BIOLOGICAL INVASION WITH A POROUS MEDIUM TYPE
DIFFUSION IN A HETEROGENEOUS SPACE

HYUNJOON PARK AND YONG-JUNG KIM

ABSTRACT. The knowledge of traveling wave solutions is the main tool in the
study of wave propagation. However, in a spatially heterogeneous environment,
traveling wave solutions do not exist and a different approach is needed. In this
paper, we study the generation and the propagation of hyperbolic scale singular
limits of a KPP-type reaction-diffusion equation when the carrying capacity is
spatially heterogeneous and the diffusion is of a porous medium equation type.
We show that the interface propagation speed varies according to the carrying
capacity.

1. INTRODUCTION

The purpose of this paper is to understand the effect of spatial heterogeneity on
the invasion speed in KPP-type reaction-diffusion equations. More specifically, we
show the generation of a sharp interface of the solution of the initial value problem,

U(z,t) =AU+ U(1-Y), (2,t) € D x RY,

m

(1)[Equy] v =, (z,t) € 0D x RY,
U(z,0) =Up(x) >0, r €D,

and then obtain the propagation speed of the interface when ¢ — 0. The solution
U(z,t) is the population density of a single species, the domain D C R is smooth
and bounded, and the vector v is the outward unit normal vector on the boundary of
the domain. In this model, we take the nonlinear diffusion with a constant exponent
¢ > 2. The spatial heterogeneity is placed in the carrying capacity, m = m(z) > 0,
which satisfies

(2)[m1] m € C*(D), ¢n<mand m+ |Vm|+|Am| < Cp,

for some constants Cy,, ¢, > 0.

The problem (1) is obtained after a hyperbolic scaling, * — ex and t — €t, of a
multi-scale problems, where the heterogeneity in m(x) is of macroscopic scale. Evans
and Sougandis [6, Eq. (1.1)] considered such hyperbolic multi-scale problem for a
general heterogeneous reaction function. However, the reaction function in (1) does
not satisfy their assumptions. Since the wave speed of the problem is invariant under
the hyperbolic scaling of the problem, this approach provides the wave propagation
speed in a heterogeneous environment. Hilhorst et al. [8] considered a homogeneous
case with m(z) = 1 and showed that the solution U(x,t) converges to 0 or m(x) as
¢ — 0 and the interface moves with a constant speed to the normal direction, i.e.,

(3) Vn - 007
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FIGURE 1. A diagram for interface propagation of the singular limit.

where V,, denotes the speed of the propagating interface in the normal direction and
co > 0 is the constant wave speed of a traveling wave solution in one space dimension
(see Figure 1). The constant speed ¢y depends on the nonlinearity ¢, but not on the
space dimension d > 0.

In this paper, we extend the result of the homogeneous case to a heterogeneous
one and show that

-1
(4) [vn] Vi =com?P for p:= 5

where the invasion speed is not constant anymore. There are three interesting ob-
servations in this relation. First, even if there is no traveling wave solution in the
heterogeneous case, the traveling wave speed c¢q of the homogeneous case with m =1
still plays a key role. Second, if (4) holds for the linear diffusion case ¢ = 1, which
is beyond the parameter regime of the paper, the invasion speed is same as the ho-
mogeneous case when £ = 1. It is related to the well-known fact that the invasion
speed is decided by the first order term of the reaction, and the coefficient of the
first order term of our model is constant. Third, the relation (4) says that such a
well-known fact is true only for the linear diffusion case and the wave speed depends
on the second order term for the nonlinear diffusion case.

To obtain the nonconstant invasion speed in a heterogeneous environment, we first
transfer the spatial heterogeneity in the reaction function to the diffusion operator
and obtain a reaction function that satisfies the hypotheses of Evans and Sougandis
[6, (1.2)—(1.4)]. To that purpose we rewrite the equation in terms of the ratio

u(z,t) = Ulz,?)

m(x)
This ratio is the population per unit resource and has been used as a starvation
measure in [9]. Then, (1) becomes

w(z,t) = EA(mu)’ + Lu(l —w), (z,t) € DxRT,

(5) [eam] Olmu)’ _ g, (,t) € 0D x R,
u(z,0) = up(z) = Zf((;)), x € D.

Here, we assume that the initial value is uniformly bounded by

(6) [wo1] 0<u(z) <1,

has a smooth and simply connected compact support such that

(7) [u02] Qo :={z € D:ug(x) >0} cC D and Ty:= 9N € C*t
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for some 0 < a < 1, and has smoothness and boundary steepness such that for a
constant Cy > 0,

(8) Uy € 02(D) and g:jo(l‘o) < —=Cy for zg €Ty
0

The vector vy is the outward unit normal vector on the boundary I'y of the support
of the initial value.

