DISPERSAL TOWARDS FOOD: THE SINGULAR LIMIT OF AN
ALLEN-CAHN EQUATION
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ABSTRACT. The effect of dispersal under heterogeneous environment is studied in terms
of the singular limit of an Allen-Cahn equation. Since biological organisms often slow
down their dispersal if food is abundant, a food metric diffusion is taken to include such a
phenomenon. The migration effect of the problem is approximated by a mean curvature
flow after taking the singular limit which now includes an advection term produced by the
spatial heterogeneity of food distribution. It is shown that the interface moves towards a
local maximum of the food distribution. In other words, the dispersal taken in the paper
is not a trivialization process anymore, but an aggregation one towards food.

Keywords. Fokker-Planck type diffusion, food metric, singular limit, generation and
propagation of interface, perturbed motion by mean curvature

1. INTRODUCTION AND BIOLOGICAL CONTEXT

The purpose of this paper is to study the singular limit, as € — 0, of the initial-boundary
value problem,

w =V - (%v (%)) + Eizf(u) in © x (0, +00),

(P?) ou _
5 0 on 09 x (0, +00),
u(z,0) = up(z) in Q,

where Q is a smooth bounded domain in RY (N > 1), v is the outward unit normal
vector to the boundary 02, and € > 0 is a small parameter. The unknown function

is the population density, m > 0 is a given food (or chemical) distribution, and f is a

bistable nonlinearity such as f(u) = —u(u — 3)(u — 1). Specific assumptions on m, f, and

ug will be given later in this section.

Migration is a key strategy for the survival of biological species and the importance
of formulating a realistic dispersal theory under heterogeneous environments has been
emphasized by many authors (see [17, Chapter 5], [19, 20]). Various Fokker-Planck type
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diffusion operators have been introduced to overcome the limitation that the homogeneous
diffusion model has (see, for example, [5, 18]). The heterogeneous diffusion operator in
(P?) is one of such examples, which takes the effect of heterogeneity in food distribution
into account. If food is the reason for migration of a biological species, the migration
distance should be related to food distribution. Food metric measures such a distance and
is defined by

(1.1) plx,y) = ‘[{m(s) ds

)

where 7 is the line segment connecting the two points, x and y, and the integration is the
line integral along it. This functional is really a metric in one space dimension and the
diffusion operator in (P°) is the Laplace-Beltrami operator related to this metric (see [6,
Appendix A]). For dimensions N > 1, the functional is not a metric if m is not constant.
However, in a microscopic scale, m can be considered as constant and the functional plays
the role of metric. Then, the same diffusion operator in (P¢) gives the macroscopic level
dispersal phenomenon. We refer to [7] for a microscopic scale level approach with the food
metric.

The main goal of the paper is to investigate the migration effect produced by the Fokker-
Planck type diffusion given in the model equation. The study of the singular limit of (P?)
gives an excellent view to observe this effect. One might think that the reaction term would
dominate the dynamics if € > 0 is small. However, that is true only for the first stage of a
short time period of order O(£?|In(¢)|) and, as soon as an interface is generated (Theorems
1.1 and 1.2), the diffusion plays its role of migration and the interface starts to move
towards food. Problem (IP) in Proposition 1.1 gives the interface motion of the singular
limit. Note that, if m = 1, the problem turns into a classical case with homogeneous
diffusion and the interface problem becomes a pure mean curvature flow. This classical
case has been intensively studied (see [1, 4, 8] and references therein). However, if m is
not constant, the second term —(9%(#) of (IP) gives an extra dynamics. In particular,
in one space dimension, the mean curvature flow part disappears and the interface moves
towards a local maximum point of m because of this extra term (see Figures 1 and 2).
In other words, the diffusion taken in (P¢) is not a trivialization process, but a gathering
process towards food. This new feature of interface movement indicates a method how
biological organisms adapt the spatial heterogeneity of environment.

1.1. Assumptions and main results. The purpose of this paper is to investigate the
population motion induced by the Fokker-Planck type diffusion and compare it to the
classical one with homogeneous diffusion. We assume that the chemical concentration
m(z,t) : Q x [0,00) — R satisfies

m>0in Q x [0,00), m € C>L(Q x [0,00)),

and %—T: =0 on 99 x [0,00).

(1.2)

Furthermore, we assume that the nonlinear function f satisfies
fis C?> on R,

(13) 1(0) <0, f'(a) >0, f'(1) <0, /1f(u)du:0, and 0 < a <1,
0

where 0,a and 1 are the only zeros of f. We define the ‘a’ level set of the initial value by

Fp:={zx € Q:u(x)=a},
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and suppose that

ug € C2(Q0),

02+a

Tpis a hypersurface without boundary,

T'occQ, Vuy-n#0 on Iy,

ug >a in QF, wug<a in QF,

where the exterior domain Q§* denotes the region placed between the boundary 9 and
o, the interior domain Q" denotes the region enclosed by the level set T'g, and n is the
outward unit normal vector of the interior domain Q.

It is standard that Problem (P¢) has a unique classical solution. We will denote it
by u® when the € dependency of the solution needs to be clarified. In the first stage of
the evolution of a solution, the effect of diffusion is negligible in comparison with that
of reaction if the initial value is away from steady states. Thus, u® evolves according to
the ordinary differential equation uj = 6% f(u®). Since f is a bistable nonlinearity with
two stable zeros, u = 0,1, the solution u® quickly approaches to either zero or one in
most regions of 2. Accordingly, steep transition layers (or interfaces) develop between the
two regions {u® ~ 0} and {u® ~ 1}. These transition layers emerge along the level set
I'p ={z € Q : up(x) = a}. Note that the transition layer is located in the region where
the gradient |Vu®| is large and we will see that it takes a time of order £2|Ineg| for such a
transition layer to develop.

The first main theorem of this paper is about the generation of interface. We will use
the notations:

(1.8) po = f'(a) >0, ¢ = iazl Inel.

Ho
Theorem 1.1 (Generation of interface). Let m, f, and ug satisfy (1.2), (1.3), and (1.4)-
(1.7), respectively, and u® be the solution of (P%). For any given n > 0, there exist eg > 0
and M > 0 (depending only on n, f and the initial function uy) such that, for t° as in
(1.8) and 0 < € < &,

(1.9) —n <u(z,t°) <14n for  xeQ,
(1.10) u(z,t°) >1—n if uo(x) > a+ Me,
(1.11) ut(z,t%) < if up(x) < a— Me.

In the second stage, after the interface has been generated, the reaction term is no
longer dominant but of the same order as the diffusion. As a result, the interface starts
to move slowly. We will show that the interface motion is given by

V= (N1 2 <i> on T},

m2  On \ m?

(IP)
Pt‘tzo =T,

where I'y is the interface at time ¢ > 0, V,, is the normal velocity of the interface, and k
denotes its mean curvature. The existence and uniqueness of local-in-time solutions for
Problem (IP) follows as in [3, Lemma 2.4]. We refer to [3, Theorem 2.1] for similar results
of a related system to (I P); see also [10] for a study of global-in-time weak solutions.

Proposition 1.1. Assume that Ty is a C*T hypersurface of RYN. Then, there exists T > 0
24a
such that Problem (IP) possesses a unique solution I'g 1y := Uyepo, It X {t} € e 5T



4 DANIELLE HILHORST, YONG-JUNG KIM, DOHYUN KWON, THANH NAM NGUYEN

Similarly, we denote by Q" the region enclosed by the interface I'; and by Qf* the
region between 02 and I';. Let d(z,t) be the signed distance to I'y defined by

. . P f ﬁel‘
(1.12) A1) = dlSt'(l', t) orz e,
—dist(z,I'y)  for x € Q",

where dist(z, ;) is the distance from z to Iy in R". The second main theorem of this
paper is about the convergence of the solution of Problem (P¢) to a step function given
by the solution of the interface problem.

