A DISCRETE VELOCITY KINETIC MODEL WITH FOOD METRIC:
CHEMOTAXIS TRAVELING WAVES

SUN-HO CHOI AND YONG-JUNG KIM

ABSTRACT. We introduce a mesoscopic scale chemotaxis model for traveling wave phe-
nomena which is induced by food metric. The organisms of this simplified kinetic model
have two discrete velocity modes, +s, and a constant tumbling rate. The main feature
of the model is that the speed of organisms is constant s > 0 with respect to the food
metric, not the Euclidean metric. The uniqueness and the existence of the traveling
wave solution of the model are obtained. Unlike the classical logarithmic model case
there exist traveling waves under super linear consumption rates and infinite population
pulse type traveling waves are obtained. Numerical simulations are also provided.

1. INTRODUCTION

Migration behavior of biological organisms depends on food availability in many cases
(see [11, 19, 29]). Ome way to count it quantitatively is introducing a new distance of
migration related to food distribution. We define the food metric between two points in
one space dimension by

b
d(a,b) = ‘/ m(z)dz|, a,b€R,
a
where m(z) > 0 is a given food distribution. If m = 1, it is identical to the Euclidean
metric. We will consider a random walk system with a constant walk length with respect

to this food metric, but not the Euclidean one. Then, the diffusion limit of a probability
density distribution of the random walk system satisfies a diffusion equation,

1 /u

(1.1) Uy = (D— (—)x)x, reR, t>0,

m \m

where the subindexes denote partial derivatives and D > 0 is a diffusivity constant (see
[10]). Clearly, it returns to the heat equation if m = 1.

If food is the reason for migration of a biological species, the meaningful distance that
describes the migration phenomenon is not solely the Euclidean one, but is a one which
is somewhere between the food and Fuclidean distance. The food metric is a case when
the distance is determined only by the food distribution. We consider this relatively polar
case since the effect of Euclidean distance is already well studied. As an application of
this diffusion operator, a chemotaxis traveling wave phenomenon has been studied in [9].
It takes Keller-Segel type equations,

(1.2) = (D%(%)x)m: (D%(ux_%mx))x, z€R, t>0,

my = —k(m)u,

where u is the population density distribution and x(m) is a consumption rate. We assume
that the consumption rate satisfies
(1.3) k(m) >0, &' (m)>0, for me (0,00), lim x(m)=0.

m—0-+
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These hypotheses indicate natural biological relations; the organisms do not produce food
(k > 0), consume more food if there are more (k' > 0), and do not consume if there is
none (lim,, o4+ K(m) = 0). The advection term in the above equation appears simply
because of the food metric, not because the individual species senses the gradient of food
distribution. A complete picture of traveling wave phenomena was given in [9].

The purpose of this paper is to develop a discrete velocity kinetic model for the bacterial
chemotaxis phenomena based on the food metric. Let u” and u’ be fractional population
densities of the species that moves to the right and to the left, respectively. Let m(x,t) > 0
be a temporally changing food distribution. The species migrate with a constant speed
with respect to the food metric. This speed is reversely proportional to the food concen-
tration in the Euclidean metric. Finally, we obtain a discrete velocity kinetic model:

8152[ + am <%ur> = —)\Our + )\oug,
(1.4) @M—&&iﬁ>:+MM—AW{
m
oym = —r(m)(u" + ub),

where A\g > 0 is a constant turning rate (or frequency) and s is the constant speed in food
metric.

The discrete velocity kinetic model (1.4) has a run phase with a speed - and a tumbling
phase with a tumbling rate A\g > 0. The advection terms in the first two equations are
modeling transport phenomena, and the reaction terms on the right side are modeling
transition phenomena in the moving direction, i.e., the tumbling phenomena. The third
equation is the dynamics of food distribution m > 0, which is identical to the other case
given in (1.2). In other models, the turning frequency usually depends on the chemical
gradient Vm and the chemical density m. Such a case is related to the hypothesis that
the organisms sense the chemical gradient. However, in this paper, we do not take this
usual hypothesis, and )\ is a constant. Therefore, the main finding of the paper is that
the spatial heterogeneity in the velocity field can produce a traveling wave phenomenon
even without the classical assumption that organisms sense the gradient.

A solution is called a traveling wave of velocity ¢ > 0, if each component of the solution
is a function of a moving frame variable

(1.5) E=ux—ct,

WM t) =€), ul(at) = ul(€), mlz,t) = m(©).

Then, the traveling wave solution satisfies ordinary differential equations,

r\/ S rl r l
—c(u”) +<—u> = —Xou" + Aou’,

m
S !/
(1.6) -%@W—(Eﬁ)=+MM—%M,
—em' = —k(m)(u" +ub),

where the ordinary derivatives are with respect to £&. Denote the asymptotic limits at
infinity by

W)€ =0, @) —0, mE—0 as &— oo,

. . / 0 :
5Luj]goou”(é“):ui’_u, ggrfooU(é“Fui, ggrfoom(é“)=mi7

(1.7)

where the asymptotic values v, ufb and m4 are bounded and nonnegative.
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Main results of this paper are the existence, uniqueness, and structure of traveling
solutions which are given in the following theorem:

Theorem 1.1. Let 0 < ¢ < 3= and k(m) satisfy (1.3). Then, the traveling wave solution
of (1.6)-(1.7) is unique up to a translation and the followings are equivalent.