Notice that the support 2y of the initial value is not assumed to be convex since it
does not mean much. For a homogeneous problem case, the interface of the solution
moves with constant speed (3) and the convexity of the solution support is preserved.
However, for a heterogeneous case, the corresponding flow is (4) and the convexity
of the support of the solution may break. Instead of the convexity, the support Qg
is assumed to be simply connected and hence, the boundary I'g := 0€) is a simple
loop and divides the domain D C R? into two regions. See section 6 for a numerical
example of the interface motion (12).

2. MAIN RESULTS

The main result of the paper consists of two theorems. The first one shows how
the interface is created.

Theorem 1 (Generation of interface). Let m(x) satisfy (2) and up(x) satisfy (6)—
(8). Let u®(z,t) be the solution of (5) in a weak sense and let 0 < ng < 1/4. Then
there exist positive constants €o, Mg such that for any € € (0,e9) the followings
holds.

(i) There exists a positive constant ne = n:(¢) such that
(9)[thm11] 0 <w(w,t) <14me, 1 L 0 as e ] 0.
(i)
(10) [thm12] u®(x,t) > 1—ny if uo(z)> Mge,
(i)
(11)[thm13] u(z,t°) =0 if dist(xz,Qp) > Mge.
where t° := ¢|Ine|.

This theorem provides inner and outer envelopes for the graph of the solution
u®(+,t%). The estimate (10) with the boundary steepness (8) and the equality (11)
imply that a transition layer of thickness O(e) is developed along the boundary T’y
of the initial support ¢ at the moment of t* = ¢|Ine|. If the initial value is larger
than Mge at a point & € Qq, u®(x,t%) is between 1 and 1 — 7, by (10). Due to the
assumption (8), the layer inside the boundary I'g is of order O(e). Eq. (11) implies
that the solution remains equal to zero u(z,t) = 0 on the outside of the layer.
Therefore, after taking the limit as ¢ — 0, u®(z,t%) converges to a step function,
which is 1 for z € Qy and 0 for = ¢ Qy. The boundary T’y is the initial interface of
discontinuity of this singular limit.

The second theorem is to show that the interface of the step function u(z,t) :=
lim._,0 u®(x, t) moves according to the relation (4). To make the statement explicit,
we first construct a step function with its interface moving according to (4) and
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then show that u®(xz,t) converges to the constructed step function. The boundary
Iy := 09 divides D into two regions, where the bounded region is called inside and
the other outside. We consider a collection of interfaces I'; indexed with the time
variable 0 < ¢ < T which is given by the mean curvature flow in heterogeneous field,

(12)[1y] Vo(z) = comP(z) for x € Ty, T'¢|y=o0 = I'o,

where V,,(x) is the speed of the moving interface in the outward normal direction at
position x € I'y and at time 0 < ¢ < T'. The coefficient ¢g is the traveling wave speed
for the homogeneous case with m = 1. Under the regularity of m given in (2), the
flow is defined well, see Section 3.

We divide the domain D into two parts

D=0Q,UQ,

where €2 is the region bounded by I'y and 0D and €, is the set inside the interface
I';. Note that Qg is the support of the initial value u(x,0) = ug(z). However, €, is
not the support of u(z,t). It is simply the interior region bounded by the I'; and I'y
is given by the heterogeneous curvature-flow (4). Finally, using these two sets, we
define a signed distance function d(x, t);

(13) ?tilded?

d(z,t) = dist(z,Ty) if =€y,
d(z,t) = —dist(x,T;) if z e Q¢

Note that d(z,t) < 0 if z is in the outer region.
The second theorem is about the propagation of the interface.

(thm2) Theorem 2 (Propagation of interface). Let 0 < n, < 1/4 be arbitrary and t* > 0 be

a constant defined in Theorem 1, m(z) satisfy (2), and uo(x) satisfy (6)—~(8). Then,
for a weak solution u®(z,t) of (5), there ewist positive constants ey, Mp € R such
that, for all0 <e <eg, x € D, andt* <t < T,

0 S ué‘(x,t) S 1+7767
(14) [+hm21] uf (z,t) > 1 —ng if d(z,t) > Mpe,
uf(z,t) =0 if d(x,t) < —Mpe.

The result (14) in Theorem 2 implies that the interface is generated and propa-
gated following the motion equation (12), with width of O(e). Moreover, by using
the similar proof of Theorem 2, one can also conclude that

5 17 MRS Qta
(15) (w22 e { g TEG

as € — 0,

see Remark 1 Furthermore, since the boundary 0€; is defined by the relation (12)
from the beginning, we have obtained the claim of the paper that wave moves with
the speed as given in (4).

