On the Rate of Convergence and
Asymprotic Profile of Solutions to
the Viscous Burgers Equation
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ABSTRACT. In this paper we control the first moment of the ini-
tial approximations and obtain the order of convergence and the
asymptotic profile of a general solution by two explicit “canon-
ical” approximations: a diffusive N-wave and a diffusion wave
solution. The order of convergence of both approximations is
OtV 21)=3/12) in I¥ norm, 1 <7 < o0, as t — oo, which is faster
than the well-known classical convergence order O (t1/(2r)=1/2)
for the inviscid Burgers equations case. A further comparison be-
tween the convergence rates of these two approximations and a
discussion of the metastability phenomenon of the Burgers equa-
tion are also included. The method devised here allows us to ob-
tain convergence up to any order by introducing new canonical
solutions and controlling higher moments of the initial approxi-
mation.

1. INTRODUCTION

The main purpose of this paper is to understand the behavior of sign-changing
solutions to the Cauchy problem of the viscous Burgers equation

(1.1) U + UUx = HUxx, X ER,t>0,
' u(x,0) = up(x), x€R,

where p > 0 is the viscosity constant (or diffusion rate), and, the initial value ug
is continuous with a compact support and changes sign.
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For the inviscid Burgers equation (i.e., g = 0 in (1.1))

(1.2) Ur + UUx = 0, x eR,t>0,
' u(x,0) =up(x), x€R,

it is well known that the two quantities

(o)

(13)  pw=-inf[ wedy, a®) =sp| u.ndy,

xXeR X

play important roles. Indeed, they are invariant in time, i.e., p(t) = p(0) (= p)
and q(t) = q(0) (= q) for all t = 0, and the solution of (1.2) converges to an
N-wave

—/2pt < x < 4/2qt,

x
(1.4) Npq(x,t) = { t’

0, otherwise,
with the invariant positive and negative masses. For the viscous problem (1.1),
these quantities are not constant anymore. Moreover, it is well known that, for
each fixed time t > 0, as 4 — 0O the solution of (1.1) tends to that of (1.2). On
the other hand, E. Hopf [8] showed in 1950 that, for u > 0 fixed, as t — co the
solution of (1.1) must converge to the well known diffusion wave of mass M =
—p + q, which is actually the source solution of (1.1) with initial value M6 (x), a
weighted Dirac-measure. Roughly speaking, the solution of (1.1) quickly evolves
into a pattern of several N-waves. Then, after a series of interactions among these
N-waves, a single N-wave emerges. This single N-wave lasts for a long time and
eventually the positive and negative parts of this single N-wave merge into a single
hump. In [11], the metastability of single N-waves for (1.1) was studied and the
transition from an approximate N-wave to the final stage of a diffusion wave was
made explicit.

In the study of the asymptotic behavior of conservation laws a number of
techniques have been developed. We refer to [3], [4], and [16] for inviscid prob-
lems, [6], [7], and [17] for the convection-diffusion equations, and [5], [12], and
[13] for systems. Diffusion waves and diffusive N-waves for the equal positive and
negative masses are introduced in Whitham [20], and the technique is generalized
to construct diffusive N-waves with unequal positive and negative masses in Kim
and Tzavaras [11].

Observe that —p (t) + q(t) = [uo(x) dx = M and that, after a translation of
the initial value in x-direction, it is convenient to assume that

0 0
(1.5) p= —J_ uo(y)dy, aq= JO uo(y)dy,
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without loss of generality. The optimal decay rate and the convergence to N-
waves for the inviscid problems are well studied for more general equations and
systems including u; + f(u)x = 0 (see [5], [13]). Liu and Pierre [16] show the
L" convergence for the power law, f(u) = [ul¥, y > 1. For the Burgers equation
(y = 2), their result reads

(1.6) lim tU2=V@D 1y (x,8) = Np g (x, D) lly =0, 1 <7 < 0.

Thus, if L'-norm is considered, (1.6) gives the convergence, but not the con-
vergence order. Dafermos [4, Chapter XI] proves the pointwise convergence for
strictly convex flux f (1) such that

(1.7) tlim tllu(x,t) = Npg(x,t)]lo = constant.

The optimal convergence rate in L'-norm has been considered recently by
Kim [10], and, for the Burgers case, it reads

(1.8) tlim Vtllu(x, t) — Np,q(x,t)]l1 = constant.

Moreover, under further minor conditions for the initial profile u¢(x), it actually

holds that

(1.9) tlim tllu(x,t) — Npgq(x,t)|l1 = constant.

It would seem interesting to compare the convergence results under the pres-
ence of the viscosity, which gives extra regularity to the problem. In this paper, we
shall study the evolution of the solutions to (1.1) more closely by finding explicit
“approximate solutions”, or, “canonical solutions”. In particular, our result yields the
profile of the solution to (1.1).

To describe our main result, we first set

pe

(1.10) U(x,t) = J u(y,t)ydy, Uy(x)=U(x,0)

forx € R, t = 0, and uj(x) = max{uo(x),0}, uy (x) = max{—uy(x),0}.
Then we define

P(x,t)

U(x,t) = -2u pe ,
1+J Py, t)dy

(1.11)
Q*(x,t)

u*(x,t) = -2u % ’
1+ orndy
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where
Plx,t) = S -y ut),
Jimut
P* (x, 1) = L e-tx-coitaun) _ b cepiiaun
Jimut Jrat
with
1 _ B
a=s J_oo ug (y)e /W) gy,
1 (*® B
(1.12) b= 2 J_oo ud (y)e @GN gy,

cea—po_L r) o (y)e NI 4y,
2U J-w ’
and «, B, y being points in R such that

Jm (x — a)ua (x)ef[l/(Zu)]Uo(x) dx =0,

[o]

(1.13) J (x — B (x)e-11/@HIU0) gy — o,

Jw (x — ) o (x)e~ 11/ @) gy — 0.