(1) There exists a nonnegative bounded traveling wave solution of (1.6)-(1.7).
(2) The asymptotic limits at infinity in (1.7) satisfy 0 = m_ < my < oo, uﬁ =ul, =0,
and

AN . m?3

4 r
(18) U= T T T k(m)

The steps of the proof are as follows. The equations in (1.6) are rewritten in Section 2
using macroscopic quantities such as the total population, u = u’ 4+ «”, and the net flux,
J=2(u" —ué). Then, the system is decoupled and we obtain a single equation for m. The
existence and the uniqueness of the transformed problem are shown in Section 3. Finally,
Theorem 1.1 is transformed into an equivalent form in terms of u and J, Theorem 4.1,
and proved in Section 4. The profiles of traveling wave solutions are provided numerically
in Section 5.

Traveling wave solutions of the diffusion model (1.2) and the kinetic model (1.4) have
similar properties and shapes (compare Table 6.2, Figures 1-4, and [9, Figures 1-5]). The
main difference between the two models is the existence of the uniform upper bound of the
wave speed. In fact, a traveling wave solution of the diffusion model (1.2) exists for any
speed ¢ > 0. However, we have a traveling wave solution of the discrete kinetic model (1.4)
only for 0 < ¢ < mi+ The numerical simulations in Figure 1-4 show that the derivative
of the solution blows up as the speed c approaches to the upper bound mi+ This blowup
phenomenon is a feature of the discrete kinetic models that have finite speed.

The bacterial chemotactic traveling wave phenomenon has been studied experimentally
by Adler et al. [1, 2, 3, 4] and then mathematically modeled by Keller and Segel [20, 21].
The original Keller-Segel equations for the traveling wave phenomenon are written as

{ up = (p(m)ue — x(m)ume)e,

my = €My, — K(M)u,
where p is called the diffusivity and x the chemosensitivity. Here, p and x satisfy
(1.9) x(m)=—(1-a)y/(m) and 4'(m) <0,

where a given constant 0 < a < 1 is the ratio of effective body length. This macroscopic
model has been intensively studied in simplified forms and the relation (1.9) is mostly
forgotten. (The coefficients in (1.2) satisfy this relation with a = 1.) One may find studies
on stability, existence, diffusion limit, relaxation approach, and chemotactic motility on
attractant concentrations from [14, 15, 22, 26, 27, 35].

The main goal of the chemotaxis theory is to understand the advection phenomenon
activated by the chemical gradient. Most theories are based on the assumption that organ-
isms can measure the chemical gradient. There are many studies and models developed to
explain how microscopic scale bacteria can measure the macroscopic scale concentration
gradient (see [32, 33]). There are relatively less efforts to explain the phenomenon without
such hypothesis. One possible approach to explain it without such hypothesis is to ob-
tain a Fokker Plank type diffusion operator that may produce the advection phenomena
consequentially. Cross diffusion contains such advection phenomena (see [18, 31]). The
starvation driven diffusion [8] is also such a case and its consequential advection phenome-
non gives a species an advantage in a competition [8, 23, 24, 25]. Such a diffusion has been
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applied to chemotaxis models and has produced the traveling wave and the aggregation
phenomena [36, 37].

In addition, microscopic scale models are introduced and their connection to the macro-
scopic scale models are examined. Alt [5] proposed a biased random walk model to describe
chemotactic motions. This model contains a turning dynamics toward a randomly chosen
direction, and its relation to the Keller-Segel model is studied. Hillen and Othmer [13, 30]
introduced kinetic equations for chemotaxis phenomena. They showed in a formal level
that the diffusion limit of the kinetic equations is a Keller-Segel type equation. Chalub
et al. [6, 7] showed the diffusion limit of a Boltzmann type kinetic equation. Hwang et
al. [16, 17] obtained a diffusion limit for a more general case. Funaki et al. [12] obtained
a Fokker Plank type cross-diffusion operator as a relaxation limit of a mesoscopic scale
model with two sub-population groups which have different motility but do not sense the
chemical gradient. Note that, even if we have a single population group, the use of food
metric provides continuous variation in their migration behavior. Therefore, one may
consider the model with food metric as containing continuously varying sub-population
groups.

2. TOTAL MASS AND NET FLUX

The fractional densities, u and «”, are microscopic scale level quantities that cannot
be observed in a macroscopic scale level. We will first transform the system (1.6) in terms
of macroscopic quantities of total mass and net flux, which are defined by

u(z,t) = u"(z,t) + ul(x,t),

(2.1) J(z,t) = u(z,t) —

u(z,t).

m(z,t)

We consider traveling wave solutions that has m(z,t) > 0. Thus, these linear equations
are invertible and hence solving (u,.J,m) and (u”,u’,m) are equivalent as long as the
corresponding asymptotic limits are equivalent.

Next we derive equations for the new variables. Adding up the first two equations in
(1.4) gives the continuity equation,

m(z,t)

The difference between the two equations gives
o(u" — ub) + 9, (iu) = —2\o(u" — ub).
m

The time derivative of J becomes

o = %&g(ur —uf) - %(ur — u)dym
— S ()2 vty S ot
= m(?x(mu) m2)\0(u u’) 3 (u" —u")oym

J
= = 20,(=u) =227 = —Oym.
m o \m m
It follows from the third equation in (1.4) that

J
oyJ = —iax (iu) —2XJ + —k(m)u.
m m m
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In summary, the three equations for u”, u* and m are written as a system for u, J and m:
forxr € Randt >0,

Btu + 8$J = O,
(2.2) O + — 8, (iu) = —2X\oJ + MuJ,
m o \m m
om = —k(m)u.

Let ¢ > 0 be the traveling wave speed and £ = x — ¢t be the variable of the moving
frame. Traveling wave solutions with the wave speed c¢ are written as

u(x,t) = u(f)? J(.%',t) = J(g)v m(x,t) = m(§)7

and satisfy a system of ordinary differential equations,

(2.3) —cu' +J' =0,
/
(2.4) —ed + 2 (iu) — ongg+ By
m\m m
(2.5) —em = —k(m)u.