Note that the solution in the theorem exists for a time interval [0,7], which is
only a local solution. For a homogeneous case, the solution support is convex if
the initial support is also convex. Hence, we may construct a solution until the
interface touches the domain boundary dD. If the domain is R?, the solution exists
for all t > 0. However, convexity of the solution support is not preserved for a
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heterogeneous case and the method of the paper fails as soon as the interface I'
touches itself.

3. PRELIMINARIES

(sec.3) In this section we give the solution definition and some preliminaries which is used

in the proof of theorems.

3.1. Weak solution. The solution, the super-solution, and the sub-solution of the
perturbed problem (5) are defined in a weak sense as follows;

Definition 1. A function u : D x [0,T] — R is called a super-solution of the
singularly perturbed problem (5) if

(i) mu € WH(D x [0,T]),

(ii) For any nonnegative test function ¢ € C1(D x [0,T]),¢ > 0,

[ w1067 = [ utz, 006020

(16) ‘ eqn_poro‘ﬁg_supersub ‘ T p 1
+/ / <ud>t — eV(mu)t - V= + Zu(l — u)qS) .
0 D m 9

If (16) is satisfied with the opposite inequality, u is called a sub-solution. The
function w is called a solution if u is super-solution and sub-solution at the same
time.

Note that the product mu is in W, not the solution u. Next, we introduce two
basic lemmas. The first lemma is a classical comparison principle (see [10]).

(lemmal) [,emma 1 (Comparison principle). Let @ and u be super- and sub-solution of (5),

respectively. If u(x,0) > u(x,0) for all x € D.Then
u(x,t) > u(x,t), (z,t) € D x[0,T]

For the estimate in the following sections, we construct smooth super- and sub-
solutions. The second lemma is to give sufficient conditions for u to be a super- or
a sub- solution. Denote

€ 1
Lu:=up — %A(mu)e - gu(l —u).

(lem_supersub) Lemma 2. Let m satisfy the conditions in (2) and u be a differentiable nonnegative
function defined on D x [0,T]. Let D; := {x € D : u(x,t) > 0}, n; be the outward
normal vector on OD;", and the surface Uyepo 110D;" x {t} C D x [0,T] be smooth
enough. Suppose u satisfies the following three conditions; (i) u* € CY(D x [0,T]),

. O(mu)*
W)
If the inequalities in (ii) and (iii) hold in the opposite direction, u is a sub-solution.

>0 on OD;", and (iii) L(u) > 0 in D}. Then, u is a super-solution.

Proof. We will prove the theorem only for a super-solution case. The sub-solution
case can be proved similarly. For a nonnegative test function ¢ € C}(D x [0,T7]), we
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i(/Duﬁb) =i</l)t+u¢> =/D+(u¢>t+ut¢)+/wu¢w

t t

:/ (ugs + ur),
D

have

where V; is the speed of the propagating interface 8Dt+ in the outward normal
direction. The last equality holds since u = 0 on dD; . Integrating both sides over
[0,T7] gives

I Jop = [ R R IR RTCEO!

Then,
/DU<T)¢(T) :/ uo¢(0 / /D+ U¢t+/ / urg
fmove [ oo [ [, (st o)
:/ (0 / / ugﬁt—i-/ é:gV(mu)e tapj
/ /D+ 5V— (mu)* / /D —u(l —u)
_/u0¢ / / (uqf)t—ev )’ - v¢+ u(1_u)¢>.
Therefore, u is a super-solution in the weak sense. O

3.2. Traveling wave solution. The traveling wave solution for a homogeneous case
still plays a key role for a heterogeneous case. Consider a homogeneous reaction-
diffusion equation in one space dimension,

vy = (V)2 +v(1 = v).

Let v(xz,t) = U(x + cot) be a traveling wave solution with the minimum speed
co > 0. Here, the traveling wave moves from right to left. There exists a traveling
wave solution for each ¢ > ¢p which is unique upto a translation. The support of the
traveling wave solution is the whole real line R if ¢ > ¢y. However, for the traveling
wave solution with the minimum speed ¢y, the support is a half line [z(,00) for
some g € R and we may set g = 0 after a translation. Let z = x + ¢gt. Then, the
traveling wave solution satisfies

UL(2) = cU:(2) + U(1 = U) =0,
lim, , U(z) =1,

U(z) >0 for z >0,

U(z) =0 for z <0.