— 00

Since uge /21U are positive functions, such points o and B always exist
and are unique. On the other hand, such a point y may not exist and we shall
only consider the case where it does exist. For example, if M # 0, such a y exists.
It will be proved in Section 3 below that there exists a time T > 0 such that the
quantities

X X
1+J @*(y,t)dy, 1+J @Oy, t)dy

are uniformly bounded below by a positive constant for all t > T. Hence, i (x, t)
and u*(x,t) are well-defined by (1.11) for t > T.

Our main result is the existence of the constants C;, C; > 0 and atime T > 0
depending on i, ug and 1 <7 < oo, such that

O u(x, t) - li(x, ll, < Ci,

(1.14)
OV Iy (x, 1) — u*(x, )y < G,

forall t > T. The detailed statement and its proof are given in Theorem 3.3.
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It is well known that the solution u(x,t) decays at the rate t~1/2 for t large.
(See e.g. [11].) Thus, intuitively speaking, the above result gives good approx-
imations for the solution u of (1.1) with general initial data uo by the explicit
“canonical solutions” 1 and u* defined in (1.11). Observe that u* has the N-
wave like structure and it plays the role as a diffusive N-wave.

The other canonical solution % (x, t), which has the structure of a diffusion
wave, can be considered as a solution of the Burgers equation with initial value
Mé(x —y). If M > 0, ti(x,t) is a strictly positive solution and, hence, it does
not represent the typical behavior of N-waves. So, it seems surprising that 1 (x, t)
approximate the solution with the same convergence order O (t1/(?")=3/2)) How-
ever, we remark that the effectiveness of these two approximations i, u* is re-
flected in the size of the two constants C; and C,. For the asymptotic stru-
tures of general systems of conservation laws with viscosity we refer readers to
(1,2, 14, 15, 18].

The convergence order achieved in (1.14) is higher than that of (1.6). If L!
norm is considered, i.e., p = 1, the convergence order for the viscosity problem
is higher than the optimal one for the inviscid problem with general initial value,
(1.8). This convergence order is achieved for the inviscid problem as in (1.9) only
with extra conditions imposed on the initial value.

The technique we are introducing in this article can be applied to obtain
a higher convergence order. If the error of the initial approximation has zero
moments up to n-th order, then the solution of the heat equation converges with
order O (t1/21)-(+2)/2y iy [ norm, as in Theorem 2.5.

Our approach is as follows. In Section 3, by the Cole-Hopf transformation,
the viscous Burgers equation (1.1) is reduced to the heat equation. So we consider
the corresponding result for the heat equation first in Section 2. Canonical solu-
tions for the heat equation are constructed by placing fundamental solutions of
the correct size at the correct places, i.e., at the centers of masses. The results for
the heat equation are then converted to that of the Burgers equation through the
Cole—Hopf transformation in Section 3.

In Section 4, we consider the sensitivity of the Cole-Hopf transformation via
the quantities p, g in (1.5) and show how the initial value uy is related to the con-
stants &, B, a, b in (1.12) and (1.13). This property of the transformation reflects
the metastability phenomenon of the Burgers equation. In the last section, Section
5, we present numerical examples. First we compare approximations by #(x,t)
and u* (x,t) and measure the effectiveness of u* versus that of % via the compar-
ison between @ and @*, their counterparts in the heat equation. The sensitivity
of the Cole-Hopf transformation is then illustrated in Figure 5.2:small changes in
the initial value may cause huge differences in the Cole-Hopf transformation.

2. THE HEAT EQUATION

We first formulate and study two kinds of “canonical solutions” to the following
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initial value problem for the usual heat equation

2.1 {Wt = Wxx, x eR,t>0,

P(x,0) = yo(x), xe€R,

where, for simplicity, g is assumed to be continuous and to have a compact
support C [—R,R] with finite total mass [ @o(x)dx = c. Note that we have
reserved M for the total mass of solutions to the Burgers equation and we let ‘c’
denote the total mass of solutions to the heat equation. Throughout this entire
section, we will only deal with the unique solution of (2.1) which is bounded near
X = *+o00,

Letting K(x, ), t) denote the fundamental solution of the heat equation, we
have the following explicit representation of the solution @

(2.2) wxt = | Kooy, e dy

1 foe]
= T J_ e—(X—y)Z/(4t)qj0(y) dy.

Lemma 2.1. Let T(x,t) be the solution of (2.1) with its initial value Ty being
continuous and compactly supported. Then, for 1 < v < co,

(23) lim £ gl = ¢ | | Gotdx
where
1 ) 1 EZ Ez ng 1/r f
—— (2 — =+ & e fl<r<ow
=) | grEleT] ) ’
24 ¢ =4
1 ifr =0
iy -

Proof- Let ¢ = [*, Co(x) dx. From (2.2), we have

1 ® 1 -y)? 2
@5 Culxt) = = | [—5 + %} e CPIB0E (y) dy.

