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ABSTRACT. We show that the Neumann boundary condition appears
along the boundary of an inner domain when the diffusivity of the outer
domain goes to zero. We take Fick’s diffusion law with a bistable reac-
tion function, and the diffusivity is 1 in the inner domain and € > 0 in
the outer domain. The convergence of the solution as € — 0 is shown,
where the limit satisfies the Neumann boundary condition along the
boundary of an inner domain. This observation says that the Neumann
boundary condition is a natural choice of boundary conditions when
Fick’s diffusion law is taken.
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1. INTRODUCTION

1.1. Problem setup and results. We consider an initial value problem
for a reaction-diffusion equation,

u =V - (DVu) + f(u), (t,z) € (0,T) x £,
(P§) n-Vu =0, (t,z) € (0,T) x 09,
u(0, ) = up(z), x € Q,

where 2 C R" is a bounded open set with a smooth boundary 02, n is the

outward unit normal vector on the boundary, and uy € C(£2) is an initial
value bounded by

(1.1) 0 <wp(z) <M, xeQ, M>1.

The nonlinear reaction function f is continuously differentiable and bistable.
More specifically, we take the following hypotheses; for o € (0,1),

f0) = f(1) = f(@) =0, f'(0) <0, f'(1) <0, f'(a) >0,

(12) f(u) <0 forue (0,a)U(1l,00), f(u)>0foruée (al).

A typical example of such a bistable non-linearity is f(u) = u(u—a)(1 —u).
Note that v = 0 and u = 1 are stable steady-states, u© = « is unstable, and
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FIGURE 1. Components of domain Q and diffusivity D..

the upper bound M in (1.1) is taken larger than the bigger stable steady-
state u = 1. The diffusivity D, is given as below. First, the domain € is
divided into two parts, as in Figure 1. The inner domain ; (@1 C Q) is
a connected open set with a smooth boundary denoted by I' := 9€2;. The
outer domain Qy = Q\ ©; is also open and connected. The diffusivity D, is
given by

13) De(x):{l’ z €0 UT,

€, x €.

Let u be the limit of the solution u¢ of Problem (FP§) as € — 0. Then, since
the diffusivity in the inner domain €2 is fixed at 1, the limit will obviously
satisfy

ur = Au+ f(u),(t,z) € (0,7) x Q.

The missing part is the boundary condition. The purpose of the paper is to
show that the limit w is the unique solution of

Ut:AU+f(U), (t7$)e(O7T)XQb
(P) n-Vu=0, (t,z) € (0,T) x 0y,
’UJ(O,I') = UO(:Z:)a T E Qb

where n is the outward unit normal vector on I'(= 9€1). Usually, since a
boundary condition is needed to complete a second-order problem, we often
choose the Neumann or Dirichlet boundary conditions. In the paper, we
show that the Neumann boundary condition appears naturally in the context
of the Problem (F§). Note that the solution behavior in one of the two
domains is influenced by the one in the other domain due to diffusion. This
interaction eventually disappears if ¢ — 0. However, traces of the interaction
remain in the boundary condition at the interface I'. The resulting boundary
condition may depend on the types of diffusion and reaction function. The
diffusion law in Problem (Ff) is Fick’s diffusion law, and the main conclusion
of the paper is that Fick’s law selects the Neumann boundary condition.
We also prove that, in the outer domain {2y, u converges to the solution
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u € C1([0,T]; L%°(£)) of the initial value problem

{ut = f(u), (t,z) € (0,T) x Qo

0
(Qo) u(0,7) = ug(z), € Qo,

which is an ODE system, and a boundary condition is not needed.
The main results of the paper are in the following three theorems:

Theorem 1.1 (Existence). Let Q@ C R" be a bounded domain with a smooth
boundary, ug € C(Q) an initial value bounded by (1.1), f a continuously
differentiable bistable non-linearity satisfying (1.2), and D. the diffusivity
given by (1.3). Then, Problem (FP§) possesses a unique weak solution u¢ and

VUl L2 0,1y %, @8 uniformly bounded with respect to € > 0.

Theorem 1.2 (Neumann condition is selected). Under the same assump-
tions as in Theorem 1.1, the solution u® of Problem (F§) converges to the
unique solution of Problem (PY) strongly in L*((0,T) x Q1) as € — 0.

Moreover, we also prove the following convergence result.

Theorem 1.3 (ODE solution). Under the same assumption as in Theorem
1.1, the solution u¢ of Problem (P§) converges to the unique solution of
Problem (QY) weakly in L*((0,T) x Qo) as € — 0.

The organization of this paper is as follows. In Section 2, we introduce
a sequence of perturbed problems (P§) where the diffusion coefficient Dj
is a smooth approximation of D.. We present a priori estimates which are
uniform in the parameters § and e. In Section 3, we let § tend to zero and
deduce the solution existence of Problem (F5). Then, the uniqueness of the
problem is proved, which gives Theorem 1.1. Finally, we let € tend to zero
in Section 4 and present the proofs of Theorem 1.2 and Theorem 1.3.

1.2. Heterogeneous diffusion for geometry effects. The paper is writ-
ten under the motivation of a project to reinterpret the effect of domain
geometry and boundary conditions using heterogeneous diffusion. For ex-
ample, let u be a solution of a reaction-diffusion equation

ur = Au + f(u), (t,z) € (0,T) x €,
(1.4) oau+ (1—an-Vu=0, (t,x)€ (0,T) x 0,
u(0,z) = up(x), x € Qy,

where f(u) is a bistable nonlinearity. The parameter o = 0 gives the Neu-
mann boundary condition, and a = 1 the Dirichlet boundary condition.
The solution behavior of the problem depends on the shape of the domain
and the boundary condition. Consider two examples. H. Matano showed in
his seminal paper that, under the Neumann boundary condition (o = 0),
nonconstant steady-state solutions of the problem are unstable if €27 is con-
vex [11, Theorem 5.1]. However, it can be stable if ©; is nonconvex [11,
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Theorem 6.2] (see [13] and references therein for more works on dumbbell-
shaped domains). On the other hand, Berestycki et al. [2] took the Neu-
mann boundary condition and showed that a bistable traveling wave might
propagate or be blocked depending on the exit shape of the domain, which
is independent of the domain size. However, if the boundary condition is
Dirichlet, the results depend on the domain size, too.