( 1 7) Teqn_tw?
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Consider a two parameters family of perturbations of the traveling wave solution U
given by
£
(18)[v] V(26,¢) == (1+0U((146)'2¢2),
where the parameters are bounded by —% <9< % and mingep m%(x) < (¢ <

maxX,cp m%(;t) Then, the perturbed wave V satisfies

VE —c(6,OV. + V(1 4+6-V)=0 for z € R,
lim, oo V(2;6,() = 1496,

(19)[oqn_tu.V] V(z;0,¢) >0 for z >0,
V(2;9,() =0 for z <0,
where
¢(6,¢) = co(1+ 8)2¢.
The perturbed waves are used to construct super- and sub-solutions in the proof of

Theorem 2. The following lemma consists of the properties of the perturbed wave
V' which will be used in the proof.

(lem_tw) Lemma 3. The perturbed wave has the reqularity V € C2(RT) N C(R) and satisfies

2
1
o)y Ve I, V<<=<§> L

2
(20) o] Vs = g+ g g Ve Vo> 0 forz >0

There ezists a generic constant Cy > 0 independent of & and ¢ such that
(22) Ton_v 1] 1¢(0,€) — e(8,Q)] < Cv1o¢]
(23)[Len_tw_iv] 0<14+86-V <Cye
(24) [Len_tw_v] Vi< oyV
(25)[1em_tw_vii] Vel + VL] + [2VE] < Cv(V + V2)

for z > 0.

Proof. The relations in (20) and (21) are directly obtained from the formula in (18).
The estimate (22) is from definition of ¢(d,¢). We will show the rest for the case
with 6 = 0 only and the general case is obtained by the continuous dependence of
¢(0,¢) and by taking the generic constant Cy larger. Estimates in (23) and (24) can
be found in [8]. And in the same reference we know that

|2V, < CyV
for z > 1 and some positive constant Cy,. And since
|ZV2| <CyV,

for 0 < z < 1, thus we obtain (25) for |2V;| since V|V, > 0. Also, by (19) one can
also obtain (25) for |V..|. Also, by (23) we have

z14+0-V)<C
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for some positive constant C since ze #* < =1 for z > 0. This implies that
|2VE| < c|2Vi| + 21+ 0 = V)|V < Cy(V + V3).

Also, since |V | < ¢V, +|¢2(1+6—V)|V, the inequality also holds for V£, as well. [

3.3. Signed distance function. In this section we consider properties of the signed
distance function d(x,t) in a neighborhood of the surface that consists of the inter-
faces T'y for t € [0,T] in D x [0,T] space. Denote

N(r,7) :={(z,t) € D x [0,7] : |d(z,t)| < r}.

Then, clearly, Uco Tt x {t} C N(r,7) for all » > 0, i.e., N(r,7) is a neighborhood
of the surface that consists of interface I';.

(lem_d) ¥ emyma 4. There exist positive constants dy, T, Cy such that forall (x,t) € N(2dy,T)
the following holds;

(26) [Ten_adi¢ C*}(N(2do,T)), |Vdl =1, |dy(z,t) — com?(z,1)| < Cald]

Proof. Under the assumption I'g € C3¢ in (7), we can follow the construction of
the interface motion equation in [4] and rewrite the interface flow (12) in terms of a

partial differential equation for d,

(27) di(w,t) = com®(y(=, 1)),

in a neighborhood of I'y x {t}. In this formula, the heterogeneity in m is taken from
y(z,t) € T'y that satisfies

dist(y(x,t),x) = |d(z,1)].
Such a point y(z,t) exists uniquely if the interface is smooth enough and satisfies
y(z,t) =z —dvd

(see [7, Section 14.6]). Thus we obtain a partial differential equation for d,

(28)‘eqn_IM_signed_pde‘ Jt(x, t) = com? (I — J(x, t)VCZ(.’L“, t)) .

The conditions in (2) and (8), and Theorem 2 in [5, Section 3.2] imply the existence
of the solution (28) in a set N(2dy,T") for some positive constants dp, T with the
regularity d € C>'(N(2dy, T)).