Consider the similarity variables & = x //4t, & = v /+/4t. Then (2.5) is written

as

302 R S I ¢ ey P R
t Cxx(x,t)—mﬁm[ S (E g)]e VAT (VALE') dE'.
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Note that V4tTC(V4tE') converges to ¢0(&’), a weighted Dirac-measure, as

t — o0. So we get

hm t32C x (x,t) = lim 1 (—% + Ez) e8¢

t—oco \/4TT
= lim — 1 x—z e~ X UG = —LC_
t—o0 x/ 4\/ﬁ

for any x € R and, hence, lim;—« t3/?(|Cxxll0 = ColIColl1. Since the support of
VAEC(VALE') is shrinking to the origin and | — % + 82078 < %, we have

B2 L (x,0)] < FU f

for any x € R and, hence, lim{—c t3/?[|Cxxlle < CwllColli. So the proof is
complete for ¥ = 00. Now let 1 <7 < co. Then

1 Cxx (x, )|l
o [ 2 e )
G|t e [

Setting g;(&) = VAT (V4tE) /¢ and F(E) = [—% +E21e7 %, we may write

'j'_fnf % gl

where f % g; is the convolution between two functions. Clearly [ g; (&) d€ =1,
and standard arguments imply that I|.f * g¢ll, — || flly ast — co. Hence, (2.3)
holds for 1 < 7 < co. (See [19, p. 62]) O

The first derivative of C(x,t),

t(3/271/(2r))||€xx||r -

X - y) —xy /(4t)

=
Celx,t) = mj R Co(y) dy,

can be similarly estimated. The results can also be written in a slightly different
version, as follows.
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Lemma 2.2. Let C(x,t) be the solution of (2.1) with its initial value Ty being
continuous and compactly supported. Then, foreach 1 < v < oo, there exists a constant

C > 0, depending on Ty and v, such thar

(2.6) 1Tl < CtMEI=D forallt > 0,
and
2.7) 1Caxlly < CEH/EI=312 forall t > 0.

Now we construct canonical solutions for the original problem (2.1). A point
y € R is called a center of mass for a function @y if it satisfies

o0

(2.8) j (x — y)wo(x) dx = 0.

Such a point exists uniquely if the total mass of ¢ is not zero, ie., ¢ # 0. In
general it is possible that y ¢ [—R, R]. Therefore we set

R; = min{y, R}, R, = max{y,R}.

If the initial value has zero total mass, then either there is no center of mass or
every point is a center of mass. [n the following discussion we assume y € R is a
center of mass for the given initial value .

The first kind of canonical solution of the original problem (2.1) is given by

c
41Tt

(2.9) Plx,t) = e~ (VU = oK (x,y,t).
That is, ¢ is the solution of the heat equation (2.1) with initial value ¢/(x,0) =
¢Sy, where 8, denote the Dirac measure at x = y. The solution (J is sometimes
referred to as a “canonical solution” for (2.1) if ¢ has finite total mass ¢ with y as
its center of mass. We are interested in comparing the asymptotic behaviors of
and U ast — oo, noting that the behavior of P (x,t) is rather explicit.

To this end, we first let p(x, t) denote the solution of the heat equation (2.1)
with initial value

(2.10) P00 = 5ox) = | wo(y)dy —cHy (x),

where
0, x<y,

Hy(x) = {1 X >y.

We may easily check that supp po C [Ry, R2]. Next, we let E(x, t) be the solution
of the heat equation (2.1) with initial value

e &= _mmav=| ([ w@az-crm)ay.
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Then it is not hard to see that supp Co C [Rl,Rz] For x < Ry, it is clear that
Co(x) = 0. For x = R,, we have Co(X) Co(Rz) and

To(Ry) = JRlz J:l Y(y)dydx —c JRlz Hy(x)dx

Ry rRy
=J Yy(y)dxdy —c(Ry—y)
Ry Jy
R

=, [(Re=y)+(y - Iwy(y)dy —c(Ry—y) =0,

in view of (2.8). On the other hand, ZX =P, ZXX = Px, and, by (2.10),

(2.12) Celx, t) = ﬁr e-<x—y>2/<4”([y (po(z)dz> d
i)y Oy
=Y¥(x,t) — ‘T’(x, t),
where
@13 vwo-| wondy, ¥xo-| doundy.

Thus, for t > 0,
(2.14) Cox (X, 1) = w(x, 1) — P(x,1).

Now we compare the solution ¢ of the problem (2.1) and our first canonical
solution ¥ (x, t).

Theorem 2.3. Let W(x,t) be the solution of (2.1) with continuous and com-
pactly supported initial value . Suppose that there exists a point'y € R satisfying

(2.8) and P, fo, Y, ¥ are given by (2.9), (2.11), and (2.13). Then, for each

1<7 < o,

(2.15) ggwﬂ4mﬂmwu¢)—&wxmr=a

with Cy given by (2.4), and there exists C > 0, depending on Yo and v, such that
(2.16) ¥ (x, 1) — ¥ (x, )]l < CEYEI=1 forall t > 0.

Proof. Let T(x,t) be the solution of the heat equation (2.1) with its initial
value Cp. We have seen that Ly has a compact support, Cy = ¥(x,t) — ¥(x, t)

and &cx = wx,t) — P(x,t). So we may apply Lemma 2.1 and Lemma 2.2 to
conclude (2.15) and (2.16). O
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Next, we consider the second kind of canonical solutions. First, decompose
the initial value,

(2.17) Wo(x) =Yg (x) — Yy (x),

where g (x) = max{yo(x),0}, Yy (x) = max{—yo(x),0}. Then set

(2.18) a= J: Yo (x)dx, b= J_ Y, (x)dx,

and denote by «, B, respectively, the unique points such that

(2.19) J (x—oyPg(x)dx =0 = J, (x - Byy (x) dx.

In this case, since Y/ (x) are positive functions, & and B do exist and are unique.
Moreover, &, B € [-R, R]. The second kind of canonical solution is defined by

a 2 b 2
2.20 *(x,t) = e~ (X—?/t) _ 7 ,—(x=B)?/(4L)
(2.20) Wrxt) = s —

=aK(x,o,t) — bK(x,pB,t),

and ¥*(x,t) = [*, w*(y,t)dy. Let

ey g =[ [ weerdz - @ta) - b |y,

and T*(x,t) be the solution of the heat equation (2.1) with initial value T
Then, we can similarly show that suppCj < [-R,R], C¥(x,t) = Y(x,t) —
Y*(x,t) and Tk (x,t) = @(x,t) — g*(x,t). Therefore the comparison of the
asymptotic behavior of ¢ (x, t) and @* (x, t) follows similarly.

