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Abstract. Keller-Segel equations are widely employed to explain chemotaxis-induced
bacterial traveling band phenomena. In this system, the dispersal of bacteria is modeled
by independently given diffusion and advection terms, and the growth of cell popula-
tion is neglected. In the paper, we develop a chemotaxis model which consists of cross-
diffusion and population growth. In particular, we consider the case that the diffusion
and advection terms form an exact cross-diffusion. The developed mathematical models
are based on the conversion dynamics between active and inactive cells with different
dispersal rates. The process consists of three steps and the performance of each step is
complemented by comparing numerical simulations and experimental data.

Introduction

The purpose of the paper is to develop a chemotaxis model that explains bacterial
traveling wave patterns. In particular, Saragosti et al. [25] observed asymmetry in the
traveling wave of Escherichia coli (see Figures 1 and 2) and developed a chemotaxis model
that shows the asymmetry (solid lines in Figure 2) under the assumption that population
growth is negligible. However, we focus on the main structure of the traveling wave pattern
observed in Figure 2 that consists of a sharp pulse followed by a gentle bump. To do that
the neglected population growth term should be included since the total population has
been almost tripled in the experimental data.

In the paper, we take the reaction-diffusion system introduced by Mayan Mimura [19,
(Pµ

ε )] as the base system and then develop it to a model that shows the traveling wave
pattern in Figure 2 by adding chemotactic diffusion and a secondary resource such as
oxygen. The process consists of three steps. The analysis of the base system are given in
[20], but not the others. We will observe the properties of obtained models by numerically
computing their solutions and comparing them to experimental data. We start with a
discussion for classical chemotaxis models that describe bacterial traveling wave patterns.

Keller-Segel Equations. In their seminal paper [16] for chemotactic cell aggregation phe-
nomena, Keller and Segel introduced an equation for cell population,

ρt = ∇ · (µ(ρ, v)∇ρ+ χ(ρ, v)∇v), (1)

where ρ is the cell density, ρt is its partial derivative with respect to the time variable
t > 0, v is the signaling chemical density, ∇ρ and ∇v are their gradients in the space, and
µ(ρ, v) and χ(ρ, v) are respectively coefficients for diffusion and advection. Their choice of
the coefficients in their paper [16] are

µ(ρ, v) = µ0, χ(ρ, v) = −χ0
ρ

v
, (2)
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where µ0 and χ0 are positive constants. This model is called the logarithmic Keller-Segel
model. Keller and Segel [17] also derived their chemotaxis model from a random walk
system, which gives, for a function γ(v),

µ(ρ, v) = γ(v), χ(ρ, v) = (1− α)γ′(v). (3)

In this model, α is the ratio of effective body length (i.e., distance between receptors) to
step size of cell movement and α = 0 corresponds to the case that the organisms do not
sense the gradient ∇v. Another frequently used choice is

µ(ρ, v) = µ0, χ(ρ, v) = −χ0ρ, (4)

which is called the minimal Keller-Segel model. In these models, it is assumed that each
cell of microscopic scale size senses and responds to macroscopic scale chemical gradients
(α ̸= 0). Ever since the pioneering work by Keller and Segel, the chemotaxis theory has
been developed under the assumption of sensing the chemical gradient, and various ways
to sense the gradient have been studied (see [4, 23, 26]).

The same equation (1) is used to explain two different biological systems. The first one
is for the aggregation phenomenon of myxamebae (see Bonner [3]). In fact, in their first
chemotaxis paper [16], Keller and Segel modeled the cell aggregation phenomenon and
took the second equation for the chemical density v as

vt = Dv∆v + f(v)ρ− k(v)v, (5)

where the signaling chemical v is produced by cells with production rate f(v), diffused with
diffusivity Dv > 0, and degraded with rate k(v). The second biological system is for the
traveling wave phenomenon of Escherichia coli (see Adler [1]). In their third chemotaxis
paper [18], Keller and Segel modeled the traveling wave phenomenon and took the second
equation for the chemical density v as

vt = Dv∆v − k(v)ρ, (6)

where v is the resource (or glucose) density and k(v) is the consumption rate. Our focus
of the paper is on the traveling wave patterns and we will mostly work with (6).

J. Adler introduced traveling a wave band of bacteria in his seminal paper [1] which is
followed by a second traveling wave band. He showed that the phenomenon is related to
the consumption of two resources, oxygen and galactose. After the first wave, the left over
is consumed by the bacteria in the second wave band. The actual type and speed of the
wave band depend on various conditions such as the resource density and viscosity (see
[24]).