Note that, since the initial interface is smooth enough, I'y € C3T®, we have
IVd(z,0)] = 1 for € {x € D : |d| < 2dy} by taking smaller dy if needed. Let
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w(z,t) ;= |Vd|? — 1. Using (28) we obtain

N
wy =2Vd-Vdy =Y 20,,d cqVmP - (1 — 9,,dVd — do,, Vd)
=1

N N
= 2¢q Z (%Cicz(?ximp —2¢oVm?P - de 8%.0?2
=1 =1
~ N ~ ~
—2c0d » 0y, dVMP - 0,,Vd

=1

N N
=2¢VmP - Vd (1 |Vd|*) = 2c0d Y | Y 01, d0,,mP 0,0, ,d

i=1 j=1
N N
= —2¢oVmP - Vd w — codz Z Op;mP Oy, (9, d?)
i=1 j=1
N
= —2coVm? - Vd w — coczz Oz;mP Oy \VCZ\Q
j=1

= —2¢VmP - Vd w — codVmP - Vuw,

which is a first order partial differential equation of w. By the characteristic tech-
nique with the initial value w(z,0) = 0, we obtain w(z,t) =0 on N(2dy, T).
Using the relation (27), we have

|di(x,t) = comP ()| = co|m” (y(, 1)) — mP(z)].
As mP is Lipschitz continuous, there exists a constant Cy > 0 such that
\dy(z,t) — comP (z)| < Cy dist(y(z,t),z) = Cyld(z,t)|,
which is the third inequality in (26). O

Next, we construct a cut-off distance function. Let h : R — R be a C?(R) function
that satisfies

S if |$| < d(),
h(S) = 2d0 if s > 2d0,
—2dy if s < —2dp.
The cut-off distance d : D x [0,7] — R is defined by

d(z,t) :== h(d(z,t)).
Then, by Lemma 4, we have, the cut-off distance function satisfies

(29) eqn_diEEaﬂa&ﬁFc’giﬁaj@‘dL |dt — C(]mp| < Cd|d|, ‘Vd’ + ’Ad| < Cy

by choosing Cy > 0 large enough if necessary.
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4. GENERATION OF THE INTERFACE

In this section we prove the generation of the interface stated in Theorem 1. The
uniform estimate (9) is obtained by the comparison principle in Lemma (1) and
the initial condition (6). The other two estimates, (10) and (11), are obtained by
comparison principle after constructing appropriate super- and sub-solutions. Note
that the reaction term in (5) dominates the dynamics in the first stage of interface
generation and hence it is natural we construct the super- and sub-solutions using
the solution of the ordinary differential equation with the reaction terms,

LY (r,&6) =Y(1-Y +4),
Y (0,6:6) = €,

where |§] < 1. The spatial heterogeneity of the original problem (1) in the reaction
term has been moved to the diffusion term as in (5). Hence, the obtain solution Y’
which is similar to to the one in [1]. The property of the solution Y is from this
paper.

(1em ODE_Y) T emma 5. Let 0 < ng < 5. Then there exists a positive constant Cy = Cy (1) that

satisfies the following estimates for all |§] < %
(i) For £ >0 and 7 > 0, we have 0 < Y¢(7,&;0) < Cye(1+o)7,
(ii) For & >0 and T > 0, we have ‘%‘ < Cy (eI+I7 — 1),
(iii) For all 7 > 0 we have Y(7,£;0) < 1+6 if € <1406 and Y(7,§;0) < 0 if
<0
(iv) %776’/’6 exists a positive constant ey such that for all ¢ € (0,ey) we have
Y(|Inel,&0) = 1+0—ng if £ = Cye, |d] <e.

Now we prove the generation of interface in Theorem 1.

Proof. (of Theorem 1). In the proof we choose a constant 0 < g9 < min{ey,e~!} so

that
[Am())] (3" _ ng
0D m(z) 2 S

We first prove (9). The inequality 0 < uf is easily obtained since the function
w™ (z,t) = 0 is a sub-solution of u®. Let w*(x,t) = 1 + 7. where

2 [A(m(z))"| <3>€_1 Mg

Ne = €° max 5 < =

zeD  m(x) 2

Direct computations of Lw™ give

£ 1
Lot = ——(L+n) Am)" + Z(1+ n)n.

Vv

[S—
o |+
P

m
N
m

|
=€
™

[\&)
/N
[\CR GV
N~

~

N
~

Thus, by the definition of 7., w™ is a super solution which implies (9).
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Next, we prove (10) and (11). First, we extend the initial value uy to a C?
function g : D — R, which is available by Whitney extension theorem. Moreover,
by condition (8) we can find a positive constant d < min{dp, 1} such that

Uo < dd(z,0) if —d < d(z,0) < 0.