Theorem 1.2 (Fine generation of interface and interface motion). Assume the same
assumptions as in Theorem 1.1 and let T > 0 be as in Proposition 1.1. For any given
n > 0, there exist g > 0 and C > 0 such that

(1.13) —n <u(z,t) <1+n  for x€Q,
(1.14) u(z,t) >1—n if d(z,t) < —eC,
(1.15) ut(z,t) <n if d(x,t) > eC,

(

for all e € (0,e0) and for all t € (t°,T] where t¢ is defined in (1.8).

The pointwise convergence of the solution to a step function is an immediate conse-
quence of Theorem 1.2.

Corollary 1.1. For any 0 <t < T, we have the following pointwise convergence:

1 € Qin
lim u(z,t) =< for @ € Q7
e—0 0, for x € Q.

Remark 1.1. Let I' be the ‘a’ level set of u® at time ¢ defined by I'{ := {x € Q : v®(x,t) =
a}. Then the interface I'; can be approximated by I'; as e — 0. More precisely, by the
arguments in the proof of [1, Theorem 1.5], Theorems 1.1 and 1.2 imply that there exists
a constant C' > 0 such that

Iy CNe(y) forall 0<t<T,
where N, (') := {z € Q: dist(z, ;) < r} is the r-neighborhood of I'y. Therefore, we have
dy(T5,Ty) <eC, for all te[0,T].

Here dy (A, B) = max{sup,c 4 dist(a, B),supycp dist(b, A)} denotes the Hausdorff dis-
tance between two sets A and B. As a consequent, 'Y — I'; as ¢ — 0, uniformly in [0, 77,
in the sense of Hausdorff distance.

1.2. Movement of transition layer. Biological organisms often show a random walk
type migration (diffusion) and a chemotaxis type directed migration at the same time.
Chemotaxis refers to a movement induced by the gradient of a chemical substance, which
has been studied by many authors. For instance, Keller and Segel equation (see [14]) is
written as
up =V - (k(m)Vu — x(m)uVm),

where k and y are diffusivity and chemotactic sensitivity, respectively. The Fokker-Planck
type diffusion in (PF) contains an advection term of chemotaxis type due to the hetero-
geneity of resource. This can be seen clearly if we write the diffusion term in the form

7 (57 () =¥ (G (7o) =5 (v 59 (7))
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where the advection term gives directed movement. We can see the effect of this advec-
tion term in the movement of the transition layer in (/P). Note that it vanishes for a
homogeneous environment case with constant m.

In one space dimension, N = 1, the movement of the transition layer (IP) is given by

on \ 'm?
phenomenon gives rise to a slow motion of the interface, namely if an initial value has a

transition layer structure, the solution maintains its transition layer and interfaces move
slower than any power of . However, if m is not constant, a transition point moves
because of the drift produced by heterogeneity in m. In particular, each interface point
follows the ordinary differential equation independently. For example, in the case that
there are only two transition points, say &7, on the left and £r on the right, we have the
System

0 1
V., = <—> Therefore, if m is constant, the interface becomes stationary. This

3
(1.16) m*(Er,t)
é: _ 2mx(£Ra t)
B 3 (e, t)

where £, := dép/dt and g = dég/dt. In particular, we will see in Section 2.2 that when
m depends only on the spatial variable x, the transition points 5, and £ approach to
local maximum points of m as t — oc.

In two space dimensions, N = 2, if m is constant, the interface problem becomes

{Vn = —K on I,

1.17
(1.17) Pt(t:o =Ty.

In this case, the interface turns into a circle asymptotically [11] and eventually shrinks
to a single point. On the other hand, when m is not constant, the drift term appears
and the solution I'; of Problem (IP) with the same initial interface I'g as (1.17), may lose
convexity and develops very complicated patterns due to the form of food metric; see [3,
Figure 1, page 1177] for numerical computations in a similar case.

Organization of the remainder of the paper: In Section 2.1, we will formally derive the in-
terface motion equation in (I P). The derivation is based on the method of matched asymp-
totic expansion and a change of variable which permits to deal with the non-homogeneous
structure of the diffusion term. Note that this argument has been proposed in [13] and
later applied to the case of the p-Laplacian reaction-diffusion equation [15] and to the
Lotka-Volterra system in a heterogeneous environment [12]. In Section 2.2, we prove that
in one space dimension, the individuals have a tendency to move towards regions of rich
food resources. The proofs of Theorems 1.1 and 1.2, based on the comparison principle,
are presented in Sections 3 and 4.

Throughout the paper, we denote by C' a generic constant, which may vary from line
to line and use the following notation:

(1.18) Co = HUOHC@) + HVUOHC@) + ||AU0||C(5) + 1.

2. INTERFACE MOTION EQUATION

2.1. Formal derivation of the interface equation. In this section, we apply the
method of matched asymptotic expansions together with a change variable to Problem
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(P¢) to formally derive the interface motion equation; we refer to the book [9] and the
articles [1, 16] for the method of matched asymptotic expansions for related problems.

There are two main tasks: First we need to define the interface I'; and then obtain
the equation describing its movement. As mentioned in the introduction, the interface is
located between the regions where {u® ~ 0} and {u® &~ 1} so that it is natural to formally
define I'y as the limit of I'; as ¢ — 0, where

I'f ={ze€Q:u(z,t) = a}.

We refer to Remark 1.1 for a justification of this convergence. We may also define I'; in a
more explicit way by using a formal asymptotic expansion of the signed distance function
to I'f. To that purpose, we assume I'{ is a smooth hypersurface for each t € (0,7].
Moreover, we define the signed distance function to I'; by

F(a.t) = dist'(gc,l“i)a for z € ﬁgz

—dist(z,I§)  for x € Q"
where Qf’m is the region enclosed by the level set I'f and Q7" is the region located between
dQ and T5. Note that d° = 0 on I'¢ and |Vd | =1 (see [2, Sections 3, 4 and 5] for further

properties about the signed distance function). Suppose further that d is expanded in
the form

(2.19) d (z,t) = do(z,t) + edy(z,t) + %da(a,t) + -+,
and define
Iy :={zcQ:dy(z,t) =0},
Q= {x € Q: dy(z,t) < 0},
Q" = {z € Q:dy(x,t) > 0}.
Since |Vd | = 1 for all € > 0 and dj is the only term independent of €, we have ’,VEO‘,:

1. Therefore, dy can be considered as the signed distance function to I'y, i.e., d = dp.
Hereafter, we will use the notation d for the signed distance function to I'; as in (1.12).