Recently, a structure of bacterial traveling bands is given in detail in Saragosti et al.
[25]. Figures 1 and 2 are taken from the paper. In the paper, our task is to construct a
mathematical model that explains these traveling wave patterns with biologically correct
assumptions. Figure 1 shows that the traveling wave band propagates with a constant
speed without changing the shape of the pulse front. We can also vaguely observe in the
figure that, after the wave band passed, bacteria remain in a non-monotone pattern. The
pattern of density distribution is more clearly given in Figure 2, where the time interval
between snapshots is 2000s. The bacteria distribution in Figure 2 shows the propagation of
a traveling wave band of a conserved shape with a constant speed followed by a second wave
which is smaller than the first one and becomes wider as it propagates. The population
growth of bacteria after the first wave band is also recently reported by Cremer et al.
(see [7, Fig 4]). The specific speed and the pattern shape depend on the environment
conditions.

In the rest of the paper, we will develop chemotaxis models in three steps to explain the
patterns in Figure 2. Note that the Dirichlet boundary condition is given in Figure 2 at
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Figure 1. Experimental evidence for pulses fronts of Escherichia coli trav-
eling across a channel with a constant speed.

Figure 2. Experimental data (dots) and numerical results (solid lines)
obtained by Saragosti et al. [25]. The time interval among the three snap-
shots is 2000s.(The two figures are from Saragosti et al. [25].)

approximately x = 0.4. However, to see the traveling wave phenomenon, we will consider
the problem with the Neumann boundary condition. The doubling time of bacteria is
usually between the 1200s (20 minutes) and 2400s (40 minutes). Since the time interval
between the first and the third snapshots in Figure 2 is 4000s, a cell has enough time to
be quadrupled. In Figure 2, the total mass of the bacteria is approximately tripled. Hence,
the population dynamics is not negligible at all and plays a key role in the phenomenon.
Including population dynamics is the first difference between our model and Keller and
Segel’s.

Chemotaxis models with exact cross-diffusion. The advection term χ(ρ, v)∇v in (1) is often
called a cross-diffusion term since it gives dispersal effect against the gradient of the other
component of the system. We will call it an exact cross-diffusion if

∂vµ(ρ, v) = ∂ρχ(ρ, v), ρ, v ≥ 0.

Then, there exists a potential function F (ρ, v) such that the chemotaxis model (1) is
written as

ρt = ∆F (ρ, v). (7)

If the ratio of effective body length is zero, i.e., α = 0, Keller and Segel’s model (1) with
(3) is written as

ρt = ∆(γ(v)ρ). (8)

This is a case when the classical assumption that each individual bacterium detects a
chemical gradient ∇v is dropped. Since the motility γ depends on v, this diffusion can be
called a cross-diffusion. We may call it a cross-diffusion model in an exact form since there



4 YONG-JUNG KIM AND CHANGWOOK YOON

is no extra advection term. Recently, chemotaxis models using a cross-diffusion term are
actively studied. These models take (8) or its variation as the equation for the cell density
and (5) or (6) as the equation for the resource or chemical density. Yoon and Kim [29]
came up with the idea that the chemotactic traveling wave band can be explained without
the gradient sensing assumption and then extended the idea to the aggregation model [30]
(also see [2, 5, 9, 14, 28]). Jin, Kim, and Wang [15] extended the idea to the case with the
logistic population dynamics (also see [12, 21, 22, 27]). One of the most critical steps in
constructing such a diffusion model is how to choose the motility function which is often
confusing. In this paper, we develop a method to construct the nonlinear motility function
γ which gives the bacterial traveling band naturally.

Step 1. Singular limit for active and inactive cells

In the first step, we consider the singular limit of a reaction-diffusion system,

at = da∆a+ rna+ 1
ε (β(n)w − α(n)a) in QT ,

wt = µ∆w + rnw + 1
ε (α(n)a− β(n)w) in QT ,

nt = dn∆n− n(a+ w) in QT ,

∂νa = ∂νw = ∂νn = 0 on ΓT ,

a(x, 0) = a0(x), w(x, 0) = w0(x), n(x, t) = n0(x) on Ω,

(9)

where Ω ⊂ RN with N ≥ 1, QT = Ω × (0, T ), ΓT = ∂Ω × (0, T ), and ν the outward
unit normal vector on the boundary. The coefficients da, µ, and dn are positive diffusivity
constants. The coefficient r > 0 is the rate at which the consumed nutrient is converted
into the bacteria population mass. The corresponding term models the population growth.