Then, we let o : D — [0, 1] be a smooth function satisfying
d

o(z) €

Nl

0,1) if —d <d(x,0) < —

0 if d(z,0) < —d.

With these functions in hand, we define 4y : D — R as follows
to(x) = o(x)uy — (1 — o(x)).

Then we obtain

(30)‘eqn_uO_extensiori}o(LI?) < max{cd(z,0), —25&} if d(z,0) < 0.

With this extended function we construct functions w*(x,t) as
t
wi(IL‘,t) =Y <’ max(ao + €2P(t)a 0)) :l:€> ) P(t) = K(et/a — 1)
€

where K is a positive constant. We will show that if K is chosen appropriately, we
have

(31) [wuw] w™(z,t) < u(z,t) < wh(z,1)
for the solution u® of (5). First, the initial values of the two functions are

w*(z,0) = max(ig, 0) = ug(z),
i.e., w* and w share the same initial value of the solution u¢. Therefore, if we show
w™ is a super-solution and w™ is a sub-solution, the claim (31) is obtained. We first
show w™ is a super-solution.

The conditions (i) and (ii) of Lemma 2 follows from the definitions of Y and .
Direct computations of Lw™ on the support of w™ give

LwT(z,t) = (iYT + K’Eet/EY5> - éY(l -Y)
- ((uﬁ)%mf +2Vmt - V(wh)f + mfA(uﬁ)f)

m
= Kee/*Ye+Y - — (Y'am! +29m’ - (v Vi)
+ml [0 = V)Y 2Y2|Viig|> + 0V (Yee | Viio|® + YgAfLo)])

Y2 (1Y,
- (Hfﬁ‘ Y+ (0 - 1)1@] Vil

>Y K/t/&_
—55<e m \[| Ve

A l
+Y | Adig| + Y|V - vao\)) +Y (1 . g;:yH) .
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The last term in the inequality becomes by the choice of yg. Moreover, since we
choose g9 < e !, for 0 < 7 < t¢ we obtain

6(1+€)T/€ < CGT/E’
for some positive constant C. Then by conditions (2), (8) for the m and ¢ and
Lemma 5, we can choose K large enough such that
LwT >0

for 0 < t < g|lng|. Therefore, wt is a super-solution. We can similarly show that
w™ is a sub-solution. .

Next, we take Mg < d (Cy + K) and choose ¢y smaller enough such that
(Cy + K)eo < 1. For any point x € D satisfying ug(z) > Mge we have

tig(z) — e2P(t°) > Mge — Ke(1 — €) > Cye,
where the last inequality holds since Mg < 871(01/ + K) < Cy + K. Thus, by
Lemma 5 we obtain

u(x,t®) > Y (|lnel, tg(x) — Ke(1 —¢€);—e) > 1 —n,.
And by (30), for any = € D satisfying d(z,0) < —Mge we have
iio(x) + €2P(t°) < max{dd(z,0), -1} + Ke(1 —¢)
< max{—dMge, -1} + Ke(1 —¢) < —Cye <0.

Thus, by Lemma 5 we obtain

uf (z,t°) < wt(x,t°) = 0.

5. PROPAGATION OF THE INTERFACE

We prove Theorem 2 in this section. We construct a pair of functions u*super-
and sub-solutions as

I B d(z,t) £ 5p(t)‘ 1
u(z,t) =V <E ; Eq(t), mp(x)>

where

CyCh +1
plt) =~ et g(t) = e Ko,

Here (), is the constant defined in (2), Cy is the constant appeared in Lemma 3,
K, Ky,0 are some positive constants and 0 < 7, < 1/4. And we choose o € (0, 1)
small enough such that

92— 92—
femasim o (1425000 ) <1 2ty <1

We make the following additional assumptions on K1, Ko, eg that

P
(33)[cond_e0] (CVCWH

g

+ KleLT> eg < dg, Kogg < ?ZTP
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which can be obtained by choosing €3 > 0 small enough. Then these implies that

(34) cond-pa] colp(t)] < do. qt) < 7.

Note that, if £ > 2 we have 2 — ¢ < 0 which means that (32) holds for any o € (0, 1).
We first prove that u® are a pair of sub- and super-solutions.

propagation_supersub) Proposition 1. Let K1 > 1. Then there exist positive constants Ko, L, &g such that
for any 0 < e < e, (z,t) € D x[0,T — t°] we have

(35)‘eqn_propagation_supersub/{:uf (z,t) <0< Equ(:E, t).