Formal asymptotic expansions of u®: We assume that I'; is smooth for all 0 < ¢ < T in
order to formally derive the equation for interface motion I';. First, we write the outer
expansion of u® in the interior and exterior domains as

(2.20) uf(z,t) = 0+ euf (2, t) + 2ug (z,t) + 3ug (z,8) + -+, =€ QF,
(2.21) u(2,t) = 1+ euy (v,t) + 2uy (z,t) + ug (2, t) + -+, =€ QY

which are valid away from the interface I 77 := Up<¢<7(I'y % {t}). Here, we note
Q= | (@ xi1y), Qb= |J (@ x{n).
0<t<T 0<t<T

The inner expansion of u° is written in the form

d(x,t d(z. t dlz. t
(2.22)  w(x,t) = Uo (x,t, (i’ )> +elUy (x,t, (i’ )> + 20, <x,t, (i’ )> 4o,

which is valid near the interface I'(g 7). We assume that U;(x,t,2)’s are smooth functions

defined for z € Q, t > 0, and z € R. The stretched space variable, E(x,t) /e, has been
introduced to connect the two outer expansions. Since the inner expansion (2.22) connects
the two regions, {u® ~ 0} and {u® ~ 1}, the function Uy is chosen so that

(2.23) Uo(x,t,0) = a.
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In order to connect the inner expansion to the two outer expansions, we need the following
matching conditions:
(2.24) Up(z,t,+00) =0, Up(x,t,—o0) =1,
(2.25) Ug(x,t,+00) = u;r, U(x,t, —00) = uy, .

Motion of the interface: We will substitute the transition layer expansion (2.22) in the
reaction-diffusion equation in (P¢) and obtain equations that the formal expansion should
satisfy. To that purpose, we write the reaction-diffusion equation in (P°) as

1 1 1 1
(2.26) up =V - (WWO +5V- <uv <W)> + 5f ),
or else
Au 3 1 1 1 1

and compute
d d
uj = [UOt + Uozzt] +e [Uu +U12?t] +---,

vd vd
Vu® = |:VU0+UOZ?:| +e€ |:VU1 +Ulz?:| + -,

2VU,, - Vd+ Uy, Ad  Up..|Vd|?
Avf = AUy + =20 €+ B 0!2 |
2VU,, - Vd+ U, Ad Uy, |Vd|?
+5[AU1+ S 15‘2 q+---,

fw) = f(Uo) + ef' (Uo)Ur + O(?),

where V, A stand for the gradient and Laplacian with respect to x. We substitute the
above into (2.27). Then, the leading order terms are of order e =2 which yield

(2.28) 0=

where we use the relation |Vd| = 1 near Lo,17-
Introduce a new variable Z := zm and define ®; : Q x [0,7] x R — R by

Dg(x,t,2) := Uy(x,t, i) = Up(z,t,2).
m
Then, we have
(2.29) UOZ = mfﬁog, UOZZ = mQCI)ogg.

For a fixed (z,t), consider ®y(x,t,-) : R — R as a function of Z. It follows from (2.28),
(2.29), (2.23) and (2.24) that ®g(x,t,-) satisfies

Pozz + (o) =0,
(130(—00) = 1, (130(0) = a, ‘IDQ(OO) =0.

(2.30)

It is standard that (2.30) admits a unique solution so that ®y does not depend on (z,t).
Therefore, we will, hereafter, write ®y(Z) instead of ®y(z,t,Z2) to stress that ®( only
depends on Z. As a consequence, we could write Uy in the form of Uy(z,t,2) = ®o(zm).
Thus, we get

(2.31) VUO = z(I)ong, VUOZ = (‘1305 + 2‘13055) Vm.
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Some more properties of the function &g is given in the following lemma.
Lemma 2.1 ([1, Lemma 2.1]). There exist positive constants C and X such that
0<1—dy(3) <Ce I for z<o0,
0 < ®o(2) < Ce M for Z>0.
In addition, ®y decreases strictly and satisfies
|®oz| + |Pozz| < Ce ™M for zZeR.
The next leading terms in (2.27) are of order e~! which yield

_ 1 — - 3 1 -
UOzdt = (QVUOZ -Vd + UOzAd + Ulzz) + 5(]02V (W) -Vd + f/(UO)Ula

m?
or
Utz - Ad 3 1 — 2 -
(2.32) S+ f'(Uo)Uy = U, [dt -5 §v (W) -Vd] — WVUOZ - Vd.
Set

Oy (x,t,2) :=Ui(x,t, 2),
and rewrite the equation (2.32) in terms of ®y, ®; using the relations in (2.29) and (2.31),

P12z + (Do) P1

- Ad 3 1 ] N 2 _
= mq)og -dt — W — §V (W) . Vd- — ((I)og + Z(I)ogg) va . Vd,
= Ad 3 1 - 1 —
=m®y; |d; — — = -V (—2> -Vd| + ((I)og + 2@055) mV (—2> - Vd,
L m 2 m | m
[~ Ad 1 1 ] 1 -
== mq)og dt ———=V(— ] -Vd + mzq)oggv — | -Vd = A(Cﬂ,t; 2)
| m2 2 \m? | m?

Then, the equation becomes
(233) Dz + f,((I)O)(I)l = A(m, t; 2)
The following lemma gives the solvability condition.

Lemma 2.2 (Solvability condition, see [1, Lemmas 2.2 and 2.3]). Let B(Z) be a bounded
function on R. Then the problem:

55 + f/((ﬁo)d} = B(g), zZ€R,
$(0) =0, 1€ L2(R),
has a solution if and only if

B(2)®0:(2)dz = 0.
R
Furthermore:

(i) The solution, if it exists, is unique and satisfies for a constant C > 0,
[V(2)] < C|Bllper) forall Z€R.

(ii) If there exists a constant 61 > 0 such that B(2) = O(e=%Z) as 7 — +00, then
[z] + |9sz] = O(e™ 1) as 2 — +oo,

for some constant do > 0.
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Applying the above lemma to the equation (2.33), we obtain

/ A(m, t; 2)@05(2) dz = 0.
R

It follows that

— Ad 1 1 - 1 -
R m 2 m m

Thus, we have

_ d _ 1 _
dt—ﬁ—lv 1 -Vd /¢3gdz+v — -Vd/ 2P0:Posz dz = 0.
m? 2 m? R m? R

Note that

+oo
(2.34) / 25Pg:Do:: dz:z(¢05)2( —/(cbog)%zz: —/ (Dp2)2dz,
R —o0 R R

where we have used an integration by parts and the fact that
|2(®0z)?| < CJzle™M* - 0 as 2z — +oo, (by Lemma 2.1).

Therefore,

- Ad 1 1 - 1 — [ D3
_ _ - . 2. 45 — il 0z g5 —
[dt — 2v<m2> Vd}/R 3:dz v<m2> Vd/R 5o dz=0,

which yields
- Ad 1 -
dt———V<—> vi=o.

m? m?

It is well-known that Vd = n—the outward ‘unit normal vector on I' , —d; is equal to
the normal velocity V;, of interface I'y, and Ad is equal to (N — 1)k, where x is the mean
curvature of I';. Thus, we obtain

K 0 1
which is the interface motion equation of I'; as desired.

2.2. Movement of the aggregation region in one-space dimension. In one space
dimension, the movement of an interface is as follows

(2.36) m?(£)
£(0) = &o.

The next lemma concerns the well-posedness and the long time asymptotic behavior of
solutions of (2.36) which follows from the standard theory of ordinary differential equa-
tions.