It is known well that bacteria become active when there are sufficient resources, and
inactive otherwise (see [24, Figure 3] or [29, Figure 1]). In this model, we divide the cell
population accordingly, where a and w are densities of active and inactive cells, respec-
tively, and hence ρ := a+w is the total cell density. The other component n is the density
of a nutrient consumed by the bacteria. The coefficient α(n) is the rate that active cells
convert to inactive ones. It is reasonable to assume this rate decreases if nutrient density n
increases. The coefficient β(n) is the rate that inactive cells convert to active ones which is
assumed be an increasing function of the nutrient density. More specifically, the transition
rates are assumed to satisfy

(Hα,β)


α, β ∈ C1([0,∞)) ∩ L∞([0,∞)),

α(0) = α0, α′(n) ≤ 0, and α(n) > 0 for n ≥ 0,

β(0) = 0, β′(n) ≥ 0, and β(n) > 0 for n > 0.

The method of separating bacteria population into active and inactive cells has been
successful in obtaining bacteria patterns (see [24]).

We may formally reduce the problem into a 2 equations reaction-diffusion system. First,
after taking the limit as ε → 0 with fixed µ > 0, the limit of the solution should satisfy a
relation

β(n)w = α(n)a. (10)

Adding the first two equations in (9) under the relation (10) gives{
ρt = ∆(γ(n)ρ) + rnρ in QT ,

nt = dn∆n− nρ in QT ,
(11)



MODELING BACTERIAL TRAVELING WAVE PATTERNS 5

where ρ = a+ w is the total cell density and the motility γ(n) is given by

γ =
µα(n) + daβ(n)

α(n) + β(n)

(
= γ1(n)

)
, (12)

i.e., γ(n) is an increasing function of the nutrient density n and is bounded below by µ > 0
and above by da. Note that the diffusion of the total cell density is nonlinear and if µ < da,

γ′(n) =
(µ− da)βα

′ + (da − µ)αβ′

(α+ β)2
> 0, (13)

The system (11) with (12) is the 2 equations cross-diffusion model corresponding to the
3 equations linear system (9). The initial and boundary conditions are taken accordingly.
The uniqueness of the weak solution of (11) and the convergence of the classical solution
(aµε , w

µ
ε , n

µ
ε ) of (9) to this unique solution as ε → 0 are proved in [20]. Hence, the derivation

from (9) to (11) is rigorous.
We will compare traveling wave solutions of the three equations system (9) and the two

equations one (11) numerically. and will compare them with the experimentally obtained
bacterial wave bands. Theoretical results exist only for the two equations system (11) in
the one space dimension with dn = 0. Then, (11) is written as{

ρt = (γ(n)ρ)xx + rnρ
nt = −nρ

for x ∈ R, t > 0. (14)

Note that the Keller-Segel model does not contain a growth term of the bacteria population
and the traveling wave phenomenon is driven by the advection term only. However, (14)
contains a population growth term and its traveling wave phenomenon is from the diffusion
and the reaction together. We take a new space variable ξ = x− ct for the moving frame
with a constant wave speed c > 0. Then, the traveling wave solution, (b(x, t), n(x, t)) =
(b(x− ct), n(x− ct)), satisfies{

cρ′ = −(γ(n)ρ)′′ − rnρ
cn′ = nρ

for ξ ∈ R, (15)

where the notation ′ denotes the differentiation with respect to ξ. We are looking for a
traveling wave solution that satisfies boundary conditions,

ρ → ρ± ≥ 0, n → n± ≥ 0, ρ′ → 0, n′ → 0 as ξ → ±∞. (16)

The existence, uniqueness, and the monotonicity of the traveling wave solution of (15)
are given in [20]. The results are summarized as the following theorem.