We are looking for a traveling wave solution with the following conditions at infinity:

(2.6) u() =0, J(E —0, mE —0 as &— too,
(2.7) w(§) s ux, J(E) —Jr, m(§) > my as £ — too.

Notice that we are considering a traveling wave solution without oscillation for a large |¢|
by assuming (2.6). The goal of the analysis of this paper is to find sufficient and necessary
conditions of the six asymptotic limits and wave speed,

ut >0, mye >0, JL>0, c>0,

for the existence of a traveling wave solution.
The integration of the continuity equation (2.3) on (£, 00) gives

(2.8) J(§) = cu(§) = Co,

where the integral constant Cj is given by Cy = J; —cuy. The food distribution m(¢) is an
increasing function due to (2.5) and the sign of the wave speed ¢ > 0. Therefore, m > 0.
By (2.5) and the assumption (2.6), we have uy = 0. Similarly, (2.4) and assumptions
(2.6)-(2.7) yield that Jy = 0. Therefore, we have

(2.9) J(€) = cu(€) = 0.

Thus, after eliminating the flux J, we obtain a system of two equations,

2.1, S <5 )’_ K(m) o
—cu+—(—u) = —2chu+c——u
(2.10) o i
—cem' = —k(m)u.
Rewrite the first equation as
2 2.,/
(5—2 - 02>u/ _ 2 7731 u = —2chou + cli(m)zﬁ,
m m m

2

(2.11) u — (8— - cz) - <8 i cﬁ(m)u>u = —QCAOU(% - 02>_1.
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The positivity of the consumption rate x and the relation (2.5) imply that the food
distribution m is a strictly monotone function. The monotonicity of m allows us to freely
change the variable £ to m in an integration formula and m is bounded by

0<m(§) <my.

Now we consider the requirements of the wave speed ¢ > 0. The infimum speed of

individuals is miJr and it is plausible to conjecture that the macroscopic scale wave speed

cannot exceed the microscopic scale speed of the slowest individual. Indeed, we will show
that there is no traveling wave solution if ¢ > mi+ and the wave speed bound of 0 < ¢ < mi+
is a requirement.

Theorem 2.1. If c =0 or c > mi+’ then there is no nontrivial, nonnegative, bounded
traveling wave solution (u,m,J) of (2.3)-(2.7). Let 0 < ¢ < oy and F' be given by (2.14).
Then, a traveling wave solution (u,m,J) of (2.3)-(2.7) satisfies (2.9), (2.15) and (2.16).

Proof. If ¢ = 0, (2.5) implies
0= —k(m)u.

From the assumptions for x in (1.3) and the positivity assumption of food m > 0, we
conclude that

u=0.

Therefore, ¢ # 0 for a nontrivial traveling wave solution.
Ifo<e< n%, the integrating factor of (2.11) is given by

< g2 —1/8%m/ K(m
F(§) :=exp (/5 (m(n)2 - 02> 1< m(n()z) +c (m(%))“(n))m?)

Multiply this integrating factor to (2.11) and obtain

u 82
d( <2§<§>> — o) (o

Integrating it over (£, 00) gives

00 2 1
_ ST 2
(2.12) u()F () = 20)\0/5 U(T)(m(T)2 c > F(r)dr
The second equation in (2.10) is written as
m/
(213) u = CW,
and we have
s?m/(n) | K(m(n) 52 c? 2 2
o + =y w(mn) © o T mmy my 5o 4 &
log F(£) = / @ " mt) dy = / @m0y = / gy
¢ ¢ O m©) oz =

or

mi 1 62 4 (2¢2
(2.14) F(m) = exp </ —7dq>.
m q 52 — 02(]2
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Here, we denote F(§) = F(m(§)) instead of introducing a new variable. We use this
convention throughout the paper. Substituting F' into (2.12) gives

= 720)\0 OOUT ol — - m(7))dr
w9 = Foey o O i ) P

- 20%)) /5 h Hm/(T) <m32 - —02>71F(m(7))d7-

F(m(& (m(7)) \m(7)
. 202)\0 m+ 1 i—CQ -1 m)dm,
~ F(m(9) /m(a ff(m)<m2 ) Flmjdm.
Therefore,
2¢2\g [+ F
219 )= T, e

where F' is given by (2.14). Finally, m = m(§) is obtained by solving (2.5), i.e.,

chor(m M+ 2
16w = psmEuim(©) = *FE R [

Next, let ¢ > =%-. Then, there exists € > 0 such that, for m € [m4 —e,my), s
’ my + +

dq.
222 <
0. Thus, the integrating factor F' in (2.14) is defined well for £ large and we can follow
the above argument and obtain

22 [ ¢*F(g)
u(m) = —/ ﬁdq
F(m) Jm  k(q)(s* — *¢?)
Here the integrand is negative and hence the total population u is negative. Thus there

is no nonnegative traveling wave solution for ¢ > mi+
S

Finally, let ¢ = P In this case the integrating factor F' in (2.14) is not defined.

Instead, for m < my with m(§) = m, we define
™ 2 4 (22
F(m,m) := exp </ —7dq>
(m, ) m 5% — ¢

as an integrating factor for (2.11). Then we can obtain

u(m m m s2 -
d(u( (5))2( (©), )Z_%Aou(m(@)(m(OQ_cQ) I

Integrating it over (&,&) with (2.13) gives

2

Coml(r s -
(€D F(m(©) )~ um) = 2% [ T (s = ) () i

m(€) 2F(q ™)
— 22\ / B L
O ey ®@)(s® =)

Thus, we have
u(mm) 2¢* A0 /m q¢*F(q,m) da.

u(m(& — + — S S S AT
)= B @) T Fm@. ) Jue 7 - )
The left side, u(m(§)), is independent of m. On the other hand, by L’hopital’s rule, the
right side converges to
202)\07713’r
k(m4)(s? + m?)
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as m — m. Since uy = 0, we have

u(m(§)) = 0.

