

The idea of the proofs of these two theorems comes from [1].
For some positive constant ¢, we consider the following equation

dAv + iy (c—v) = 0 in {2,
v=20 on 0f2.

Then we can prove that (32) has the unique positive solution, denoted
by v , for sufficiently small d. Because, v = ¢ + 1 is a upper solution
and y = ¢ is a lower solution, where ¢ > 0 with |[¢[[z~ = § is the
first eigenfunction of

{Acp+ug0—0 in (2, (33)

p=20 on 0f2.

Moreover, let v; and v2 be two distinct positive solution of (32). Then
we may assume that v; < vy and so,

O:/{dAvl—l—ag()zz)(c—vl)}vg
:/{dAv2+a%1()zZ)(c_v2)}vl.

This implies that

/ 12)1(12 ) (Ul — 1}2) = 0.

Oél Ug
This is a contradiction.

Lemma 3. liminf, . ’UC? > ¢ uniformly on any compact subset of §2.
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Proof. We need show that for any compact K C {2 and every € > 0,
there exists dp = d(K,e) > 0 s.t. vg4(z) > ¢ — ¢, for any x € K and
0<d<dy.

Let € > 0 be arbitrary, consider zgp € K and fix p > 0s.t. Ba,(zg) C
2. Let p1(Bp(xo)), 1 > 0 with ||¢1]|z= = 1 be the first eigenvalue
and eigenfunction of

Ap+pup =0 in B,(x), (34)
=0 on 0B,(xo).

We claim that (c — dh?u1(B,(w0)))p1(z) < v p(xo)( ) <v¥(z), for
all x € By(x) and sufficiently small d.

Since v{lz is an upper solution of the equation satisfied by vf" (z0)

in B,(x0), v;” ") (¢) < v ().
Assume that dh?u1(B,(z0)) < ¢ otherwise the conclusion is clear.

Let wy = v, Bo(@0) and wy = (¢ — dh?u1(B,y(w0)))p1. Then
Awy + 2(m)(c —wi) =0 in By(xo), (35)
w; =0 on 0B, (zo).

and
Awy + p1(Bp(zo))we =0 in By(xo), (36)
wo = 0 on 8Bp(:c0).

Hence, it follows that

Awsg + (C - w2)

W2
doi(3s)

= — (B (o))w2 + (¢ —wy)

_ w2
dai(3)

_ c c h?p1(Bp(o))
— {da%(ﬂ;) — p1(By(z0)) — (da%(m) - aﬁ;) ) cpl}w

Uqg

c h2u1(B,(x
- <da%<;3> -t 0))) S

. . . _ R
Since wy is a lower solution, we < w;. Let dy(zp, &) = By w0))

For every d < dy(zo, ), since v,” Bl ) (z) is continuous, we can choose
0 < p(xo,dye) < p s.t. vf”(xo)(x) > vfp(xo)(xo) — 5, for all z €
B(wo,d.e) (o). Then for every = € B(wo.d.e) (o), we have

5

Udﬂ(x) > Ufp(IO)(x) > vf’o(m)(xo) -3

> [e— dh?u(By(wo)) 1 (w0) — 5 > e — <.
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Then the conclusion follows by standard compactness argument. O

We set that wB" (o) ; is the solution of

dAw + Q(m) (oq( )ym — w) =0 in B,(xo),
w=0 on 0B, (xo).

(37)

Lemma 4. Assume m € C(£2). For any xo € §2, there exists p > 0
and do(zo,€) > 0 s.t. for every d < do(zo,¢€), wa(z) 2 a1 (i )m(z) —e
m Bp($0).

Proof. Since m € C({2), there exists a constant p; = pl(xo, g) >0

s.t. By, (w0) C £2 and ming, (zo) 1 (55)m = a1(t)m — 5, for all z €
By, (x0). Then in B, (x0), since wq is an upper solution of (37), wqg >
wf” 1 (@), Moreover, since vf” 1) 45 2 lower solution of (37), w B” 1@

vf”l(zo), where ¢ = ming, (4) c1(;:)m. Let p = mln{p(xo,d £), pl}

Lemma 3 guarantees the existence of do(xo, g) s.t. for every d < do(xg, €)

and x € B,(zo), vd”( 0) > ming, (z) @1(5.)m — 3.

Therefore, wqg > v, By (20)
e for all x € B,(xp). O

> ming, () 1(ys)m—75 = o (i)m(x)—
Lemma 5. Assume m € C(£2). Then, for any small e > 0, there exists
dp >0 s.t. 0 < wy(z) < al(um)m + e in 2 for every 0 < d < dy.

Proof. Let w € C? s.t. ar({2)m+ § <w < ai()m+e for all z € 2
and ‘g—y\ag > 0. Then, there exists dp(g) > 0 s.t. for any d < do(e)

w m
dAw + — <a1 — m—w)
a%(u—d) (Ud)

w m m €
SdAw+m<a —)m — m—>
O‘%(Td) 1(ud) 1(ud) 2

ew
<dAw — ——~ < 0.
207(32)
So w is an upper solution. Therefore 0 < wq(z) < w(z) < ar(2)m+e

in §2 for every 0 < d < dy. O

Theorem 4 follows immediately from Lemmas 4 and 5. Next, we
consider the limiting solution when d — oc.
Proof of Theorem 5. We denote by wg = w41, where w = ﬁ Jo wadx

and fQ wdx = 0.
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Set
C = 2maxm(x).
2
Thanks to Lemma 1, we have ||wg| e < C/2, ||[0| e < |Jwyl|zoo

C/2 and 4] = g — @] < C.
Now consider the equation satisfied by v,

dAY + “’W) (m— Ojf(t%)) =0 in {2,
uq

g (38)
=0 on 2.
Hence,
a [ 1vup
9}
/ @+ 1 w + 1)
= m m-— m (4
2 o d) o ( d)
2
:u‘;/ mzfn — w? 2¢m +/ <ma1(m)—2w w> v )
2 041(17(1) 2 061(@) 2 Uq 041(ud)
This, combined with Lemma 2, implies that
2 —2) —2,1
d [ 1V < lmllalloles + ol ()l lols
Imos(2) - 20— plli= [
+ l2 w Y
(9}
where ¢ = a1 (K3).
Since ju1 := inf{% Jovdr =0,v#0, 35\89 =0} >0,
pd [ 2 <d [ [P <l te [ o
Q Q Q
When d > 0 is large such that ¢ < 3dpu1, we get [|1||z2 < $. And this
implies that [|V4| 2 < §. Therefore, we have |[¢[|1 < § and thus
9L < &, where q1 = -2%. Since 1 satisfies that
1 _w+ Wty . in N
v iy (et ) v me g
=0

and
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we obtain that [[¢||y2.4, < 5. Moreover, from the embedding theorem,
it follows that [[¢]|Le2 < g, where g2 = ;4. By this iteration, we get
|¥llw2a < §, for any 1 < g < oo. This implies that [[1[[c1.. < § and

s0, 1) — 0 in C1® as d — oco. Therefore, wy converges to a constant in
Cl%asd—oo. O

Remark 3. Since dAwg + p(z, wq)[m(x) — p(x,wq)] = 0, it follow that
Jo p(z,wq)[m(x)—p(x,wg)]dz = 0. Therefore, as d — 0o, wy converges
to a constant C1, where [, p(z,C1)[m(z) — p(x, C1)]dx = 0.
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