Theorem ([20, Theorems 5.1 and 5.2]) Let ρ+ > 0 and γ be given by (12) with µ ≥ 0 and
da > µ. (i) Suppose that there exists a smooth nontrivial traveling wave solution (ρ, n) of
(15)–(16) with a wave speed c > 0. Then,

n− = 0, ρ+ = 0, and ρ− = rn+ > 0, (17)

and the nutrient density n is an increasing function.
(ii) If γ′′(n) ≥ 0, the total cell density ρ is a decreasing function.
(iii) Suppose that the boundary values satisfy (17). Then, there exists a nontrivial traveling
wave solution (ρ, n) of (15)–(16) for all c ≥ c∗, where the minimum wave speed is

c∗ = 2
√
rγ(n+)n+. (18)

The results in the theorem tell us the traveling waves obtained by the models (9) and
(11) have the same properties that traveling wave solutions of Fisher-KPP type equations
have. The equation for ρ in (11) is written as

ρt = ∇ · (γ(n)∇ρ+ γ′(n)ρ∇n),
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Figure 3. Graphs of transition rates and the motility γ1 used in computations.

where γ′(n) > 0. Hence, the advection is against the nutrient and hence it does not give
chemotactic movement toward resource.

Numerical simulations. Snapshots of a numerical solution of the 3 equations system (9)
are given in Figure 4. For this computation, we took the transition rates as

α(n) =
1

n+ 1
, β(n) = β0n, (19)

where the parameter β0 is decided later (see Figure 3). We have chosen these transition
rates simply because they are among the simplest ones that satisfy the hypotheses in
(Hα,β). However, the obtained motility functions γ in (21) or in (27) will give biologically
meaningful results. In other words, the hypotheses in (Hα,β) contain enough biological
meaning for the bacterial traveling wave phenomena.

We take parameter values as

ε = 0.01, da = 0.2, µ = 0.01, dn = 0.01, r = 0.5, β0 = 100. (20)

Then, the motility function γ in (12) is written as

γ(n) =
µ ∗ α(n) + daβ(n)

α(n) + β(n)
=

µ+ daβ0n(n+ 1)

1 + β0n(n+ 1)
. (21)

The computation domain Ω = (L−, L+) is taken with L− = −5 and L+ = 15. The initial
values are

a0(x) = w0(x) = 0, n0(x) = 1, L− < x < L+. (22)

The zero-flux Neumann boundary condition is taken

ax(L
±, t) = nx(L

±, t) = wx(L
+, t) = 0, t ≥ 0, (23)

where the subindexes such as ax denotes partial derivative with respect to the space vari-
able x. However, the boundary condition for w at L− is the Dirichlet boundary condition,

w(L−, t) = 0.5, t ≥ 0, (24)

which is the steady state value when a = 0 and n = 1.
In the previous settings, the maximum nutrient density is n+ = 1, and, if n = n+, the

ratio of the active cells over the inactive ones and the motility are

β(n+)

α(n+)
=

β0
2

= 50, γ(n+) =
µ+ 2daβ0
1 + 2β0

= 0.1991.

If the nutrient is consumed, i.e., if n = n− = 0, we have

β(n−)

α(n−)
= 0, γ(n−) = µ.

In Figure 3, the graph of the motility γ(n) is given.
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Figure 4. Snapshots of the solution of (9) with coefficients and boundary
conditions in (20)–(24). Numerical wave speed is approximately c = 0.561.

The stability of the traveling wave solution of the problem is not proved. However,
we may find from Figure 4 that the solution evolves to a traveling wave solution. The
snapshot at time t = 10 shows that a band of active cells develops and then propagates
with a constant speed. The profile for inactive cells is monotone decreasing except for the
kink near the boundary at x = L−. The kink is due to the initial condition and smears
out slowly due to the small diffusivity µ > 0 of inactive cells. The nutrient density n is
monotone increasing. The wave speed obtained in Figure 4 is approximately c = 0.561.
On the other hand, the minimum traveling wave speed of the problem (14) is

c∗ = 2
√

rγ(n+)n+
∼= 2

√
0.5× 0.1991× 1 ∼= 0.631,

which is greater than the wave speed observed in Figure 4. Note that this minimum wave
speed is not for the three equations system (9), but for the simplified one (14), which
corresponds to the case with ε = dn = 0. Considering the difference between the two
systems, the numerical wave speed is represented well by the minimum wave speed c∗.