Theorem 2.4. Let W(x,t) be the solution of (2.1) with continuous and com-
pactly supported initial value Yo which changes sign. Let a, b, &, B, ¢*(x,t),
Y*(x,t), and T (x) be given by (2.17)-(2.21). Then, for each 1 < v < oo,

(2.22) tliglo tB2=C 1w(x,t) — P (x, t)lly = Cr

| cronay

with Cy given by (2.4), and there exists C > 0, depending on Yo and v, such that
(2.23) IV (x,t) = ¥*(x, D)y < CtYE=1 forall t > 0.

We remark that the method used in establishing Theorem 2.3 and Theorem
2.4 also yields the following result, which may be of independent interest.
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Theorem 2.5. Let W(x,t) be the solution of (2.1) with continuous and com-
pactly supported initial value Wo. Suppose that

(o) (o) (o)

Lw WYo(x)dx = JﬁwX(llo(X)dX - J,w XM (x) dx = 0,

for some integer n = 0; then, for each 1 < v < oo, there exists a constant C > 0

depending on Qo and v, such that
g (x, )1l < CtH/ @322 forall t > 0.

Finally, to conclude this section we consider the following heat equation with
constant diffusion u > 0:

Pt = HPxx in R x (0, ),

@24 P(x,0) = Polx) inR.

A simple change of variables @(x,s) = @(x,t), where s = put, implies that
Ys = Qits = (1/L)@r = Pxx = Wxx, i.e., Y is a solution of (2.1). So the
asymptotic behavior of the solutions of (2.24) corresponding to Theorems 2.3
and 2.4 can be easily derived by replacing t with put.

First, decompose the initial value @ and write

(2.25) @o(x) = @§ (x) — g (x),

where @ (x) = max{@((x),0}, Py (x) = max{—@y(x),0}. Then, set
(2.26) c= J_ Qo(x)dx, a= L @y (x)dx, b= L @, (x) dx,

and denote y, «, B, respectively, the unique points such that

[ee} [ee}

e | xeyedx = [ (x- 0pxndx

[ee}

_ J, (x — By (x) dx = 0.

(Again, o« and B are guaranteed to exist, while y is only assumed to exist.) The
canonical solutions for the problem (2.24) and their integrals are defined as

Px,t) = cK(x,y,ut), with &>(x,t>zj By, t)dy,

(228)  p*(x,t) = aK(x, & put)— bK(x, B, ut),

with @706, = |

X

@*(y,t)dy.
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Let

(2.29) ZO(X) N [io [Jio ®o(z)dz — CHy(y)} dy,

o= || oo@ dz - @) - bHg) | a,

and Z(x, t), T*(x,t) be, respectively, the solutions of the problem (2.24) with
initial value 80, Cy. Then, we can similarly show that suppCy < [-R,R],
suppZo C [R1,Ry] with Ry = min{y,—R} and R, = max{y,R}, Cx(x,t) =
B(x,t) —D(x, 1), TE(x, ) = B(x, 1) —B* (X, 1), Txx (3, 1) = P(x, 1) — B(x, )
and that T, (x,t) = @(x,t) — @*(x,t). So we may easily convert Theorems
2.3 and 2.4 for the problem (2.1) to the following result.

Theorem 2.6. Ler @ (x,t) be the solution of (2.24) with @ bez'ng continuous
and mmpact[y supported. Suppose further that Qo changes sign and 'y in (2.27) exists.

Let®, &, d, Co, @*, ®*, C§ be given by (2.25)-(2.29). Then, for each 1 < v < oo,

lim @27V @ (x,t) — P (x,b)ll, = CF

230 7 :
lim (52 o, 1) - (x, 0l = €| [ G|,
with
e 5 1/r
s [ |[- 5] 4
4T3
(231) C1I;1 - J ifl<r< 00,
1 .
|y ifr = oo,

and there exists C > 0, depending on ©o, U, and v, such that

ld(x,t) —d(x,t)|l, < Ctl/ @1 fort > 0,

2.32
232 l®(x,t) —d*(x,t)|l, % < CtV/E) -1 fort > 0.

It is clear from (2.30) that, to measure the effectiveness of the canonical solu-

tion @* versus that of @, we need to compare the total masses of Ty and ;. In
the following example we consider the initial value

A, -1<x <0,
(2.33) Qo(x)=1-B, 0<x<1,
0, otherwise.
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We first remark that, although we have only considered continuous initial value
so far, the discontinuity of @q in (2.33) can be overcome by continuous approx-

imations @§ with [|@§ — @oll1 < &, since the total masses of Ty and T have
continuous dependence in the initial value @o. We assume A > B > 0 for conve-

nience. Then we can easily check that the center of mass of the initial value @y is
y = (A+B)/[2(B— A)]. Clearly, y <0, and y could be smaller than —1. So

f; Co(x) dx = Jll J: Ji @o(z)dzdy dx — Ll J:(A ~B)H,(y)dy dx.

The quantity IZ.CF (x) dx is given similarly. Straightforward computations give

A2 14AB+ B [ _, A-B
24(A-B) Lw;o(x)dx_ 24

and, hence, the ratio of the coefficients is

fw Co(x) dx =

_12AB
(A -B)?

| aenax]

- [ reoax]

:‘1

If B = 0, these two canonical solutions are identical, and the ratio becomes 1 as
expected. We can also clearly see that, as B — A, the ratio diverges to c. Hence,
we may conclude that the approximation by @* is more effective if the negative
and positive masses have similar sizes.