Therefore, the only traveling wave is the trivial one if ¢ = e O

Theorem 2.1 says that the wave speed is bounded by the speed of individuals. It is
because the chemotactic traveling wave is a mass transfer phenomenon. If the wave is
faster than the individuals, then individuals cannot keep up with the wave propagation
even if all of them moves in the same direction. Note that a water wave is not of mass
transfer phenomenon, but of water height and a water wave may propagate horizontally
only with a vertical movement of water particles. On the other hand, the traveling wave
speed of a Keller-Segel type equation is not bounded by a different reason. When the
diffusion limit is taken, the speed of individuals % diverges (see Table 6.2).

Proposition 2.2. If there exists a nontrivial traveling wave solution of (2.3)-(2.7) and
0<e< mi+, then

(2.17) mq > 0, ug =0, m_ = 0.

Proof. Let (u,J,m) be a traveling wave solution. First, the food distribution m(§) is
a strictly increasing function due to (2.5) and the positivity of the wave speed ¢ > 0.
Therefore, m4 > 0 is a necessary condition. Second, (2.5) and conditions at infinity in
(2.7) imply uy = 0.

Now we show m_ = 0. We assume m_ > 0. To derive a contradiction we employ two
things. First, from (2.5), we obtain

[wose=e [ aate=< ], st

The last inequality comes from the monotonicity of x. This result shows that the total
population is finite. Since u is a continuous function, this implies

(2.18) u_ =0.
Next, since 0 < ¢ < mip we have s > gc for all ¢ € [m_,m4|. Therefore, form_ < g < my,
mi 1 62 4 (2¢2
F(q :exp(/ —7dq>>0.
() . 45— 3
Finally, the relations (2.14) and (2.15) give

. 232 (™ PF(q)
£ 4O = By /m f)E - )0

we have

which contradicts (2.18). Therefore, we obtained m_ = 0. O
Now we will focus on the decoupled equation for m:
2.19) m'() = tr(m()u(m(©)), €ER.
m(0) = mo,
where 0 < my < my and u(m) is given by (2.15).

Remark 2.3. Traveling waves have translation invariance and two solutions are consid-
ered identical if one is a spatial translation of the other. By fizing the value at the origin,
m(0) = mg, we remove such an invariance and obtain the uniqueness.
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The following proposition shows that the two traveling wave solutions of the system
(2.3)-(2.5) and of the decoupled problem (2.19) are identical.

Theorem 2.4. Suppose that the consumption rate k(m) satisfies (1.3) and 0 < my < m.
(i) If (u, J,m) is a solution of (2.3)-(2.5), then m is a solution of (2.19) after a spatial
translation and hence m is monotone increasing for ¢ > 0.
(ii) Assume that m is a solution of (2.19). Let u and J be given by

_ 22 (™ PR
(2:20) U = Fm@) /m(@ A7 )
(2.21) J(E) = cu(d).

Then (u,J,m) is a solution of (2.3)-(2.5).
(iii) The total population is given by

my ]
2.22 / u(§)dé = c/ ——dm.
(2.22) - (€) )
(iv) Suppose that f0m+ ﬁdm < oo. Then, the total population of the traveling wave is
uniformly bounded by
s m+ o1
2.23 / u(€)d¢ < —/ ——dm.
( ) R © my Jo k(M)

Proof. (i) We have already shown in previous computations that m satisfies the differential
equation in (2.19) if (u,J,m) is a solution of (2.3)-(2.5). Hence the remaining part is to
obtain the initial condition m(0) = mg. From the monotonicity of m given by (2.5) and
the assumption 0 = m_ < mg < m4, we can find & such that m(§y) = mg in a unique
way. Note that the equation is autonomous and hence a translation m(- + &) satisfies
(2.19) including the initial condition.

(1) Let m be a solution of (2.19) and u and J be given by (2.20) and (2.21), respectively.
Equations (2.3) and (2.5) hold trivially and we show (2.4) in the rest of the proof. The
formula (2.20) gives that

< s (5))’ _ <m( 2¢% 5o >,/m+ *F(q) d 2¢2 s hom(§)m’ (€)

m(&)" Fm(©)) Jmiey H@)(® = 2) 1 k(m(©)(s2 — em(€)?)
and

pon 23N\ ™ *F(q) B 2¢2 \om (€)2m/ (€)
w) = <F<m<s>>> /m@ S - ER) M T Fm@)(2 — Em(©))

Note that, since F(m) = exp([" %%dn), we have

( 2¢%\g )' _ 2¢2Ng m/(€) s? + Am(€)?
F(m(¢)) F(m(§)) m(§) s* — c*m(§)*’

( 2c2\o >I _ 2c2\o m'(€) s? + *m(€)? 2c2\o m’ (&)
(&) m(&

m(§)F(m JE(m(g)) m(§) s* — c>m(§)? m(§)F(m(E)) m(§)
From the above calculations, we have
20 S (5L - 2 om'(§) (™ ¢*F(g) 2 m’ ()
fulmt) = n@Fme /m@ FD - ED T T wm(©)
r(m)

= c——2u? = 2e\u,
m

which completes (2.4).
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(#3,7v) By (2.5), we have

/Ru(g)dg:c/R%dg:c/om @dm

Therefore, if f0m+ H(}n) dm < oo, then the total population of the traveling wave solution

is finite. Since ¢ < n%, the total population is uniformly bounded by (2.23). O

The three equations in (2.3)—(2.5) are decoupled and we obtained a single equation
(2.19) for food distribution m only, which indicates that the whole system is determined
by the food distribution. Such a decoupling is a rare case which cannot be expected
usually. Note that similar decoupling appears in [9] for the macroscopic scale diffusion
model (1.2). The following analysis is based on this decoupled single equation which makes
the full analysis of the traveling wave phenomenon accessible in a simpler way.