The experimentally observed traveling wave patterns in Figure 2 are for the total pop-
ulation, and hence we need to see the traveling wave for the total cell population a+w. In
Figure 5, snapshots of a+w are displayed in the domain x > 0, not x > −5, to forget the
initial effect of the kink. We can clearly see that the traveling wave is a front type, but not
a pulse type. Finally, in Figure 6, snapshots of the solution of the 2 equations system (11)
are displayed when the motility γ(n) is given by (12) with parameters in (20) and (19).
This is the singular limit of the system (9) as ε → 0. For the comparison, the same initial
value is taken as in Figure 4 with ρ0 = a0+w0. The boundary conditions for ρ are same as
the ones for w. We can see that the snapshots of the two cases are indistinguishable. The
numerical wave speed of the 2 equations system is approximately 0.571, which is slightly
higher than the 3 equations system. Note that this limiting system corresponds to the case
with ε = 0 and dn = 0.01 > 0.

Pros and cons of the step 1 models. The 2 equations system (11)–(12) is a nonlinear model
obtained as the singular limit of the 3 equations linear system (9) for active and inactive
cells. Both active and inactive cells disperse with linear diffusion and the active cells have
a larger dispersal rate than the one the inactive cells have, i.e., da > µ. The comparison
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Figure 5. Snapshots of the total population a + w for the step 1 model
(9). Numerical wave speed is approximately c = 0.561.
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Figure 6. Snapshots of the step 1 cross-diffusion model (11). Numerical
wave speed is approximately c = 0.571.

in Figures 5 and 6 shows that the reaction-diffusion system (11) with a nonlinear motility
function in (12) shows the behavior of active and inactive cells correctly. The obtained
cross-diffusion is a macroscopic view of a microscopic scale behavior of two phenotypes,
where the method was introduced in [13] and then applied in other cases (see [8, 10, 11, 20]).
The first contribution of step 1 is in obtaining the nonlinear motility given in (12) as an
interaction between active and inactive cells.

The Keller-Segel equations explain chemotactic phenomena without population dynam-
ics terms and show that the traveling wave phenomena of bacteria is due to chemotaxis
mechanisms, but population one. However, if the goal is to explain the experiment patterns
such as Figures 1 and 2, we need to properly include population dynamics terms. For exam-
ple, the bacterial population is almost tripled in Figure 2. Recently, there are many research
papers for the chemotaxis theory with logistic reaction terms (see [12, 15, 21, 22, 27]). The
logistic reaction is proper to see long time phenomena in the ecology context. On the other
hand, the reaction terms in (11) with conversion rate r < 1 is for short time phenomena.
If the purpose of the model is to explain the pattern formation such as Figures 1 and 2,
reaction terms in (11) is proper, not a logistic one. The second contribution of the step 1
is in introducing such a reaction term in a chemotaxis model.

The reaction-diffusion systems (9) and (11) show traveling wave phenomena clearly (see
Figures 5 and 6). However, the obtained traveling wave is a front type, which is different
from the pulse type traveling waves in Figures 1 and 2. Note that the traveling wave
solution of the Fisher-KPP equation is also monotone which is similar to the ones in
Figures 5 and 6. Therefore, we can only say that the traveling wave solutions of our first
model (11) and the Fisher-KPP equation are not distinguishable. It is the fact that the
traveling waves in Figures 1 and 2 are of pulse type that divides the chemotactic traveling
waves from the Fisher-KPP ones. The first equation of the step 1 model (11) is written as

ρt = ∇ · (γ(n)∇ρ+ γ′(n)ρ∇n) + rnρ,
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where the advection term is against ∇n. This is the reason why the model (11) does not
give a chemotactic traveling band. In the next step, we will see that if active cells take a
chemotactic advection term, the pulse type traveling wave is obtained.

Step 2. Active cells with chemotactic behavior

Many biological organisms leave their habitat if starvation starts. Starvation-driven dif-
fusion is a biological dispersal strategy that increases the dispersal rate when the resource
becomes scarce (see [6]). We have seen that the solution of the step 1 model (9) does not
give a pulse type traveling wave. In the Step 2 model, we will take a starvation-driven
diffusion for active cells such as

at = ∆(ϕ(n)a),

where the motility ϕ(n) is a function of the nutrient n. The hypotheses on the motility
function are

(Hϕ) 0 < µ ≤ ϕ(n), ϕ′(n) < 0.

In this case, the motility of active cells decreases if the amount of nutrient is abundant.
This behavior gives chemotactic phenomena.

In the second step, we only replace the linear diffusion of active cells with the starvation-
driven diffusion and consider

at = ∆(ϕ(n)a) + rna+ 1
ε (β(n)w − α(n)a) in QT ,

wt = µ∆w + rnw + 1
ε (α(n)a− β(n)w) in QT ,

nt = dn∆n− n(a+ w) in QT .