Proof. To show (35) we check the conditions (i) — (4i7) of Lemma 2 holds. The
support of u® is equal to {(z,t) € D x [0,T], d & ep(t) > 0}, so its boundary
in D x [0,7T] is smooth by Lemma 4. With this, and by lemmas 4 and 3 we can
see conditions (i) and (ii) holds. For (7ii), we only show for u™; one can use the
same method for u~ to show the condition (éi7). For simplicity, we define z4 =
d(x,t) +ep(t). Direct computation gives

d
uf = ( +p'<t>) Vit )V
d d 1
vt =Y vf+v V= [v +Zdv] VY
€ e mP
LV

2

1 y
Vee

I e
V— VZ<+‘VW

+V~[w+zdv ]Vf

vd|?

AVE = VE+2

:[W zdv }sz_,_v.[w_kzdv ]VZZ

3

+ 2mpy . V—Vf
€ mp
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where the equality holds by (20). This implies that

dt + Sp/

Lut(x,t) = V. +4q'Vs

- (mfAvf +2vmt - vV 4 Amfvf) “yva-w
m g

d /
_AEy 4y 1-v)=2v
2
e <m [w . m%vl] Ve mty [W m”Zdvl] v
m € € mpP € € mpP
d 1 d P 1
+2mp+fz . vi‘/zf + 2vm[ . |:v + m~zq v:| ‘/ZZ + Amfvé)
5 € mpP
d _
:¥V+pv (1 +q—V)+gv+q’vz;
£ e’Vd| VL mt™ Zdvi {2Vd mpzdvl} Ve
m g2 m € mpP

p
_ £ ( iy [W m Zdv} v+ omp+yd . vivj
m € € mpP € mpP

+2Vm! - [w 4 M
g

1
v] Vit Amfvf> ,
€ mpP

1
where ¢. := ¢ (q(t), p). Using (19) and the fact that £ — 1 = 2p we can rewrite
m
LuT = FEy + Eoy + FE3, where

p_ 2p t
B =0V + Oy s+ Wy,
di —com? 1 |Vd]?
Ey = t — CoM V., + ’V ‘ meVZZZ - iAmfvf’
g m

1 1
By =—m*V—. [QVd +mPzyV— ] Fyt  omdrvd. vVt
mpP £ mpP

1 1
-— (mfv [Vd + mpzde} Vi 2vmt- [Vd + mpZdVTnp:| Vf) :
(i) Estimates of Ey
Since K7 > 1, direct computation gives

CVCS/L + 1 —O't/E

36 101/ A Left ) v,.
Goemsia] vz (Ve et

By (21) we have
ot/e

, .
Wy gy v + "y
€ 4e

e v 2/
Np€ Zd
_ 2y ).
T ke (1 ) 204 q0) = >
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By (25) and (32) we obtain

t
qi)v +q )V > KoV

—ot/e 9 _
TR S (V —0 <V+ 2£CV(V+VZ)>)

4e
—ot/e 9 _ /¢
> KoV — B o CyV,
—ot/e
(37)[eqn_E12] > KoV — V..

And by (22) we have

z t
%(comp — cgm2p) > —C’V(](s)msz

> —CyCl, (e 1K) V.
4e
e—ot/e
(38) o513 > cvep, (S e g ) v
Thus the inequalities (36), (37) and (38) implies
(39)[eqn_E1] E1 > KoV + (L — C1K3)V,

for some positive constant C'.
(ii) Estimates of Eo
By (29) we obtain

V.

d
?(dt_comp)Jr d‘ |

o 2
) IS
Zd D YA
> — Cd;(vz + Cm|sz|)
— Cap(t)(Vz + Ch VL)

(Vz+ CRIVL)

Thus by (25) we have following inequality

(40)[eqn_E2] By > =Cy(V + V)

for some positive constant Cl.
(iii) Estimates of Ej
Note that z4 < |d| + |p(t)| < 2do by (34). By (2), (25) and (29) we obtain

(41) [sqn_z3] By > ~Cs(V + V)

for some positive constant C'3.
We now show Lu™ > 0. By (39),(40) and (41) we have

Lut > (K2 . é) V+(L—CKy—C)Vs,

where C' = Cy + C5. Thus, by choosing L and K3 large enough we have LuT > 0.
O
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Proof of Theorem 2.

The first inequality of (14) can be obtained by letting w™ = 0, w" = 1+, as sub-
and super- solutions, where 7. is a constant introduced in Theorem 1. We prove the
rest of the results with u*.