Remark 2.5. We return to traveling wave solutions of (1.4),

u (2, t) =u(€), ul(a,t) =€), mlz,t) =m(§).
From (2.9) and the definitions of u(§) and J(&) in (2.1), it follows that

u() = u'(&)+u'(9),

I N 0 W
O = e O g
Thus, u" and u’ are obtained from J and u by solving the linear system, i.e.,
oy WO —em(@) o w)(s +em(§))
(2.24) ut(e) = ML) gy - WS TR

Remark 2.6. The connection between the diffusion equation (1.1) and discrete velocity
model (2.2) is obtained by taking a diffusion limit. Differentiate the first and the second
equations in (2.2) with respect to t and x, respectively, and combine them to obtain a
telegraphy equation,

m m
After a rescaling it using a diffusion scale, the terms in the diffusion equation (1.1) are
the leading order ones with

U + 20U = <% (iu)m + ﬁJ)x.

52

3. EXISTENCE AND UNIQUENESS OF DECOUPLED PROBLEM

In this section we show the existence of a traveling wave solution (u, J,m) of (2.3)-(2.5)
that satisfies the conditions at infinity given in (2.6)-(2.7). It is sufficient to show the
existence of the decoupled equations (2.19)-(2.21) by Theorem 2.4.

Lemma 3.1. Let 0 < ¢ < 7= and F(m) be given by(2.14). Then, for m € (0,m),

C 2, 2 9
(3.1) e pmy < (T), gy= SO
m m s2 — c2m?

. . 2, .2 2 .
Proof. Since the ratio zgfggmg increases as m 1T m,., we have

m+1 2 2 2 2 2 2 m+1 C,
logF(m):/ s t+cd dq<5 +cm+/ —dq:Colog&:10g<&) .
q m m

m q s2 — chZ s2 — chzL m
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. . . 2 2,2
Similarly, since ;fézQ > 1, we have

m4 1 2 2 2 m4 1
log F(m) :/ srea g, >/ Zdg = log F.
q m

m q 82 - CQQQ m

The comparison relation (3.1) holds since the logarithmic function is an increasing func-
tion. U

Proposition 3.2. Let 0 < ¢ < 7 and k(m) satisfy (1.3). Then,

(3.2) lim s(m)u(m) =0,
m—m4
(3.3) mh—>HOl+ k(m)u(m) =0,
(3.4) lim k(m)u(m) _ 22 om?.
' memy mo— my (2 — 2m?)’

where u(m) is given by (2.15).

Proof. Since m(§) is monotone by (2.5) and we assume that m(&) satisfies (2.5) and (2.6),
the convergence in (3.2)-(3.3) hold.
Note that

22\ ok(m) /’”+ *F(q) da.

k(m)u(m) = —————5 5%
) =T ) e M@ - )
where
mi 162 4 2q2
m 4357 —¢c°q
Since 0 < ¢ < mi+, the above integrals are well-defined. From the definition of F'(m), we
have

(3.5) lim F(m) = 1.

m—m4

Next, using L’hopital’s rule, we deduce

- Kk(m)u(m) , 2c*Nok(m) (M ¢*F(q)
N =l N = wa O e
= lim [ 2¢2 Xor'(m) / " ¢°F(q)
m—my | (m —my)F'(m) + F(m) Jy,  £(q)(s* — c*¢?)
B 2c2 \ok(m) m2F(m) }
(7 = e /() + F(m) m(m)(2 — 2
. 22 Nk (m) M+ *F(q)
A | 7,
B 2% \g m2F(m) ]
(m —my)F'(m) + F(m) (s* — c>m?) |
Note that
1 52+ c2m? 1 s2+ chi

(3.6) F'(m)=—F(m) and  lim F'(m)=— 5

m s2 — ¢2m?2 m—my moy §2 — CQer
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Therefore, from (3.5)-(3.6) and the hypotheses (1.3) for k, the first part of the limit
becomes

2 ! my 2
i 2¢* Nk (m) / q°F(q) dg = 0.

m—=my (m —my)EF'(m)+ F(m) J,, W

By a direct calculation, the other part becomes

. 2¢2 )\ m2F(m) 22 \om?

im =

m—=ms (m —my)F'(m) + F(m) (s — ?m?) (s> — 2m?)’

which completes (3.4). O

Now we show the existence and the uniqueness of the solution of the decoupled problem
(2.19).

Lemma 3.3 (uniqueness and local existence). Let k(m) satisfy (1.3) and 0 < mg < m..
Then, there exists g > 0 such that the solution of (2.19) exists and is unique on |§| < €
for all e < .

Proof. Since
d(r(m)u(m)) 22 gm? 22 X\o(K (m)F(m) — k(m)F'(m)) /m+ *F(q)

dm 82— 2m? F2(m) m k(Q)(s? = 32¢)
is bounded locally at m = my for any 0 < mg < m4, the product x(m)u(m) is Lipschitz
continuous. Since the right side of (2.19) is Lipschitz, the Picard iteration method gives
the local existence and uniqueness of the solution. ]

The detail of the proof is omitted which is almost identical to the macroscopic scale
model (see [9, Lemma 4.1]). Now we show the global existence of the decoupled problem
using the lemma.

Theorem 3.4 (Global Existence). Let k(m) satisfy (1.3) and 0 < mg < m.y. Then, there
exists a unique solution m = m(&) of (2.19) defined for all £ € R and

m() —0 as &— —oo, and m(§) > my as £ — 0.