(25)

We do not change anything else and will see the effect of this chemotactic behavior of
active cells. We can similarly derive a 2 equations system formally from (25). If we take
the limit as ε → 0 with a fixed µ > 0, then the limit of the solution should satisfy a
relation

β(n)w = α(n)a.

If the first two equations in (25) are added, the sum ρ = a+ w satisfies{
ρt = ∆(γ(n)ρ) + rnρ in QT ,

nt = dn∆n− nρ in QT ,
(26)

where

γ = γ2(n) =
µα(n) + ϕ(n)β(n)

α(n) + β(n)
. (27)

The derivative of the motility γ consists of two parts,

γ′(n) =
(µ− ϕ)βα′ + (ϕ− µ)αβ′

(α+ β)2
+

ϕ′β

α+ β
. (28)

The first part of the derivative is the one in (13) and is positive since ϕ(n) > µ. It is
the second part which is newly added and is negative. If n is small, β = β0n is small and
hence the positive part dominates. If n is close to 1, β converges to β0 and the positive part
becomes small and γ′(n) be comes negative (see Figure 7). If the resource becomes scarce,
two scenarios are possible for active cells. An active cell may disperse more actively to find
resource or become an inactive cell due to lack of resource. These two opposite behaviors
are reflected in the graph of γ2 which has the maximum at n = 0.007 approximately. On
the other hand, we observe that n× γ2 is an increasing function.



10 YONG-JUNG KIM AND CHANGWOOK YOON

0 0.5 1
0

1

2

3

4

(n)

0 0.5 1
0

0.2

0.4

0.6

0.8

2
(n)

0 0.5 1
0

0.005

0.01

0.015

0.02

n
2
(n)

Figure 7. Graphs of ϕ(n) in (29), γ2(n) in (27), and n× γ2(n).
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Figure 8. Snapshots of the solution of the step 2 model (25) with co-
efficients and boundary conditions in (20)–(24). Numerical wave speed is
approximately c = 0.328.

The first equation of (26) is written as

ρt = ∇ ·
(
γ(n)∇ρ+

(µ− ϕ)βα′ + (ϕ− µ)αβ′

(α+ β)2
ρ∇n+

ϕ′β

α+ β
ρ∇n

)
+ rnρ.

The second advection term ϕ′β
α+βρ∇n is a new addition. Since ϕ′(n) < 0, this second term

gives a chemotactic behavior toward ∇n.

Numerical simulation. For the computation of (25) and (26), we took the same parameters
in (20)–(19). The motility of active cells is taken as

ϕ(n) =
20

1/da + 10n/µ
, (29)

where

ϕ(0) = 20da ∼= 4, ϕ(1) =
20µda

µ+ 10da
∼= 0.02, ϕ′(n) =

−200/µ

(1/da + 10n/µ)2
< 0.

In the simulation, the nutrient density is bounded by 0 ≤ n ≤ n+ = 1. The wave speed
is decided by the state n = n+ as in (18) and ϕ(1) is one tenth of d1. However, the
chemotactic advection term increases the wave speed. The same initial and boundary
conditions (22)–(24) are taken as the step 1 case.
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Figure 9. Snapshots of the total population a + w for the step 2 model
(25). Numerical wave speed is approximately c = 0.328.
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Figure 10. Snapshots of the step 2 singular limit model (26). Numerical
wave speed is approximately c = 0.322.

Snapshots of the numerical solution of (25) are given in Figure 8. The wave pattern
of inactive cells is still monotone decreasing except for the initial perturbation made at
the domain boundary. The pattern for the nutrient density is still monotone increasing.
However, the pulse-type wave pattern of active cells has changed drastically. It seems that
the size of the active cell population is not changed much. However, the shape of the wave
of the active cell density a is different from the one in step 1 case. It is asymmetric, taller,
and narrower in comparison with the one in Figure 4. As a result of the change, the total
population a + w is not monotone anymore and the chemotactic diffusion of the active
cells have broken the monotonicity of the wave pattern of the first step. The wave speed is
approximately c = 0.328, which is a lot slower than the step 1 case. This speed reduction
is due to the motility function of active cells given in (29).