Lemma 2.3. Let Q = (I1,Ir) € R and & € Q. Suppose that m = m(z) > 0 and
m € C?*(Q).
(i) If my(&) = 0, then £ = & is the unique solution of (2.36).
(i) If mz(&) < 0 and if there exists x. < & such that m,(xz.) = 0 and that m, <0 on
(4,&0), then (2.36) has a unique solution on [0,00). Moreover, lim;_,o &(t) = X 4.
(iii) If mz(&) > 0 and if there exists x* > & such that my(x*) = 0 and that my > 0 on
(&0, ™), then (2.36) has a unique solution on [0,00). Moreover, lim;_,o &(t) = x*.
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m(zy) m(z1)
mg > 0on (I,z1)
mg < 0on (x1,IR)
mg(x1) =0

mg > 0on (I,z1) m(wy)
myg < 0on (x1,1R)
my(x)) =0

/
/

[N

I &L o1 R Ip L z Ip LA, 9 3 Ip

(a) Local maximum in Q. (b) No critical point in Q. (c) Local maximum in Q.

FIGURE 1. Movement of interface governed by the interface problem (IP).
Each interface approaches to a local maximum of m and escapes from a
local minimum.

Lemma 2.3 explains the dynamics of the two interfaces, {1 and &g, given in (1.16).
Consider three cases. First, suppose that there is a local maximum point of m between
¢, and &g (see Figure 1(a)). Then, the both interfaces move towards the maximum
point from different directions and finally meet at the maximum point for ¢ = +o0. This
indicates that the interior domain Q™ ~ {u = 1}, which is the region with population,
disappears. Second, suppose that there is no critical point of m between &7, and &g (see
Figure 1(b) ). Then, both interfaces move to the maximum point from the same direction.
This is also the case that the two points will meet at a local maximum point and the interior
domain Q2 ~ {u® = 1} eventually disappears. Lastly, consider a case that there is a local
minimum point of m between £, and g (see Figure 1(c) ). Then, the two interfaces move
towards the two closest local maximum points to the local minimum points in the interior
domain Q% from the two sides. In this case the interior domain survives asymptotically.

1t m 1t
=0
|-~ -01 I
0.8 = 0.8
rrrrrrrrrr =12
06 | —— —t18 0.6f
=23
0.4F 04t
02t 0.2t
0 N N P N I N 0 N N : A N N e
40 50 60 70 8 90 100 110 20 40 60 80 100 120
(a) Extinction of interior domain Q. (b) Expansion of interior domain Q"

FIGURE 2. Evolution of solutions of the parabolic problem (P¢) in one
space dimension. If a local maximum point of m exists Q**, the population
persists. Otherwise, the population perishes.

In Figure 2 numerical simulations of the parabolic problem (P¢) are given to compare its
dynamics and the interface problem. In the simulation we use two cases using parameter
values of

m(z) = (5 +sin(x/10))1071, % =0.01.
In the simulation we multiplied the diffusion term by the diffusivity constant D = 10. In
Figure 2(a) the evolution of the solution is given when a local maximum point of m is in
the interior domain Q™. The initial value, t = 0, and the chemical concentration, m, are
given as in the figure with solid lines. The interface emerges as quickly as ¢t = 0.1 and
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then moves towards the local maximum point. One may clearly observe that the interior
domain Q2 becomes narrower and disappears by ¢ = 24 in the simulation. In Figure 2(b)
a case when a local minimum point of m is in Q. The interface emerges as quickly as
t = 0.1 and then moves towards the two closest local maximum points from each direction.
The interior domain " converges to the region between the two adjacent local maximum
points. These simulations show that the dynamics of the interface given in (2.36) explains
the evolution of the reaction diffusion equation correctly.

3. GENERATION OF INTERFACE

In this section, we will prove Theorem 1.1. Recall that the idea of the proof is based on
the comparison principle, hence we need to construct an appropriate pair of sub- and super-
solutions. Since the reaction term plays an important role in the formation of interface,
the form of sub-solutions and super-solutions will be based on the solution of the equation
without diffusion u, = f(u) + §, which is a modified equation of the ordinary differential
equation corresponding to (P?). Here 7 = t/c? and the parameter § is introduced to take
into account the advection term in the equation (see the form of the equation in (2.26)).

Let dp > 0 be small enough such that for all § € (—dp,dp), the function f(u) + ¢ has
exactly three zeros denoted by a_(d) < ap(d) < a4(0). Set u(d) := f'(ap(d)); then in view
of (1.8) we have p(0) = po. It follows from [1, Lemma 4.1] that there exists a constant
C1 > 0 such that

(3.37) |1 (0) — ol < C16 for all § € (—dp,dp).

For each § € (—dp,0p), let Y(7;£;0) be the unique solution of the ordinary differential
equation

Y, =f(Y)+4, 7>0,
Y (0;&;60) =¢&.

(3.38) (ODE)

We have the following lemma.
Lemma 3.1. Then there exist positive constants &g, Cy, C3 such that
(i) Y] < Co, ,
(i) Ye > 0 and \%; < Cy(er®7 — 1),
3
fOT all (Ta ga 6) € [Oa OO) X (_QCO’ 200) X (_50’60)'

Proof. (i) follows from the fact that Y (7;&; ) monotonically converges to an equilibrium
point of (ODE) as 7 — oo. For a proof of (ii), see [1, lemmas 3.2 and 4.2]. O

The next lemma is a “representation” of the formation of interface for the solution of
(P?) by its corresponding differential equation. In other words, it is an “ODE version” of
Theorem 1.1.

Lemma 3.2 ([1, Lemma 4.7]). Let n > 0 be arbitrarily small. Then there ezist positive
constants €9 = €0(n), C4 such that for all € € (0,g9) and all £ € (—2C,2C)), we have

(i) for all & € (—2Cy,2Cy),
—n <Y (ug [ Inel; & 4e) <141,
(i) for all & € (—2Cy,2Cy) satisfying |§ — a|] > Cye, we have
if € > a+ Cye, then Y (ugt|Inel; & 4+e) > 1 -1,
if € <a—Cye, then Y (ug!|Inel; & +e) <.
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0
3.1. Constructing a pair of sub- and super-solutions: The case i _ 0. We are

v
now ready to define a pair of sub- and super-solutions. Our pair of sub- and super-solutions
has the form of

t t
wsE(z, t) = Y (=;uo(z) £ C562(e“(€) = 1); £e),
€
where Cj is a positive constant which will be selected later.
Remark 3.1. In view of (3.37) and (1.8), we can prove that as € — 0,
u(e) _1)

€
e o (ML nme]

ce e — 1.

Thus, the monotonicity of the exponential function e implies, for €y small enough,

(3.39) 0< 62(6“(8)6% —1) <2¢ forall te]l0,t°] and every ¢ € (0,¢ep).

t
Hence the perturbation C562(e“(€)s_2 — 1) is of order e.

0
Lemma 3.3. Assume that % = 0. Then there exist g > 0 and C5 > 0 such that for all
v

e € (0,e0), w™T is a pair of sub- and super-solutions of (P?) in the domain Q x [0,t%].

€,+
Proof. Tt is easy to see that ug = w®*(0) and that 5 = 0. Next we claim that
—_ v
L(wsT) > 0in Q x [0,t°], where L is defined by
Au 3 1 1 1 1
Note that
1 t
wit = 8_2YT + Csp(e)e @Y,
Vst =Y Vug,  Aw®t = Yee|Vug|* + YeAuy.
Thus
1 2 + |Vul? Yy Aug 3
+) = () 0l 1é 0
L(w™T) = ~ |:Y’T f(Y)__YA(_Q):| +Ye [C5M(€)€M REA Y. §V(—2)VU0
Set
~ 1 1 |Vuol?  |Aug| = 3 1
C = — |A(— —|V(— .
grf%ﬁ}{ |+t 3 +5|V(3)Vu

Then for ¢ small enough such that t¢ < 1 for every € € (0,eq), we have

_a]

In view of the inequalities (3.39) and (1.18), we may again choose gy small enough such
that

Yee

L(wsT) > %[1 —eC \Y\] +Ye [C5u(€)e“(5)s% —-C v
3

lup(x) £ 0552(6“(5)6% —1)| <2Cp for all ¢t € [0,t°], and every e € (0,¢0).