3. REDUCTION TO THE HEAT EQUATION

It is well known that the viscous Burgers equation can be transformed to the heat
equation by the Cole—Hopf transformation. Setting

(3.1) B(x, t) = e /CWIUCD _ 1
where U, U are given by (1.10), we have
Pt = HPrx in R x (0, 00),

(3.2 ®(x,0) = exp <—$U0(x)) —1(=dp(x)) inR.

Simple computation shows

P

(3.3) u(x,t) = _2“cp 1
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Note that @ (x,t) = & (x,t) also satisfies the heat equation
@t = UPxx, in R x (0, ),

4
(3.4) ®(x,0) = —iuo(x)[%(X) +1] (= @o(x)), inR.

Now, from Theorem 2.6, we know that @ (x, t) may be approximated by

Hlx,t) = S lx-y?/ut),
Jamat

(3.5)

P*(x,t) Ao~ (x=c0*/(ut) _ Le%xfﬁﬂ/(@t)’

4rrut W
where
= Joo QD(J)r(X)dX = ZLJ 6()()6[*1/(21»1)]&)(95) dx’

(3.6) b = J @ (x)dx = ZLJ ug (x)el 1/ @) gy,

c= J_o; Po(x)dx = “ou J_oo U (x)el 12U gy
and y, «, B, respectively, are the unique points such that
J:(x — Y)ug(x)el "ML gy — 0,
(3.7) Jio(x — o) ug (x)el "1/ gy = 0,
Jm (x — [;)uar (X)e[—l/(lu)]Uo(x) dx = 0.

(Again, &, B always exist, and y is assumed to exist.) This, in turn, implies that
u(x,t) may be approximated by

PO 4wt t) = P*(x,t)

(3.8)  d(x,t) =— B0+ 1 TTer(x,t) + 17

where

X
J ce~OYPIaut) g,

1
\amut Y-

0,0 = | Gondy -

(3.9) OF(x,t) = J @*(y,t)dy

" o !

ae—(y )2/ (4ut) — he( /(4ut)]dy’
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if we can give suitable positive lower bound for ®(x,t) + 1, ®(x,t) + 1, and
o*(x,t) + 1.

Since ®(x, t) + 1 also satisfies the heat equation, by the Maximum Principle,
we conclude

(3.10) 0 < minel "V < @(x, 1) + 1 < maxel VX < o,
x€eR x€R

So ®(x,t) + 1 is bounded below by a positive constant. Our next observation
concerns a, b, and c.

Lemma 3.1. Let a, b, and c be given by (3.6), with [uo(x)dx = M < .
Then,

(3.11) a-b+1=c+1=el"V/EWIM g

Proof. Since

a—b-_L Juoe[—l/au)wo(x) dx (=0
2u

= [el-1/@WIGI]® _ pl-1/@WIM _

we clearly have (3.11). O

Since ¢ + 1 > 0, ®(x,t) + 1 is bounded below by a positive constant. Note that
the quantity @ — b + 1 depends only on the total mass M of the initial value uo(x),

and

-1 asM — oo,
(3.12) a-b—10 asM — 0,

00 asM — —oo,

Finally we consider the lower bound of ®* (x, t) + 1. In general, ®*(x,t) + 1
simply does not have a positive lower bound for all x € R™ and for all t > 0.
Nevertheless, the following holds and is sufficient for our purposes.

Lemma 3.2. There exist T = 0 and & > 0 such that
(3.13) d*(x,t) +1>6>0 forallt>T.

Proof. After a translation of the initial value in x-direction, we may assume
B = — o without loss of generality. Using the similarity variables,

g Y gl X

Jant 5t
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(3.9) is written as

O (x,t) = \/Lﬁ JX [aef(i"*tx/x/@it)z _ be*(§'+a/w/4ﬂt)z] dg’.

First, suppose that &« < 0 (or & < B). Then it is clear that

min®* (x,t) = L JOO [ae~E —//AD? _ po=(&'+a/\/AuD*] g’
X ’ JTT )
1 ® , o )
= ﬁaj_w e‘(§ _0(/1/4“1’)2 dg/ _ b {_OO e_(‘g’ +o/ /4ut)2 dg’
=a-b>-1,

so (3.13) holds with T = 0.
Next, suppose that &« > 0 (or B < «). Then, a simple computation shows

*(x,t) =O<=>x=u—tln<k>.
I a

Using the similarity variable, we get

PrEL =0=§= @ln (Z) (= &(1)),

2x

where
00 ifb>a,

lim&(t) =10  ifb=a,
o % ifb<a.

It is clear that
. 1 (&® oD _
rrgcln@*(x,t) =7 L [ae~E-&/V/AD? _ po-(E+a/\/4uD)*] g,

Applying the Lebesgue Dominated Convergence Theorem, we obtain

1 (& ) a-b ifb>a
. s xk _ _ -& — ’
{im min @ (x, £) ﬁjfoo (a=bje ds {o ifb < a.
Sincea — b + 1 > 0, there exists T > 0 such that (3.13) holds. O

Now we can estimate the error when the solution u(x, t) is approximated by
u*(x,t) or i(x,t), and prove our main result.
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Theorem 3.3. Let u(x,t) be the solution of (1.1), with its initial value u
being continuous and compactly supported. Suppose that [ ug(x)dx = M € R, U
changes sign, and 1 <v < oo,

(i) Then there exist T = 0, depending on wo, W, such that w* (x,t) is well defined
fort > T, and C, > 0, depending on wo, Y, p, such that

(3.14) lulx,t) — u*(x,t)ll, < CtW/@I=3/2 5 T

(i) Suppose further that M # 0. Then W (x,t) is well defined, and there exists
Ci > 0, depending on wo, Y, p, such that

(3.15) lu(x,t) —U(x, )y < CrtMEI=32 0 ¢ 50,

Proof. The existence of such a time T = 0 has been established in Lemma
3.2. The difference between u(x, t) and u*(x,t) is estimated by

(3.16) Ju(x,t) —u*(x,t)|

o [rt - s ot
2u

(lp* —@l(1 + |®]) + |@| [P — d*|).