Proof. The local existence in Lemma 3.3 and classical phase plane analysis method give
the global existence of the solution of the decoupled problem (2.19). We only provide a
sketch of the proof and one may find a rigorous proof from [9, Section 4.1] in a similar
situation.

Let (T_,T4) be the maximal interval for the existence of the solution. We will show
that T = oo only and the other part is similar. Suppose that there exists a £ > 0 such
that m(&p) = m4. Then, (2.19) implies

e [T @) [t
R A s Rl AN oy

However, (3.4) in Proposition 3.2 implies that the integral in the right side of (3.7) is not
finite. Therefore,

(3.8) m(§) <my forall £ >0.

We claim that Ty = oo and m(§) — my as & — oo. If not, then we have three
possibilities:

A Ty <oo, m(Ty) < my,
B. T+ < 00, m(T+) =mqy,
C. T, =00, m(§) = Moo < My as £ — oo.
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Suppose that T < oo and m(T}) < m4. Then, by taking mg = m(7T4}) < m4 in Lemma
3.3, the interval of existence is extended and hence the domain (7, T ) is not the maximal.
Hence Case A is not allowed. Case B is not allowed neither by (3.8). Lastly, suppose that
Ty = 0o and m(§) — Mmoo < my as & — co. Recall (3.7), i.e.,

(@)
(3.9) g:/ mdm, ceR.

Then the right side converges to [ Moo L

mo  k(m)u(m)
Hence, the last case also deduces a contradiction. Therefore, we conclude that Ty = oo
and m(§) — m4 as £ — oo as claimed. O

dm < oo as the left side diverges & — oc.

4. ASYMPTOTIC LIMITS AND EXISTENCE OF TRAVELING WAVES

In this section we finally show that the two conditions (1) and (2) in Theorem 1.1 are
equivalent. Instead of directly considering the system (1.6)-(1.7) for (u”,u’,m), we will
work with an equivalent system (2.3)-(2.7) for (u, J,m). The asymptotic limits in Theorem
4.1(2) are obtained in Proposition 2.2 except for u_, which will be obtained in this section.

Theorem 4.1 (Theorem 1.1 in terms of (u,J,m)). Let 0 < ¢ < e and k(m) satisfy
(1.3). Then, the traveling wave solution of (2.2) is unique up to a translation and the
following two are equivalent:

(1) There exists a traveling wave solution (u,J,m) of (2.3)-(2.5) with the wave speed
¢ and the asymptotic limits in (2.6)-(2.7).
(2) The asymptotic limits satisfy 0 = m_ < m4 < oo, uy =0, Jyx = cuy, and

2 ) m3 82

<oo, D=-_.
> 2o

c
(4.1) U= T Dm0y w(m)
Proof. The uniqueness of food distribution m comes from Theorem 3.4. The uniqueness
of the other two are from Theorem 2.4 (i), where u(&) is given by the composition u(§) =
u(m(§)) and J(§) = cu(§). Therefore, the traveling wave solution (u,J,m) of (2.2) is
decided in a unique way up to a translation. Next, we show that the two statements in
the theorem are equivalent.
(=) Let (u,J,m) be a traveling wave solution of (2.3)-(2.7). Then, 0 = m_ < m4 < oo
and uy = 0 by Proposition 2.2. Hence, it is left to show the other asymptotic limit w_.
Remember that

M+ ] 52 4 2¢? 1 524 c?m?
F(m) = ( il N ) Flim) = —F(m)—> """
m) =exp ([ S EGE ). Pm) = —Fom)—- S

We divide the proof into two cases. First, consider a case that

mt o ¢2F(q) o
A (@) - @) 4=
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For this case, it follows from the relation (2.15), Lemma 3.1, and L’hépital’s rule that
2¢2% (™ ¢*F(q)
li = i - I SRS Va—
gi@wu(g) 0+ F(m) /m k(q)(s% — 2¢?) e
2c2\g —m2F(m)
im
m—0+ F'(m) k(m)(s? — c2m?)

2¢% \o m?
= lim
m—0+ s2 + ¢2m? k(m)
202)\0 . m3
= lim

52 m=0+ Kk(m)’

Therefore, (4.1) holds.

Second, consider the other case

™ ¢?F(q) ~
/0 %(q)(SQ—CQqQ)dq< '

By Lemma 3.1, we have

c 2, 2,2
Egp(m)§<&) 0’ 00:78 —{—cm;'
m m s2 —c*m?
Then,
2N (M ¢°F(q)
P u(®) m0+ F(m) /m k(q)(s? — 2¢?) 1
To conclude (4.1), we must show lim,, 04 %ﬂi) = 0. Suppose that there exists € > 0 such
that limg, 0+ HTTZ) > €. Then,
m4 ZF( ) m4
qar\gq -1
—————55-dq > dqg — —0
/m (@) (2 — ) 1 T co/m AT ee as M A

which contradicts the assumption of this second case. Here, ¢y > 0 is a positive lower

bound of QF(qQ) > on the interval [0,m4], which comes from the relation F'(0) = 1 and

s2—c?q + R
0<e< mi+ Therefore, there is no such constant € > 0 and hence lim,, o+ % = 0.
The other asymptotic limits for J are automatic by the relation J = cu.

(<) Let m be the unique solution of (2.19) given in Theorem 3.4 and

i m(€) =m—, - lim m(g) = m.
Define
2)\ m4 2F
u(§) = % / o W%dq and J(§) =cu(§) for &£eR.