Therefore, by Lemma 3.1, we obtain

E(we,Jr) >

™ | =

[1 - 5502] +Ye [05;1(6)6“(5)5% — CCyet@= _



ALLEN-CAHN EQUATION WITH A FOOD METRIC DIFFUSION 13
in the domain Q x [0,¢°]. Therefore, we have

Lws) > =[1—eCCy) + Y (%uo ~CCy)et = — | (by (337)),

1
€
0

v

provided that ¢q is small enough and that Cs > 2u, 1(C’g + 1)5 . Similarly, we can show
that w® ™ is a sub-solution of (P¢) which completes the proof. O

3.2. Constructing a pair of sub- and super-solutions: The general case. We will
construct a pair of sub and super-solution of the form:

B (1) = Y(gi?; wE (z) £ G5 (OF 1), +e),

where u(jf is a modification of uy such that ug < ug < ua' and ayugt = 0. Another essential
property of ua—L which will be used in next section is that ug must have I'g as their a-level
sets. More precisely, we need the following properties:

(3.41) |
To={zecQ:uf(x)=a}, Q={recQ:ud(z)>a}, QO ={recQ:ul(z)<a}.

To that purpose, let dy > 0 be small enough such that the function dist(z, 9€2) is smooth
in the set {z € Q :dist(z,0Q) < 2dyp} and that {z € Q : dist(x,0Q) < 2dg} NTy = 0. We
remark that the maximum of up on the compact set {z € Q : dist(x,09) < dp} is smaller
than a and denote it by a — ¢ for some constant ¢ > 0. Let yx : [0,00) — R is a smooth
function satisfying x(0) = x’(0) =0,0< x <1 and x =1 on [dy,>0). Set

ug (x,t) := x(dist(z, 9Q))ug + [1 — x(dist(z, 0Q))](a — o),
ug (z,t) := x(dist(z, 0Q))ug + [1 — x(dist(z, 09))] mﬁin u.

Then u™ = u™ = ug in the set {z € Q : dist(x, Q) > do} D Q. Moreover, uy < ug < ug
on Q and ug satisfies the homogeneous Neumann boundary condition due to the relations
x(0) = x’(0) = 0. Thus, a similar argument as in Lemma 3.3 shows that %% is a pair
sub- and super-solutions to (P¢) in the domain Q x [0,#°].

3.3. Proof of Theorem 1.1. First we prove inequalities involving ug and uoi.

Lemma 3.4. Let M, e be real positive numbers. Then
(i) uy () >a+ Me iff wo(z)>a+ Me;
(ii) foralle € (0,%&), wuf(z) <a—Me iff wuo(z)<a—Me. Here g is given in
Section 3.1.

Proof. (i) If one of the two inequalities in (i) holds, then we have z € Q. Thus (i) is

trivial since ug = ug in Q. (i) If ug(z) < a — Me, then, in view of the expression of ug,

we have

ug (z) < max{uo(z),a — o} < max{a — Me,a — o} = a — Me.
The inverse implication is trivial since ug < uar. ]
~e,

Now we turn to the proof of Theorem 1.1. Since w* ™ is a pair of sub- and super-solutions
of (P¢), we have
(3.42)

V(g3 g () = G2 — 1)) < w(a,) < V(4

g;ug(ac) + (:“’5{52(6”(5)5LZ —1);¢).
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Note that |ug| c@) < Co, so that by virtue of (3.39), we have for &9 small enough,

+ N2 ,u(s)s% _ €
lug (x) £ Cse”(e 1)| <2C, for all t e [0,t°] and every ¢ € (0,ep).

Thus the first assertion (1.9) of Theorem 1.1 follows from Lemma 3.2 (i) and (3.42).
Next we prove the assertion (1.10). By (3.39), we have for £y small enough,

ug () — CA'5€2(6”(5)6L2 —1) > ug (z) — 2Cse for all t € [0,t°] and every e € (0, o).
Thus, if u, () > a + Me with M > Cy + 2C5, then
ug (z) — 0562(6“(6)6% —1)>a+ Cye for all te]0,t°] and every ¢ € (0,ep).

Consequently, by Lemma 3.2 (ii), if uy (z) > a + Me with M > Cy 4 2C5, then
t&

Y(Siug(a) = Cs(@02 —1);—e) > 1,

and hence u®(x,t°) > 1 —n due to (3.42). On the other hand, by Lemma 3.4, u, (z) >
a + Me is equivalent to ug(z) > a + Me so that (1.10) follows. The assertion (1.11) can
be treated by the same way. This completes the proof of Theorem 1.1.

4. MOTION OF INTERFACE

This section is devoted to the proof of Theorem 1.2. The idea of the proof is based
on the observation given in Section 2.1, that the interface moves according to motion by
mean curvature with drift and that the profile of the transition layer is well approximated
by the expansion (2.22). Therefore, we will construct a pair of sub- and super-solutions
u®F of the form

usE(z,t) ~ Uy <:c,t, d(i’ t)> +ely (x,t, @) )

The construction of this pair of sub- and super-solution consists of several steps and
will be presented in next subsections. More precisely, in Subsections 4.1 and 4.2, as a
preparation, we first introduce the cut-off distance function d(z,t), and a corresponding

function U; and estimate them. Then in Subsection 4.3, we give the explicit form for
sub-solutions, super-solutions and state the key lemma 4.7. The proof of Lemma 4.7 is
presented in Subsection 4.4. Finally, we apply the key lemma Lemma 4.7 to prove Theorem
1.2 in Subsection 4.5.

4.1. Modjﬁcation of the signed distance function. Next we introduce the cut-off
function d(z,t), which coincides with d(z,t) near T'; and is constant near 92 in order
to take into account the Neuman boundary condition (4.57). Since the interface I'jg 7} is
CQJFO"HTQ, it follows from [2, Theorems 1 and 2] that there exists d; > 0 small enough
such that dist(I';, Q) > 3d; and that d is C2+*5* in the tubular neighborhood {(z,t) €
Q x [0,7] : d(w,t) < 3d1} of I'jg py. Let ((s) be a smooth increasing function on R such
that

s if |s| <dj,
(4.43) C(s) =14 —2d; if s< —2dy,

2d1 if s Z 2d1.

We define the modified signed distance d by

d(z,t) = ¢(d(z,t)).
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Note that
{(x,t) € Qx [0,T] : |d(z,t)| < di} = {(2,t) € Qx [0,T] : |d(x,t)| < d1},

and that d coincides with d in that region. As a consequence, we have
. - 1

4.44 dt———Vd -V(—)=0 Iy.

( ) t m2 (mQ ) on t

Moreover, d is constant near 9 and the following properties hold.

Lemma 4.1. There exists a constant Cq > 0 such that
(i) [d[ + |Vd| + |Ad| < Cq,

. Ad A 1 N
(ii) [d¢ — ol Vd- V(Wﬂ < Cyld|,
in Q x [0,T).

Proof. (i) Since |d|, |Vd|, |Ad| are continuous in the compact set Q x [0, 7], they are
uniformly bounded. Thus the first inequality follows.