For ng € (0,7,/2) let €9, M be constants satisfying Theorem 1. By (8) we can
find C' > 0 such that

if d(x,0) > Ce then up(x) > Mge,
if d(z,0) < —Ce then up(x) = 0.
With this, and by Theorem 1 we have
1+n.  ifd(z,0)>—Ce

u(a,8°) < H () = {o if d(x,0) < ~Ce’

B 1_77 if d .ZU,O 206
u(x,t°) > H (x) := {0 ! ide:c 0; <Ce

Equations (23) and (34) imply
) <1- [T <1-ny,

v (z; q(0), mpl(x)> 20,V <Z; ~a(0); mP(z) 2

for x € D,z € R, where the last inequality holds by the choice of n,. Moreover, we
can fix K7 > 0 large enough such that

|14 ((—C+K1);q(0)7nip) >14n., V (C—Kl;—q(O),l) =0.

mpP
And these inequalities imply that
ut(x,0) > H(z), u (z,0) < H (x).
Thus, by Proposition 1 and Lemma 2 we have
(42) [eqn_prep_Eonphrssofi[x, t +1°) <u'(z,t) for ze D,te€0,T —t°.
By (23) and (33), we can choose Mp > 0 satisfying

|4 ((Mp —p(t)); —q(t), Tip) >1—mn,

|14 ((—Mp +p(t)); a(t), . > =0

mp
for any (z,t) € D x [0,T — t°]. With this, and by (42) we have

if d(z,t) > Mpe = v (z,t+t°) >1—mn,
if d(z,t) < —Mpe — u®(x,t +t°) = 0.
Therefore Theorem 2 holds. OJ
(rmk_1) +

Remark 1. By using the same sub- and super-solution u™, we can also prove the

convergence result (15). Indeed, by (23) we have

v (/3-1rlner;—q<t>, ) > 1 Cye— qlt).

1
mP(x)
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Moreover, we have q(t) < (n, + Ka)e for t > t° = ¢|lne|. Thus we can fir C > 0
large enough such that for any small enough € > 0 we have

(43)[rmk_11]  u (x,t+1t°) >1—Ce for d(z,t) > Ce|lnel|, t > ¢

where we used (42). With this, (14) and the fact that t© L 0 as € | 0 implies (15).

This result gives different description of the solution u®. In view of (14), we expect
the interface is generated and propagated with width O(e), which seems natural since
the equation is obtained by the hyperbolic scaling. In view of (43), even though the
result may not seems related to the hyperbolic scaling, it gives much finer expectation
of u which allows to see the convergence result (15).

6. NUMERICAL SIMULATION

{sect.contacts) 1 this section we give a numerical simulation of the solution of (1) and (4). Here

we consider ¢ = 2. Note that ¢p = 1 is knwon for £ = 2; see [2]. With such idea,
the numerical simulation of (1) and (4) for 1 and 2 dimensional space is given in
figures 2 and 3. As we can see in the results, the support of the function % can be
approximated with the interface following the motion equation (4). The interesting
feature of the motion (4) can be observed in Figure 3, especially in ¢ = 5,6. As
mentioned in the introduction we no longer expect the interface to be convex, where
the non-convexity comes from the heterogeneity of the speed. This expectation can
be seen not only in the interface following (4)(the red line in Figure 3) but also to
the support of the function U in the numerical simulation.
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(¢) Movement of support boundary

08 \

0.6 11

0.4 ‘

02

(B) Generation of interface

08 R \

06 b
04 \ |

02 \ |

(D) t =4 result for e =0.1,0.3,0.5

FIGURE 2. Numerical simulation of (1) and (4) for £ = 2. Figure (a)
is a graph of the function m, which is given as a smooth approxima-
tion of x 4+ 2. Figure (b) is a numerical simulation of generation of
interface. Here we let € = 0.1 and the initial condition as a step func-
tion with 0.5 as maximum value(purple line). Other graphs indicates
the function u® at time ¢t = 0.2, 0.4, 0.6(blue, orange, yellow). Figures
(c) and (d) are numerical simulation to see the propagation of u® for
e = 0.1,0.3,0.5(blue, orange, yellow) and the interface I';(purple).
Figure (c) represents the boundary of support u* and T’y from ¢t = 0
to t = 4. Figure (d) plots the graphs u® at time ¢ = 4 and a step

function with boundary I';.
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(A) Heterogeneous function m (B) Initial conditions
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FIGURE 3. Numerical simulation of (1) and (4) for £ =2 and ¢ = 0.1.
The color red indicates the interface that moves according to (4) and
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