= @0 t) + D@ (x.t) + 1)

From (3.10) and Lemma 3.2, it follows that the terms above can be bounded by a
constant multiple of t 73/ in view of Theorem 2.6 and the fact that

(3.17) lp(x, ) < Ct1/?

for t large, where the constant involved here depends on p and the initial value
ug. Thus, for t large,

lu(x,t) — u*(x, t) |l < Ct=3/2

uniformly in x € R. So (3.14) holds for = co.
Fix 1 <7 < 0. Then we have

(3.18) llux,t) —u*(x,H)lly < GU@* —@lr (1 +®lle) + I@ o @ = D" 1),

with Cy = 2u/[(min® + 1) (min®* + 1)]. From (3.17) and Theorem 2.6, (3.14)
follows for 1 < ¥ < oo, so (i) is complete. Part (ii) can be proved similarly. O

4. COLE-HOPF TRANSFORMATION AND METASTABILITY

The heat equation in (2.24) is invariant under the change of variable y = —x.
On the other hand, the Burgers equation in (1.1) is not. Nevertheless, the Burgers
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equation can be transformed to the heat equation by the Cole-Hopf transforma-
tion. Therefore it seems natural to expect that the transformation be sensitive on
such a change of variables. The sensitivity is reflected in quantities p, g in (1.5)
under the change of variables. For example, if the initial value is given by

sin X, - < x <0,
1.

(4.1) Uo(x) = 7 sinx, 0<x <,
0, otherwise,

then p = 2 and q = 1. After the change of variable, the transformed initial data
Uo(x) = ug(—x) satisfiesp = 1, q = 0.

In this section we wish to relate the metastability phenomenon of the canon-
ical solution u*(x,t) to the initial value uy(x), via the Cole-Hopf Transforma-
tion and the reflection x — —x. First, we consider an initial value with a single
sign-change, and we may assume that the sign change occurs at the origin x = 0.
Suppose that

0
Ug(x) <0 forx <0, p:—J Uo(x)dx >0, and
Uo(x) =0 forx >0, q:J Uo(x) dx > 0.
0

Then we can easily check that

1 0

- ugel "1/ CIX) gy — P/ (W) _
2U )

a =

o0
b - ij el 1IN g — 0PI 2H) _ p=MICH)
0

The centers «, B given in (3.7) are clearly ordered by & < 0 < B, and we may say
that @* (x,t) is the solution of (2.24) with its initial value @ (x) = adx(x) —
bdg(x). The weights a, b increase exponentially as 4 — 0, and this exponential
growth implies the metastability of the Burgers equation translated to the heat
equation.

From (3.9), we have ®*(0,0) = a and ®*(o0,0) = a — b, and it is clear from
(3.8) that the corresponding initial value for u* is also a summation of Dirac-6
functions centered at & and B. Since

0 0 (p* 0
* _ - _ * = —
Jﬁmu (x,0)dx = -2u Lm o 11 dx 2ulln(®* + 1)1°, v,

00 00 *
J u*(x,O)dx:—ZuJ P dx = 2u[ln(®* + )] =M +p =q,
0 o &* +
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we may conclude that u™* (x, t) is the solution of the Burgers equation (1.1) with
its initial value —pdx(x) + qdp(x).

If up(x) = 0 for x < 0 and ug(x) < 0forx > 0, thenp = 0orq = 0.
Suppose that M > 0. Then p =0, q = M, and

a- _ZL ool VGV e — o=MICH) _ g=A/2H)
HJo
1 0
b Z_J ol =1/ V) gy — | _ g=AICH),
[T I

where A = fi)oo uo(x)dx > 0. In this case the weights a, b are uniformly
bounded, regardless of the size of 4 > 0 and the metastable phenomenon is not
observed.

Next, we consider an initial value with finite number of sign-changes. Again,
first let

uo(x) <0 on (J(zak-1,221), uo(x) 20 on [J(zak, zok+1),

where k = 0, 1, ..., n with convention that z_; = —00, z3;,41 = %, and

zi
(4.2) Uo(zk) = J Ug(x) dx = —pi.

Note that, to keep the consistency with (1.5), we consider px with the negative
sign. After a translation of the initial value we may assume z3,, = 0,0 < m < n,

and 0 x
sz=—J Uo(x)dx = — ian u(y)dy =p
NN xeR J -

without loss of generality, where p is the invariant variable given by (1.5). Con-
sider

(4.3) a= i J g el /@I g

2n
[ero(x)/(Zu)]sz — Z(_l)fem/(Zu) - 1.

Z2k-1
k=0 £=0

Suppose that pi < p for all k # 2m. Then we can easily see that the summation
has a dominant term e?2m/CHW for a small enough < 1 and, hence, we have
a=d(u)e?’/2 — 1 for some 1 < d(u) < nsuch thatd(u) — 1 as u — 0. Thus,
for p sufhiciently small,

0
j w*(x,0) dx = —2ulln(e?'@) 4 In(d(u)] = —(p + 2uln(d)) ~ —p.
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Similarly, the other side of the weighted total mass

1 N rZoksr
(4.4) b=— J uge Vo) gy

2p k=072
n 2n
- ) ~
=— Z [e Uo(x)/(2u)]22+1 _ Z(_l)lepg/(zu) — oM/
k=0 0=0

has the dominant term e?2n/H) for a small enough p < 1 and, moreover,
Jo. u*(x,0)dx ~ g. In this case the corresponding initial value for u* is not
exactly —pdn(x) +qdg(x), but u*(x,0) = —pdux(x)+qg(x) as u — 0. Since
the negative mass of uge~U/(2H and the positive mass of ugeV/#) are domi-
nated by the components on (zom-1, Zam) and (Zom, Zam+1), respectively, we can
easily see that its centers of mass are ordered by &« < 0 < B for p sufficiently small.