(ii) In the region {|d| < d;}, the inequality follows from (4.44), the mean value theorem
and the fact that d(z,t) = d(z,t) € C2+e*5% in this region. Next, in the region {|d| > d1},
we have |d| > d; since ¢ is increasing. Thus (ii) follows from the uniform boundedness of
|d; — 24 — Vd - V(:%)[(Jd|)~" in that region. O

m

Lemma 4.2. Given a positive real number M’ > 0. Then there exits eg = eo(M’') > 0
small enough such that the followings hold for every e € (0,¢g),

I(z,t) > M'e & d(z,t) > M'e,
I(x,t) < —M'e & d(z,t) < —M'e.

Proof. The lemma follows from the fact that d = d in the region {|d| < d;} = {|d| < d;}.
We omit the details of the proof. O

4.2. Estimates for the functions Uy, &1, U;. Recall that the function Uy : Q x [0,T] x
R — R is defined by
Uo(z,t,z) = @o(m(z,t)z).

We have the following lemma.
Lemma 4.3. There exists a constant C’l > 0 such that

(i) |Uo| + [Uot| + [VUo| + [AUs| < C1,

(ii) ’Uoz‘ + ‘Uozz‘ < exp(—)\l\z]),

(i) VUy-v =0 on 9Q x [0,T] x R,
for all (z,t,2) € Q x [0,T] x R.
Proof. (i) and (ii) Let us compute the derivatives of Uy with respect to ¢,z and z. We
obtain

U = miz®oz, VUy = 280:Vm, AUy = 2PozAm + 22®gzz|Vm|?,
Up. = m®Poz,  Upze = m* Pz
The above identities, the estimates in Lemma 2.1 and the uniform boundedness of m, [Vm/,
Am in Q x [0, 7] imply (i) and (ii).
(iii) The hypothesis %—7: = 0 implies
VUp-v=200:Vm-v =0,
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which completes the proof of (iii). O

Consider the function ®; : © x [0,7] x R — R, which satisfies

. A 1 1 5
P1zz + f/(Po)P1 = 5Poz + 2oz — |- Vd,
(4.45) 135+ f(Bo) 1 m<2 0z %0 >v<m2> v

For each (z,t) € Q x [0,T], the problem is solvable due to Lemma 2.1 and the identity
(2.34).

Lemma 4.4. For all (z,t,2) € Q x [0,T] x R, we have
(i) “iﬁ‘ + ‘(i)lt‘ + ‘V‘ih‘ + ‘A(i)l‘ < Cy,
(i) |®1z| + |P1zs] + < Oy exp(— X)),
(iii) &1 =0 and V&, =0 on dQ x [0,T] x R..

Z2P13z3

Proof. (i) According to Lemma 2.1, the functions ®p; and Z®z; are uniformly bounded

in R. Furthermore, V (—2 - Vd is continuous in the compact set Q x [0, 77, hence uni-
m

formly bounded. Therefore, the right-hand-side in the first equation of (4.45) is uniformly
bounded in Q x [0, 7] x R. Thus, we deduce from Lemma 2.2 that &, is uniformly bounded.

Next we prove the boundedness of ®1;. Since ®; does not depend on ¢, taking the
derivative with respect to ¢ in the first equation of (4.45) yields

bt (Db — (Lo 4 spaes ) 2 1Y) v
(446) q)ltzz—i-f(q)o)q)lt—<2q)oz+zq)ozz> ot mV 2 vd |,

so that applying the above arguments and Lemma 2.2 to the function d1,, we deduce the
uniform boundedness of ‘i>1t in Q x [0,7] x R. Similar results for V<i>1 and A‘i>1 can be
proven by the same way.

(ii) Assertion (ii) follows from Lemma 2.2 (ii).

(iii) Since d(x,t) is constant for all z near dQ and all ¢ € [0, 7], it follows that

(447) (i)lgg + f/(q)o)‘i)l =0,
for all z near 02 and all ¢t € [0,7T],Z € R. Therefore, @1(35, t,Z) is identically zero for all
x near 9 and all t € [0,T],Z € R; hence (iii) follows. O

Set Ul(x,t, z) = <i>1(x,t,mz); then, in view of (4.45), it is easy to check that

Ulzz A 1 1 o 2 R
(4.48) L 4 (U000 = — 500V <W> Vd— =V, V.

The next lemma gives estimates for U, and its derivatives.
Lemma 4.5. For all (z,t,2) € Q x [0,T] x R, we have
(i) ‘(71‘ + ‘Ult( + ‘fol + (AU}( < (s,
(ii) ‘(712‘ + (Um < Czexp(—As3)2)),
(iii) VU1 -v =0 on Q2 x [0,T] x R.

The above lemma follows from a similar argument in the proof of Lemma 4.3; we omit
its proof.
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4.3. The form of the pair sub- and super-solutions. In order to define a pair of sub-
and super-solutions, we first introduce a constant 5 which only depends on f. Fix b > 0
small enough such that f/(s) < 0 on [0,b] U[1 — b, 1]; set

/
(4.49) —ﬁ::sup{@:SG[O,b]U[l—b,l]}.
We define two positive constants m,m by
(4.50) m:= inf m, m:= sup m.
QX[OvT} ﬁX[O,T}

The following result plays an important role in the proof of Lemma 4.7 below.

Lemma 4.6. Let 8 be given by (4.49). Then there exists a constant og small enough such
that for every 0 < o < g9, we have

Uo, + o f'(Ug) < =308 in Qx[0,7T] x R.
Proof. The assertion is trivial when ¢ = 0. Next consider the case o > 0. Since
Uo: + o f'(Uy) = m®oz + o f' (Do) < mPoz + o f'(Po),
it is sufficient to show that there exists o¢ > 0 such that for all o € (0, 09),

mPoz(2)

(4.51) + f(®0(2)) < =38 forall z€R.

Note that since 0 < ®y(2) < 1 for all Z € R, we can write R as R = J; U Jp with
Jy:={2:P0(2) € [0,b)U[1 —b,1]}, and Jo:={Z:P(z) €[b,1—10]}.

Hence we need to prove (4.51) for Z € J; and Z € Jo:
The case that Z € J;: On the set J; := {Z : ®¢(Z) € [0,b] U[1 — b, 1]}, we have that by
(4.49), for all o > 0,

sup (2202 4 1/@0) ) < sup f(8) = ~35.

zeJy zeJy

where we have used the property ®g; < 0.
The case that Z € Jy: On the compact set Jo := {Z : ®(z) € [b,1 — b]}, we have

Dg; msup;c 7, Poz
sup (2502 4 @) ) < BRSO L wp p),
zed, o o s€[b,1-b]

so that

Doz zeg, Poz

o—=0% zeJ, o o—0t o s€[b,1—b]

which implies (4.51). Thus we complete the proof of Lemma 4.6. O

We define u&* as follows
d(z,t) + ep(t . d(z,t) % ep(t
(4.52) usE (2, 1) = Uy <x,t, M) +eln (%t M) +q(t),

where

(4.53) q(t) = a(ﬂe_g +e2Lelt).
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Here f is defined in (4.49) and the positive constants L, K, o will selected later. Note that

q

(4.54) pe=-—75 Ipt) < 14+ e+ K for tel0,T].

Let define two constants o1, 09 by
1 2
(4.55) 01 = o9 =
(B+1)supgep—1,9 11 (s)]

2(8+1)
and recall the definition of operator £ in (3.40):
Au 3 1 1 1 1
Lemma 4.7. Let 5 be given by (4.49) and fix n € (0,7m0) and 0 < 0 < min{op,01,02}.
Then for each K > 0, there exist L > 0 large enough and €9 small enough such that

(4.56) L) <0< L(uST) in Qx[0,T),
£,— e,+ _

(4.57) ag = ag =0 on 99 x [0,T],
14 14

for every € € (0,¢ep).