Then, (u,J,m) is a traveling wave solution of (2.3)-(2.5) with the wave speed c¢. Now we
check if this solution satisfies the other asymptotic limits. For the total population u, we
have

lim u(§) = lim ————

3% 8 = 0 F0nl©) e r@ 2 - 2™ Y

2¢2 )\ /’”* *F(q) p
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By the definition of w and L’hopital’s rule, we have

) .22\ ™+ ’F(q) .22\ —m2F(m)
lim «(§) = lim =
£——o0 m—0+ F(m) [, k(q)(s* — 2¢?) m—0+ F'(m) k(m)(s? — c2m?)
. 202)\0 m3 202)\0 . m3
= m = 1m .
m—0+ $2 4+ 2m? k(m) 52 m—0+ k(m)
Therefore, u satisfies the asymptotic limits and hence so is J. O

Remark 4.2. To complete the proof of Theorem 1.1 it is left to show that the conditions
for the asymptotic limits in Theorem 1.1(2) and Theorem 4.1(2) are equivalent. The
condition uy = 0 is equivalent to the condition u!, = uﬂ = 0 since the population densities

are nonnegative, i.e., ui,uﬁ > 0. Since m_ =0, the relations in (2.24) imply that
wl = =22,
2

Therefore, the conditions (1.8) and (4.1) are equivalent to each other.

5. NUMERICAL SIMULATIONS

In this section, we compare the shape of the traveling wave solutions for «”,u¢ and m
numerically. We assume that the consumption rate x satisfies a power law:

k(m)=mP, p>0.

We will construct solutions numerically with four different powers p > 0. The first two
cases are with p = 0.5 and 2, which give pulse type traveling waves with finite and
infinite population, respectively. The other two cases are with p = 3 and 4, which give
front type traveling wave and unbounded function, respectively. In order to compute
the traveling wave solutions, we first take the decoupled ordinary differential equation
(2.16) and construct a numeric solution of m(§) with the given parameters. We recall the
decoupled equation for m with an initial value:

ey = L ey 200R(m() (M ¢*F(g)
5.1) € = SrtmeNuton() = 5L |
m(0) = my,

where

mi 1 62 4 (202
F(m) :exp</ —%dq).
m qs” —coq

We set the parameters in (5.1) as
mog=0.1 my=1 X=1, and s =1/2.

In particular, the corresponding diffusivity constant (2.25) becomes D = % = 1. We
have chosen these parameters for a easier comparison with traveling waves for diffusion
equation cases in [9, Section 5].

The wave speed is bounded by 0 < ¢ < mi+, which gives an upper bound of wave speed
¢ < v/2 under the given parameters. In the numerical simulation we consider two wave
speeds,

c=135 and +0.5,
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which represent the two cases when the wave speed is close to or away from the speed
limit mip respectively. For these cases, the necessary and sufficient conditions to have a
traveling wave solution are

up =0, m_=0, u_=c lim

o (Case 1. 0 < p < 1.) This case is biologically more meaningful. If there is more food,
the consumption rate increases, but the increase is sublinear in general. In this case, the
relation (2.22) gives an upper bound to the total population,

/u@MEZCAmemn: c V2

IL=p 1-p

If the population is finite, the corresponding traveling waves is a pulse type. For numerical
computation we took a case with xk(m) = m!/2. Two examples are given in Figure 5.1
with the two wave speeds ¢ = 1.35 and v/0.5. In the figures, the graph of m,u and u’
are given where the graph of " = u — u’ is omitted. We observe from the numerical
solution that the traveling waves u and u’ are of pulse type. The solutions are uniformly
bounded for all ¢ < v/2. There are two observations from waves in Figure 5.1. First,
the wave front is steeper than its back. This is because of the diffusivity decreases when
food is abundant. Second, the wave front becomes steeper as the wave speed increases
to the maximum speed, i.e., as ¢ T v/2. Note that to keep up with a speed close to the
maximum speed, most of the individuals should move one direction. In the case, the
advection phenomenon is dominant and a Burgers equation type shock wave appears in
the front. We may observe the same phenomenon in the rest of cases.

1 m 1 m
- —-u - —-u
08 — — 08f — -y
06 | 06
|
0.4 | 0.4
)
0.2 J 0.2
T N
0 e — 0 ——— e e
-20 -10 0 -20 -10 0 10 20

(a) c=1.35

FIGURE 5.1. A pulse type traveling wave of finite mass is obtained when

K(m) = m'/2.

0 50 100
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—m
- - —u

T u

17

0
-200 -100 0 100 200

(a) c=1.35

FIGURE 5.3. A front type traveling wave is obtained when x(m) = m3.

5 ' N T 5
N \ —m —m
\ i [N .
4 N Y 4 Y
\ \ | \\\\ - u
3 N 3 AN
v \\\
v RS
2 - 2k ) S
Vy = - ~
1 \ 1 N
-~ N\
N A
0 - 0 - :
-200 -100 0 100 200 -200 -100 0 100 200
(a) c=1.35 (b) c=+0.5

FIGURE 5.4. There is no bounded traveling wave when x(m) = m?*.

o (Case 2. 1 <p < 3.) If p>1, the total population of a traveling wave solution is

infinite, i.e.,
1
/u(ﬁ)dﬁ = c/ m~Pdm = oc.
0

However, if p < 3, the limit of the population density at —oo is zero, i.e.,

C2 ) m3

= — m ——— =

D m—0+ k(m)
Therefore, traveling waves are pulse type with unbounded total population. For numerical
computations we took a case with x(m) = m?. Two examples of this case are given in
Figure 5.2. We observe from the numerical solutions that traveling waves u and u’ are of
pulse type, but with thick tails.

o (Case 3. p=3.) Now we consider a critical case x(m) = m3. If p = 3,we have

2 3

c
=% lim =2

D m—0+ x(m)
Therefore, the total population w is a front type traveling wave. Two examples of this case
are given in Figure 5.3. We confirm that the simulated asymptotic limits in the figures are
same as the exact limits computed above. The population is uniformly bounded by u < 2
for all ¢ < v/2. However, the derivatives of the solutions blow up as the speed approaches
to its upper bound, ¢ 1 v/2.

o (Case 4. p > 3): If p > 3, we have

02 ) m3
=— lim ——

D m=0+ K(m)
In other words, for any limit u_, there is no corresponding traveling wave solution. Two
examples of the numerical solution are given in Figure 5.4.