5. NUMERICAL EXAMPLES

In this section we consider several numerical examples that support and explain
the theories and observations in the previous two sections. In the first set of exam-
ples we compare diffusive N-waves u* (x,t) and diffusion waves % (x,t). These
examples demonstrate that u* is a better approximation than i is under suitable
circumstances. The second set of examples are designed to illustrate the sensitiv-
ity of the Cole-Hopf transformation on the change of variables x — —x, which
reflects the metastability of the Burgers equation. Throughout this section we
continue to use the functions u, o, u*, @, ®, P, P, @*, ®* and the constants a,
b, c, «, B, y given by (3.1)-(3.9).

5.1. Comparison between 01 and u*. If the inviscid problem is considered
(4 = 0), the quantities p, q in (1.5) are invariant variables, and the solution
converges to the N-wave Ny 4(x,t). So,if p > 0,9 > 0,and 0 < p < 1, it seems
natural to expect that u*(x, t) be a better approximation than % (x,t).

Let u(x, t) be the solution of the Burgers equation (1.1) with its initial value
U given by (4.1) and @ (x, t) be the solution of (2.24) with its initial value

_Slnxe(1+cosx)/(zli), - <x <0,
2u
(5.1) Po(x) = _SX ,Greosx)/ () () < x < 17,
4u
0, otherwise,

which is the Cole-Hopf transformation (3.4) of uy.

Theorem 3.3 implies that the approximation with the diffusion wave like so-
lution 1 (x, t) and the N-wave like one u* (x, t) have the same convergence order
of O(t'/21)=3/2) in L"-norm, 1 < 7 < oo. Considering the metastable N-wave
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like state of order O (e!/*), which persists for a long time, it seems surprising that
the advantage of the diffusive N-wave over the diffusion wave does not make any
difference in the convergence order. So we need to compare constants C;, C; in
order to measure the effectiveness of u* over .

Relations (3.3), (3.8) indicate that ||@(x,t) — @(x,t)|l; and || (x,t) —
@*(x,t)[ly can be compared instead of |[u(x,t) — U(x,t)ll, and lu(x,t) —
u*(x,t)|l,. Let 80, Ty be given by (2.29). It is clear that these functions depend
on i > 0 and, hence, the ratio

‘ E; io(x)dx‘
e

(5.2) R(u) =

is a function of the viscosity constant > 0. Considering (2.30), we see that this
ratio measures the the effectiveness of @* over @ for a large time t > 0.

TABLE 5.1. The initial value 1 for the Burgers equation is
given by (4.1), which has p = 2, g = 1. Its Cole-Hopf trans-
formation @y, given by (5.1), depends on p. Constants a, b, «,
B, R(u) defined by (3.6),(3.7) and (5.2) are approximated in the
table numerically increasing 1/ by 4. In the example we observe
thatx10,B810,a/b — 0,and R(u) — o as u — 0.

U vis- 1 | occenter of | B:center of a: total b: total R(u): the
cosity y | massfor@g | massfor g mass of mass of Qg ratio (5.2)
0.1667 6 -7.57e-01 1.05e+00 4.02429¢+02 | 3.83343e+02 4.85e+02

0.1000 10 -5.76e-01 8.33e-01 2.20255e+04 | 2.18781e+04 2.43e+03
0.0714 14 -4.83e-01 6.98e-01 1.20260e+06 | 1.20151e+06 1.80e+04
0.0556 | 18 -4.24e-01 6.10e-01 6.56600e+07 | 6.56519¢+07 1.40e+05
0.0455 | 22 -3.82¢-01 5.48e-01 3.58491e+09 | 3.58485e+09 1.08e+06
0.0385 | 26 -3.51e-01 5.02¢-01 1.95730e+11 | 1.95729e+11 8.29¢+06
0.0333 | 30 -3.26e-01 4.66e-01 1.06865e+13 | 1.06865¢+13 6.37e+07
0.0294 | 34 -3.06e-01 4.37e-01 5.83462e+14 | 5.83462¢e+14 5.65e+08

In Table 5.1, constants «, B, a, b, R(u) are listed for given values of viscosity
constant U. In the table we can clearly observe that a, b, R(u) increase exponen-
tially as y — 0. The centers of mass «, B converge to zero as expected. We can
also see that a/b — 1 as 4 — 0, and this is similar to the situation in (2.34) where
the ratio becomes huge. Finally, we may say that

(5.3) ll@x,t) =@, by =5.65%x 108l@p(x,t) — @*(x, t)ll,
for p = 0.0294.



762

This estimate, together with the arguments in the proof of Theorem 3.3, gives
the scale of effectiveness of approximations by diffusive N-waves versus that by
diffusion waves.

If one of the two invariant variables in (1.5) is zero, p = 0 or q = 0, then the
solution u(x, t) of the inviscid problem (1.2) evolves into a single hump structure.
So the metastability of the Burgers equation (1.1) is not observed, and we cannot
say that the approximation by the diffusive N-wave u* is better than the one by
the diffusion wave . In the following we see what happens in this case through a
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numerical example.