The proof of the lemma will be presented in next subsection. We first make some
remarks. We will proceed with the proof under the assumptions that

A 1
(4.58) e2LefT <1, e0C3 < 3
where Cs is given in Lemma 4.5. Therefore, it follows that
(4.59) 0<q(t)<o(B+1) in [0,T].
The assumption o < o7 implies that |¢(t)] < % Consequently, we have
(4.60) —1<u®* <2 in Qx[0,7].
4.4. Proof of Lemma 4.7. First we prove (4.57). Since d is constant near 99, we have

od
— =0 on 092 x [0,T]. On the other hand, by Lemmas 4.3 (iii) and 4.5 (iii),

ov
oUp, 0oU;p
== Q T).
5 5 0 on 909 x (0,7)
Therefore
us+ d N R .
gy =Vuot . v = VUO-V+U02%-V+6VU1-1/+U1ZVd-1/:0 on 0 x (0,7).

u® "
5 0 on 0§ x [0,T7.

In the remaining part of this subsection, we will prove the inequality £(u®*") > 0. The
inequality £(u®~) < 0 can be shown by the same argument. The main idea of the proof
is to expand L(u®") using the form of u®™ in (4.52), collect terms of the same order (e.g.,
£72 ¢71), and then estimate them. First we have

Similarly, we have

d R N N
u?+ = Uy + UOz(Zt +pi) +eUn + Ur(di +ept) + 1

= [U(szt + qt} + [UOZ% + Ulzept] + [UOt + Ulz(jt + €Ult )
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where py, g; are terms of order £ =2 (see the relation (4.54)). A straight forward computation
yields

d . . .
VusT = VUy + UOZ% +eVU, + U1, Vd,

IVUy, - Vd + Up.Ad N Ups-|Vd|?

Aust = AUy + 2
£ 13
& 712
+ AUy + 2VUy, - Vd + U Ad + W’
N 1, -
@) = f(U0) + (U1 + 0)f' (Vo) + 5 (U + 0)*1"(6)
82(01)2]0”(9)

2
= [#(W0) + af'Wo) + L. £(6)] + [011' (W) + elnas"(0)] + =5

Here we have used the Taylor expansion in the expression of f(u®™), and we remark that
in view of (4.60), 6 = 0(x,t) € (—1,2). Next we write £(u®*) in the form

[,(UE’JF) =514+ R1+ 59+ Ry + Rg + Ry,

where Si, So, inspired from Section 2, are of order e 2,71, respectively; Ry, Ry are the

remaining terms of order 72,7 which were neglected in the formal computations in
Section 2 and Rs, R4 are terms of order 1. More precisely,

1 UOZZ
S| = —= |—
L g2 [ m?

vdp - f%)} ,

Ry = [Uoepn + @] = 5[0 @) + %Qf”w)},

dy  2VUp, - Vd+ Uy, Ad  Up,,|Vd]2 3. Vd 1 1. o
Sy 1= Ups— — . -0 Ghe:[Vdl” SUp:— -V | —5 | = =ULf (D),
€ 2 € m 15

m2e m2e
~ 1A
Ry = Up.ep; — gUqu"(é’),

A N 1 2 5T 5
R3 := |:U0t + Ur.di + EUlt} 3 {AUO +eAU; +2VUy, - Vd + Uled],
3 o 1\ 1., 1Y (U)*f"(6)
Ry = > |:VU(] +eVU; + U12Vd} \Y% <m2> 2(“ JA <m2> 9 )

In what follows, we will estimate the terms above in the domain Q x [0,T]. Note that
Ry and Rs play an important role to deduce the sign for £(u®™) and that the values of

. d(z,t) + ep(t) )

Uy, U1 are computed at the point (z,t,
€

Estimate of the term S;

Using (2.28), we write S; in the form

Sy = —E%ZZQ (1vd-1).

In the region where |d| < di, we have |Vd| = 1 so that S; = 0. On the other hand, in the
region where |d| > dy, we have (cf. Lemma 4.3 (ii) and (4.54)),

’UOZZ’ < élef)q

Pr0] < Gt b < G pni-arel ),

g2 = € €

e2
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Choosing €p small enough such that
d
(4.61) f — (14T K) >0,
0

we deduce that

—0 as ¢ — 0.

|U0zz| S 22167)\1%

g2 €

U .
Thus, for ¢ small enough, | OQZ d is uniformly bounded in the region {|d| > d; }, hence so
E ~
is S1. Consequently, there exists a constant C independent of ¢, L such that
(4.62) 151 < Cy in Qx[0,T]

provide that gy satisfies (4.61).
Estimate of the term R4

Substituting p; = —% and then replacing ¢ by its explicit form (4.53), we obtain
o€

Ry = LI Uo- — o f'(Uo) — q—gf”(e)] +

oe? 9
— é(ﬂe_% +e2Lelt) [ — Uy, — o f'(Up) — %2(56—§ X €2L6Lt)f//(6)] B 6_120ﬁ26_% L 22t
= E%ﬁe_g (I —oB) + Le™[I + %ol
where

2 5t
[:=—Up, —of'(Up) — %(5(? + 2 Lelt) £1(0).
Lemma 4.6 and the hypothesis o < o9 (cf. (4.55)) yield

2
1> 308~ (8 +1)|f"(6)] > 205,

so that
2

I
(4.63) Ry > @e‘ﬁ +208Le™.
3

Estimate of the term S

Using (4.48), we have

Up, |~ Ad . 1
52: 0 dt__Z_Vdv<—2>
19 m m
oVUy, -Vd 1.. Vd 1 Up.|Vd? 1
[T 1 T (LY BT
m-e 2 m m-e 5

Up- | - Ad X 1 100, 1 -

(4.64) =22 dt——Q—Vd-V<—2> ——%{\Vd!z—l] := Saq + Sop.
g m m E M

The second term of (4.64) (denoted by Syp) can be estimated by using a similar argument
for the term S7. We deduce that there exist €y small enough and C5 independent of ¢, L
such that

(4.65) 1Sap| < Cy in Q x [0,7].
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Next we estimate the first term in the right-hand-side of (4.64) which we denote by Sa,.
By Lemma 4.1, we have

Ad 1
|dt———Vd V< >|<C’d|d|
m?2
It follows that

U - d ; .
|S9q] < Cd]d\—| 0| < CdCl—| |e*h\§+p\ < C4C) max |¢|e MIEFP]
€ € ¢€R

An elementary observation shows that the function g(¢) := |£|e= M E+7l satisfies
1 1 1 1
< — .g(——)N < 1< —.

max g(&) < max{g(=p), g(5-),g(=5-)} < max{fp|, £} < |p| + 5

Thus,
A 1 A 1

(4.66) |524] < CaCr(lp| + )\—1) < CaCi(1+ K + e + )\—1),
so that
(4.67) |S2a] < Cae™ + Cy,

where C’g = Cdél(l + K+ %1), 6'4 = Cdél.
Estimate of the term Roy

Substituting p; = —% and then replacing ¢ by its explicit form (4.53), we obtain
o€

R,=12

— 0. — ol f”(e)]

1 N N
_ ga(ﬁe*% +2Let)| = O — o0 f(6).

Since the last factor in the above expression is uniformly bounded in Q x [0, T, it follows
that there exists a constant Cj such that

(4.68) IRy| < Cs [ﬁ e 4 eLeLt}

Estimate of the terms Rz and Ry

It is easy to see that all the terms in the expressions of R3, R4 are bounded, so that
there exists a constant Cg such that

(4.69) |R3| + |R4| < Cs.