The traveling wave pattern in Figure 2 corresponds to the total population. In Figure
9, snapshots for the total cell density a+w are given in the domain x > 0. The pattern of
the total cell population is a traveling pulse that takes two critical points. The maximum
point is placed at the front of the propagation and a local minimum is placed after the
peak is passed through. Finally, in Figure 10, snapshots of the solutions of the 2 equations
system (26) are given when the motility γ(n) is given by (27) and parameters by (20),
(19), and (29). For the comparison, the same initial boundary conditions are taken as the
ones for Figure 8 with ρ0 = a0 +w0. We can see that the solutions are almost identical to
the ones in (9). The shapes and the wave speeds of the two cases are almost identical to
each other. There was a difference in the first stage of the solution where the trivial initial
values are taken with non-trivial boundary conditions. This difference in the initial stage
made a delay δt = 7 of appearance of the wave. However, except the initial stage, the two
solutions evolve almost identically.

Pros and cons of the step 2 models. The success of the step 2 model is in obtaining a
pulse-type traveling wave solution as was observed experimentally in Figures 1 and 2.
Note that, in the step 2 model, the linear diffusion for active cells has been replaced with
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a starvation-driven diffusion and other parts of the step 1 model are not changed at all.
Hence, we may say that the pulse-type bacterial traveling wave phenomenon is induced
by chemotaxis dynamics. The traveling wave solutions for Fisher-KPP type equations are
monotone traveling waves. Hence, a traveling wave phenomenon itself is not an evidence
for chemotactic dynamics, but it is the pulse-type traveling wave in Figure 9 that indicates
the presence of chemotaxis. It is quite surprising that the 2×2 system (26) shows the same
behavior of the 3 equations system (25) as in Figure 10. For the step 1 model case, the
solutions are monotone and does not contain much information. However, we have pulse-
type diffusion in the step 2 and the singular limit shows the exactly same traveling wave
solution. This example shows the usefulness of the singular limit approach in obtaining
the motility function γ.

Notice that fact that the motility function γ1 in (12) is easily extended to the motility
function γ2 in (27). This is an advantage of using such chemotaxis model of Fokker-
Planck type (8). Note that one may apply other chemotaxis dynamics such as Keller-Segel
equations. Then, the first equation of (25) would be replaced by

at = ∇ · (ϕ(n)∇a− χ(n)a∇n) + rna+
1

ε
(β(n)w − α(n)a),

where the χ(n) and ϕ(n) are given independently. However, the resulting 2 equations
singular limit system is not in such a simpler form and we did not pursue it.

Observe that the traveling wave pattern in Figure 2 shows an extra growth after the first
pulse passed. Such an extra growth or the second traveling wave has been reported in many
papers (see [1, 7]). It is known that the bacteria in the second wave consumes a secondary
resource such as oxygen. The traveling wave in Figure 10 also shows such an extra growth.
However, this is not due to the secondary resource, but due to the conversion from active
cells to inactive cells. Hence, the secondary growth is smaller than the experimental data.

Step 3. Two types of resources

In the third step, we include a secondary resource for extra population growth and
develop a 4 × 4 system. It is reported by Addler [1] that there are two wave bands of
bacteria, where one mostly consumes oxygen and the other galactose. In the next model,
we similarly assume that there exist two types of resources consumed by active and inactive
cells. The model equations are

at = ∆(ϕ(n)a) + rna+ 1
ε (β(n)w − α(n)a) in QT ,

wt = µ∆w + rkmw + 1
ε (α(n)a− β(n)w) in QT ,

nt = dn∆n− na in QT .

mt = dm∆m− kmw in QT .

(30)

In this model, the resource n is consumed by active cells only with consumption rate 1.
The density of the second resource is denoted by m and consumed by inactive cells with
a consumption rate k < 1. The consumed resource turns into the bacteria mass and the
conversion rate is r < 1. Except these two things, (30) is identical with (25).

We can similarly derive a 3 equations system formally from (30). If we take the limit as
ε → 0 with a fixed µ > 0, then the limit of the solution should satisfy a relation

β(n)w = α(n)a.
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If the first two equations in (30) are added, the sum ρ = a+ w satisfies
ρt = ∆(γ(n)ρ) + rnβ+rkmα

α+β ρ in QT ,

nt = dn∆n− nβ
α+βρ in QT ,

mt = dm∆m− kmα
α+β ρ in QT ,

(31)

where

γ = γ2(n) =
µα(n) + ϕ(n)β(n)

α(n) + β(n)
.

This is the final cross-diffusion chemotaxis model of the paper.