TABLE 5.2. The initial value ug for the Burgers equation is
given by (5.4), which has p = 2.4, q = 0. Its Cole-Hopf trans-
formation @y, given by (5.5), depends on p. Constants a, b,
«, B, R(u) defined by (3.6), (3.7), and (5.2) are approximated
in the table numerically increasing 1/u by 6. In the example we
observe that @ t 21, B1 0, a/b — 0, and R(u) — 1lasu — 0.

U vis- 1 | occenter of | B:center of a: total b: total R(u): the
cosity | p | massfor@y | massforgy | massof g mass of @ ratio (5.2)
0.1667 6 4.13e+00 7.57e-01 1.74086e+03 | 4.02429e+02 5.57e-01
0.0833 12 5.28e+00 5.24e-01 1.95683e+06 | 1.62754e+05 3.30e-01
0.0556 18 5.73e+00 4.24e-01 2.46870e+09 | 6.56600e+07 1.86e-01
0.0417 | 24 5.90e+00 3.66e-01 3.24519e+12 | 2.64891e+10 1.08e-01
0.0333 | 30 5.97e+00 3.26e-01 4.32192e+15 | 1.06865e+13 4.66e+00
0.0278 | 36 6.01e+00 2.98e-01 5.77891e+18 | 4.31123e+15 1.57e+00
0.0238 | 42 6.03e+00 2.75e-01 7.73641e+21 | 1.73927e+18 1.14e+00
0.0208 | 48 6.05e+00 2.57e-01 1.03608e+25 | 7.01674e+20 1.04e+00
0.0185 | 54 6.06e+00 2.42e-01 1.38769¢+28 | 2.83075e+23 1.01e+00
0.0167 | 60 6.07e+00 2.30e-01 1.85868e+31 | 1.14201e+26 1.00e+00
0.0152 | 66 6.08e+00 2.19e-01 2.48957e+34 | 4.60719e+28 1.00e+00
0.0139 |72 6.09e+00 2.10e-01 3.33460e+37 | 1.85867e+31 1.00e+00
0.0128 | 78 6.10e+00 2.01e-01 4.46646e+40 | 7.49842e+33 1.00e+00
0.0119 | 84 6.11e+00 1.94e-01 5.98251e+43 | 3.02508¢+36 1.00e+00

Let u(x, t) be the solution of the Burgers equation (1.1) with its initial value

(5.4)

Up(x) =

sin X,
1.2sinx,
0,

- < Xx < T,
<X <2m,

otherwise,
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and @ (x, t) be the solution of (2.24) with its initial value

_ Sinxe(l+cosx)/(2[.l)

2“ —_mM<X<TT,
(5.5) Po(x) = _71-225;xel-2<1+cosx>/<2u>, < x <2,
0, otherwise,

which is the Cole-Hopf transformation (3.4) of ug. Then, we can easily check

that p = 2.4, q = 0, and ﬁg u(x)dx = —p. In Table 5.2 centers of mass «, S,
positive and negative masses a, b, and the ratio R(u) in (5.2) are compared with
different viscosity constant pu > 0.

In the table we can clearly observe that &« t 2mr and B | O as u — 0. So it
is the case of B < « and, hence, u*(x,t) is defined only after certain amount of
time t > T. On the other hand a/b increases exponentially as 4 — 0 and, hence,
we may guess such a time T becomes smaller (see the proof of Lemma 3.2). We
can also observe that R(u) — 1 as y — 0. This implies that, for small viscosity
constant {4, two different approximations of % and u* are almost equivalent.

5.2. Change of variables x — —x. The following examples further illustrate
the dependence of Cole-Hopf transformations, and therefore the metastability
property of the Burgers equation (1.1), on the quantities p, q in (1.5) where
initial values have several sign-changes. It is easy to check that of initial value

—sinx, -3mM <Xx < —T0, T < X < 4T,
(5.6) Ug(x) =4 -1.1sinx, —TT < x < TI,
0, otherwise

has p = 0, q = M = 2, and its reflection

sin X, 4T < Xx < —TT, T < X < 3T,
(5.7) Wo(x) =uo(-x) =4 1.1sinx, -7 < x < T,
0, otherwise

has p = 0.2, g = 2.2, M = 2. The graphs of these initial values and their
Cole-Hopf transformations are given in Figure 5.1 for y = 0.04 and p = 0.02.
It is hard to see directly from the structure of the initial values (a), (d) if the
metastable phenomenon will be observed or not. In the Burgers equation, since
the correlation between the convection and diffusion terms plays the main role
in the phenomenon, we have to check the quantities p, g to decide it. On the
other hand, the heat equation has the diffusion term only, and the corresponding
property should be reflected in the initial value. We can clearly see that, as p — 0,
two dominant humps of similar sizes appear (see (e), (f)). Under the presence
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(a) Initial value (5.6), p=0,q=2 (d) Initial value (5.7), p=0.2,q = 2.2

[
Nonor o0 B
T T T T T T T T
i
¢ <‘
L
b
0 0
T T
I I

(b) Transformation of (5.6), p=0.04 (e) Transformation of (5.7), u = 0.04

[
T
I
LI —
L

A
H<“
L

b

38
0 ¢ 0
T T T T
L

(¢) Transformation of (5.6), p = 0.02 (f) Transformation of (5.7), u = 0.02

FIGURE 5.1. In this example we can clearly observe that the
Cole-Hopf transformation is very sensitive on the quantities p,
q in (1.5) and, for p > 0, g > 0, 4 — 0 limit of the transforma-
tion gives two huge humps of similar sizes, which represents the
metastability of the Burgers equation.

of the diffusion, the size of these humps decreases in time, even though it takes
exceptionally long time to get one of them sufficiently small. This reflects the long
lasting two-hump structure of a diffusive N-wave of the Burgers equation.
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