Combination of the above estimates

Collecting the estimates (4.62), (4.63), (4.65), (4.67), (4.68), (4.69), we obtain

2 ~ ~ ~ ~ ~ ~ ~
L(uet) > [“gié . 055] e 4 2081 —eCs5L — G| ¥ — €1 — Gy — Gy = G
2 _se [2
(4.70) - [“eiz _ cﬁ] %y [%ﬁL _ aC5L]
(4.71) [?L C } [?Le“ - (77] :

where C~'7 = é’l + C’g + C~'4 + C~'6. We first choose L large enough such that the terms in
(4.71) are positive, then we choose gy small enough (which satisfies (4.58), (4.61)) such
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that the two terms in (4.70) are positive, thus we obtain £(u®") > 0. We complete the
proof of Lemma, 4.7.

4.5. Proof of Theorem 1.2. Let us briefly explain the idea of the proof. As we see
in the proof of Theorem 1.1, the solution u® is sandwiched between the pair of sub- and
super-solutions @+ and develops steep transition layers at the time ¢°. In this section,
by choosing an appropriate constant K in the expression (4.52) of uS%, we will show that
WS at the time ¢€ is sandwiched between the sub-solution and super-solution u* at the
time ¢ = 0, namely

(4.72) u® " (2,0) < 05 (2,1°) < uf(z,1°) < T (2, 1°) < us(x,0).

Therefore, Lemma 4.7 and the comparison principle implies the results in Theorem 1.2.

We need the following auxiliary results.

Lemma 4.8. Given M > 0, then there exist M’ ey such that
(4.73) d(z,0) > M'e  implies ug(z) < a— Me
(4.74) d(z,0) < —M'e implies ug(z) > a+ Me,

for all x € Q and every ¢ € (0,ep).

Proof. We only prove (4.73). We deduce from (1.6) and (1.7) that ? < 0on I'o. We
n _
can choose d* small enough such that in the neighborhood V := {z € Q : |d(z,0)| < d*}
of I'y there holds
3UQ
4. —k = inf — .
(475) 26V On <0

We consider two regions: {x € Q: M'e < d(z,0) < d*} and {z € Q : d(z,0) > d*}.
Case 1. In the region {z € Q : d(x,0) > d*}, we have

a :=sup{ug(z):x € Q, |d(z,0)] >d"} <a.
Choosing ¢ < (a — a) /M, we deduce that ug(z) < a < a— Me.

Case 2. Consider {z € Q: M'e < d(x,0) < d*}. By the mean value theorem, we have

up(x) —a = J(ﬂ:,O)%(H) for some 6 € V.

M
Therefore, using (4.75), we obtain ug(z) < a—kM'e < a— Me, provide that M’ > = O

Remark 4.1. The above lemma implies that {z € Q : |up(z) —a| < Me} C {z € Q:

|d(z,0)] < M'e}, so that its thickness is of order .
The proof of Theorem 1.2 is divided in two steps.
Step 1. We will prove that
(4.76) ut (2, ) < uf(z,t° +t) <uST(x,t) forall 2 €, te€0,T —t%].

We apply Theorem 1.1 by replacing n by ? and let M be the corresponding constant.

Lemmas 4.8 and 4.2 imply that there exists M’ > 0, g9 such that for all £ € (0,g¢), we
have

d(z,0)
d(z,0)

v

M'e  implies ug(z) < a — Me,

IN

—M'e implies wug(x) > a+ Me,
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where we recall that d is the modified signed distance to Lio,77- It follows from (1.13) that

—? <wuf(x,t?) <1+ % for all = € Q.

We deduce from (1.15) that

1—1—ﬂ if d(x,0) < M'e
(4.77) uf(z,t°) < vt (x) = o8 3 A
5 if  d(z,0) > Me.
Next we apply (1.14) to deduce that
L - 1—03—5 if d(z,0) < -—Me
(4.78) u(z,t%) > v (x) := o o
—5 if d(z,0) > —M'e.
Next we show that
(4.79) u® (2,0) <v (z) and vt (x) <u®T(z,0).
Let m, m are defined in (4.50). We have
d(z,0 ; d(z,0
u®(x,0) = Up(z, 0, (3:6, ) _ K) + Ui (x,0, % — K)+o(B+£°L)
d(z,0 ; d(z,0
= <1>0(m(x,0)% —m(x,0)K) + Uy (z,0, (i’ ) K)+o(B + L)
d(z,0 ; d(z,0
(4.80) > O(T (i’ ) _ k) + 01 (2,0, (i’ ) _K)+ 08,

where we have used the monotonicity of ®( in the last 1nequahty
Let Cs3 be defined in Lemma 4.5 and choose gy such that £9Cs < 5 . Then

d(z,0) _K)< @‘
€ 3
The inequality (4.80) and the positivity of ®y imply that

601($, 0,

(4.81) ust(x,0) > ? for all = € Q.

On the other hand, since ®(—o00) = 1, we may choose K large enough such that

do(mM' — mK) > 1— ?

As a consequence, using (4.80) and (4.77), we obtain

2
ust(x,0) > &g(MM' — mK) + %ﬁ >1+ ?2 vt (x)

for all z € Q such that d(z,0) < M’e and all € € (0,&0). This together with (4.81) implies
the second inequality in (4.79). The first inequality in (4.79) can be proven in a similar
way. Therefore,

u® " (2,0) < uf(z,t°) < ust(x,0) forall x €,
which together with Lemma 4.7 and the comparison principle imply that

ut (2, ) < uf(x,tf +t) <uST(x,t) forall 2 €, te€0,T—t%.
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Step 2. Choose g, 0 small enough such that
(4.82) e0C3 + o (B + 2 LelT) < g

Then it is easy to check that

_g <uS(m,t) < uf(,t° +t) <ust(a,t) <1+ g for all (z,t) € Q x [0,T — t°],

which implies (1.13). It remains to claim that there exists a constant C' > 0 such that

d(z,t + 1) > Ce implies u®(z,t +t%) <n,

(x,t+1t°) < —Ce implies u(z,t+t°)>1—n.
Note that
5 - 5 C
Azt +15)>eC & dat+t)>eC = da,t)> %

for all (z,t) € Qx[0,T—t°] and every € € (0,e9) with £9 small enough. Thus the inequality

d(xz,t+t) > eC implies in view of (4.82)
d(z,1)

d(x,t)
€

ust(z,t) = Po( +m(x, t)p(t)) + Uy (z,t, +p(t)) + O’(,Be_% + e2Lel)

/i
8
o~

N~—

< <I>0(mg —m max |p(t)]) +eCs + a8 + 2 LerT)
2 t€[0,T)
< (I)o(m% — m(l + elT + K)) + g

Choosing C large enough such that q)o(m% —m(l+efT + K)) < g, we deduce that for
all (z,t) € Q x [0,T — t°] such that d(z,t + t°) > eC, we have u®*(z,t) < 1 and hence

u®(z, t+t°) < n. Similarly, the inequality d(x,t+t°) > —eC implies that u®(z, t+t°) > 1—n.
This completes the proof of Theorem 1.2.
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