Numerical simulation. The step 3 model is the final one and we will see how close the
bacterial traveling wave pattern obtained by the model is to the experimental data in
Figure 2. For the computation of (30) and (31), we took the parameters as

ε = 0.01, da = 0.2, µ = dn = dm = 0.01, r = 0.5, k = 0.2, (32)

which are same as the ones in (20) except new parameters. The same transition rates in
(19) and the same motility function in (29) are taken. However, we take initial values and
boundary conditions differently to compare the computation patterns to Figure 2. First,
the computation domain is Ω = (L−, L+) with L− = 0 and L+ = 20, which is slightly
larger than the previous one. The initial values are given by

(a0, w0, n0,m0)(x) =

{
(12 , 0,

1
2 ,

1
2), 0 < x < 1,

(0, 0, 1, 1), otherwise.
(33)

The zero-flux boundary condition is taken everywhere,

ax(L
±, t) = nx(L

±, t) = wx(L
+, t) = mx(L

±, t) = 0, t ≥ 0, (34)

except the boundary condition for the inactive cells at L−. We take the Dirichlet boundary
condition for it, i.e.,

w(L−, t) = 0.5, t ≥ 0. (35)

Note that the boundary condition of the bacterial pattern in Figure 2 is the Dirichlet
boundary condition at x = 0.4. Hence, we also took the Dirichlet boundary condition for
w at x = L− for a comparison of the observed bacterial pattern and the simulated one.

Snapshots of the numerical solution of (30) are given in Figure 11. The active cell
density a is a pulse type traveling wave. These pulses are similar to the ones of the step 2
model in Figure 8. In Figure 12, the snapshots for the total cell density a + w are given.
We can see that the front of the total cell density a+ w wave is in a pulse shape and the
population slowly increases after the pulse passes by. This is the final bacterial traveling
wave pattern of the paper which explains the pattern in Figure 2 nicely. Note that the
parameter values of the numerical experiment are taken without experimental data. If the
parameters are chosen with experimental measurement, it may give even a better match.

Discussions and Memories

The late Professor Mayan Mimura introduced the model system (9) to Y.-J. Kim and
C. Yoon in 2016 as a mesoscopic-scale level bacterial behavior model that connects a
microscopic-scale bacterial wave phenomenon to a macroscopic-scale cross-diffusion model.
The original idea of the project was to show the singular limit of the solution of (9) as
ε → 0 with µ = 0. In the accompanying modeling paper [20], we obtain the singular limits
as ε → 0 with µ > 0 fixed and as µ → 0 as ε > 0 fixed. However, after the first round
of discussions at Meiji University in 2017, the project was forgotten. One of the reasons
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Figure 11. Snapshots of the solution of the step 3 model (30) with coef-
ficients and boundary conditions in (32)–(35).
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Figure 12. Snapshots of the total population a+ w for the step 3 model (30).
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Figure 13. Snapshots of the total population a+ w for the step 3 model (31).

for forgetting the project was that the model provides monotone traveling waves, but
not pulse-type traveling wave patterns. Recently, chemotaxis models with cross-diffusion
in an exact form have been actively studied with or without population dynamics (see
[5, 9, 12, 21, 22, 27, 28, 30]) and the authors realized that Mayan’s idea may provide a
theoretical background of such chemotaxis models. The project was brought back for this
purpose and the authors realized that a simple addition of chemotactic diffusion to active
cells completes the model and produces pulse-type bacterial patterns.

Let us return to the patterns in Figure 2. These experiment data take the zero-Dirichlet
boundary condition. Hence, we also took the zero-Dirichlet boundary condition for the
singular limit equation (31) of the step 3 model and displayed the distribution of the cell
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Figure 14. Bacteria pattern with Dirichlet boundary condition at x = 0

density ρ in Figure 14. This is the pattern that the final model (31) provides. Depending
on the choice of parameters and the boundary condition one may have various patterns.
Saragosti et al. [25] focused on the asymmetric pattern of the wavefront, where the pulse
has a longer tail in the direction of propagation. However, the pattern in Figure 14 shows
a shorter tail in the direction of propagation. One may apply a different motility function
ϕ for the active cell. For example, the chemotaxis model developed in [25] can produce the
asymmetric tail of the experimental data.

The two models (25) and (30) are designed with minimum changes of the base system
(9) and we obtained desired final pattern from the modified model. It seems that the
system (9) can be used as a base system to explain various phenomena. Mathematical
analysis for the other two cases are not done yet. We need to see how far the analysis
technique used in [20] can be extended to these modified systems.
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