U—

U—

U—
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6. CONCLUSIONS

Chemotaxis without gradient sensing. Most bacterial chemotaxis models, if not all,
assumes that microscopic scale organisms sense the macroscopic scale chemical gradient.
For example, the existence of traveling wave solutions to a discrete velocity kinetic model,

" + sOpu” = —\Tu" + )\_ug,
(6.1) ot — s0,u’ = +XTu" — A,
om = DI*m + g(u, m).

has been shown in [28]. This is a kinetic model with a discrete velocity field, {—s, s} (see
[6, 7, 13, 30] for more examples), and A* are turning frequencies given by

ME = N\ F skD,®(m).

In this model organisms sense the gradient 0, ®(m) and take different turning rates, A\~ #
AT, depending on the gradient of a chemical potential.

The work presented in this paper is a part of efforts to obtain chemotaxis phenomenon
without sensing the gradient (see [9, 36, 37]). The discrete velocity kinetic model (1.4)
introduced in this paper takes a constant turning frequency Ag, but not the usual gradient
sensing assumption. However, the speed is constant with respect to food metric and hence
is reversely proportional to food distribution in the Euclidean space. The results presented
in this paper show that traveling wave phenomena is obtained without the gradient sensing
assumption.

A comparison to Keller-Segel logarithmic model. The traveling wave phenomenon
for a Keller-Segel type logarithmic model has been documented well. For a comparison
with (1.2), consider
U
— (duy — 2 ) ER, >0,
(62) Ut < Uy Xmm:v . x
my = —k(m)u,

where d, x > 0 are diffusivity and chemosensitivity, respectively. The model equation (1.2)
is a case that d = Yy = m ™2 and hence % = 1. For comparison, we discuss for the case
with % = 1. After integrating the traveling wave equation for u, one may obtain

(6.3) du' + cu — xm™'m/u = Cy,

where ¢ is a wave speed and Cj is an integration constant. The classical traveling wave
theories consider two cases, Cyp = 0 and Cy # 0 (see [34, Sections 3 and 4]). However, the
corresponding constant in (2.8) is zero and the case of Cy # 0 is deleted. This simplicity
comes from the fact that the advection and diffusion terms in (1.2) are from a single
Fokker-Planck type diffusion.

Another difference is in the relation between traveling wave types and the nonlinearity
of the consumption rate x(m) (see Table 6.1). We have started our discussion with a
general consumption rate satisfying (1.3). For an explicit discussion, k(m) = m? is often
considered as we did in numerical computations. Biologically more meaningful regime
is when the rate has a sublinear growth, i.e., 0 < p < 1. If so, the total population
of a traveling wave solution of the kinetic model is uniformly bounded by (2.23), i.e.,
Jru(&)d¢ < e e ﬁdm. Critical differences come when p > 1. The logarithmic
model (6.2) has front type traveling wave for population u if p = 1 and there is no bounded
traveling wave if p > 1. However, the food metric models (1.2) and (1.4) have infinite mass
traveling pulse if 1 < p < 3, which does not exist for classical Keller-Segel type equations.
This thick tail traveling wave is a new addition in the traveling wave theory as far as the



DISCRETE VELOCITY KINETIC MODEL WITH FOOD METRIC 19

authors know. For the logarithmic model case, there is no infinite population pulse type
traveling wave and traveling wave type jumps from finite population pulse to front ones.
The food metric model allows infinite population pulse when 1 < p < 3. To fill the gap
between the two cases, one may consider a diffusion operator such as u; = (m®(m?u).).,
where we have considered a case with a = § = —1.

TABLE 6.1. Traveling wave comparison. Food distribution m is monotone
for both cases. Population distribution depends on the nonlinearity p > 0.

type of u logarithmic model (6.2), ¥ = 1 | food metric model (1.2), (1.4)
pulse (finite mass) 0<p<l1 0<p<l1

pulse (infinite mass) none 1<p<3

front p=1 p=3

unbounded p>1 p>3

Macrocopic scale versus mesocopic scale models. The traveling wave phenomena
in (1.2) and in (1.4) are similar. First, the shapes of traveling waves are similar as shown
in Figures 5.1-5.4. The two cases are compared in Table 6.2. A main difference is that
the wave speed of the discrete kinetic model is bounded above, but the one of diffusion
model has no upper bound. The first order derivative of traveling wave solutions of
discrete velocity model blows up as the speed approaches to the speed limit. Necessary
and sufficient conditions for existence of a traveling wave solution are identical for both
cases. These observations suggest that the solution of discrete velocity model converges
to the diffusion model in a diffusion limit scale. A formal derivation of the diffusion model
from the discrete velocity model is given in Remark 2.6. However, a rigorous convergence
proof is not done yet.

TABLE 6.2. Chemotactic traveling waves of discrete velocity and diffusion models

diffusion model (1.2) (from [9]) | discrete velocity model (1.4)
range of wave speed O<ec 0<e< mi+
conditions for 0<m_- <mg,uqp =0, 0<m_ <mg,uy =0,
asymptotic limits U_ = % lim,,, 0+ %ﬂ; <00 |u— = 2682% lim,,, 0+ % < 00
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