To reinterpret the geometry effect, we may embed the domain §2; into the
whole space 2 = R" and assign diffusivity € > 0 to the outer domain Q\ ;.
One might say that the solution of the whole domain problem converges to
the solution of the original bounded domain problem as ¢ — 0 and gives
the geometric effect of the original problem. However, Theorem 1.2 implies
that if Fick’s diffsuion law is taken as in (Fj), the solutions converge to a
problem with the Neumann boundary condition, not Dirichlet. We propose
the problem with a general diffusion law,

u =V - (DFIV(DMW)) + f(u), (t,z) € (0,T) x €,
(1.5) n-Vu=0, (t,z) € (0,T) x 092,
u(0,z) = up(z), x €.

If g =0, (1.5) returns to Fick’s law case in (FP§). If ¢ = 1, the diffusion law
is called Chapman [4], and if ¢ = 0.5, Wereide [14]. Diffusion laws with a
general exponent ¢ may appear depending on the choice of reference points
of the spatial heterogeneity (see [1, 8]). The resulting boundary condition
depends on ¢. For example, the case without reaction (f = 0) has been
studied in one space dimension [5]. The resulting boundary condition is
Neumann if ¢ < 0.5 and Dirichlet if ¢ > 0.5. There is no specific restriction
for the critical case with ¢ = 0.5, which is Wereide’s diffusion law. However,
the critical exponent ¢ = ¢* may depend on the reaction function f, the
space dimension, and the regularity of the boundary, which requires further
study. In this context, this paper deals with the case that ¢ = 0, and the
boundary condition which we obtain is the Neumann boundary condition.

2. CLASSICAL SOLUTION FOR A SMOOTH DIFFUSIVITY

We start by regularising the diffusivity D in (1.3), which is discontinuous
along the interface I'. For small parameters €, > 0, let

D ( ) 1, xeQ Ul
e\T) =
% e, x€Qpand dist(I',z) > 9,

and then extend Ds . smoothly to the whole domain 2 so that € < Ds, < 1.
Then, it converges to the discontinuous diffusion coefficient pointwise, i.e.,

lim Ds (x) = De(x).
§—0 7
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We consider a regularized problem

u =V (Dse(x)Vu) + f(u), (t,z)e (0,T) xQ
(P§) n-Vu =0, (t,z) € (0,T) x 90
u(0,x) = up(z), x €.

Problem (P5) formally converges to Problem (F§) as § — 0. We prove this
below.

Definition 2.1. A function u®¢ € CY2((0,T) x Q)N C([0,T] x Q) is called
a classical solution of Problem (FPj) if ud€ and its derivatives satisfy the
partial differential equation in Problem (Pj) pointwise as well the initial
and boundary conditions.

Lemma 2.2. There exists a unique classical solution u®¢ of Problem (Ps)
which is bounded by

(2.1) 0<ub* <M in(0,T)x Q.

Proof. The inequalities in (2.1) follow from the standard maximum principle
and the initial condition (1.1). Since f(u) < 0 when v = 0,M, u =01is a
lower solution, and v = M is an upper solution of (F5).

Now, the reaction function f(u) is Lipschitz since it is a continuous func-
tion for bounded domain 0 < u < M. We apply [12, Theorem 4.2] to deduce
the existence of a unique classical solution, and it completes the proof. [J

Next, we obtain a priori estimates for the solution u*.

Lemma 2.3. Let € € (0,1) and let u>¢ be the classical solution of Prob-
lem (Ps) and define My := supscpo a1 f(s)]- Then, we have the following
inequalities.

(2.2) IVu® | 2oy < C1(T, |90, M, My),
1

(2.3) VU p20,1)x0) < \%Cl(T, Q|, M, My),

(2.4) || 2071y (2)) < C2(T |9, M, My).

Proof. We first prove (2.2) and (2.3). We multiply the reaction-diffusion
equation in Problem (Ps) by u®€ and integrate the result on Q. This gives

/ué’GUgEdw_/v'(D&EVUJ’E)U&’Gd.ﬁ—F/f(u§’€>u5’€dx.
Q Q Q

Integrating by parts gives
1d

(u?)2dax = —/ D5€|Vu5’€\2dx+/ f(ud)ub<dz.
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Integrating the above equation on [0, 7] yields
1 T
= / (uP(T, z))? dx + / / Dy.o| Vu®< > dxdt
2 Jo 0o Ja

T
= 1/(u0)2dx+/ /f(ua’e)u‘s’edxdt.
2 Ja o Ja

Since the first term on the left-hand-side is positive, we have

/ /Dlgevu(se‘ dxdt < — /UO dx_i_/ /f 55 6€d.’1}dt

The bounds 0 < u®¢ < M and |f(u®€)| < M; imply that
r 1

(2.5) / / D [V Pdedt < J[0|M? + MM[QIT.
0o Ja

Now, we define C from the right side of (2.5), which is C1 (T, ||, M, My) =
1
(3|QM? + MM/|QT)?. Note that Ds, = 1in Q; and e < D5, < 1 in €,

so that we have
T
/ |Vu5,e 2
0o Jo

[ [

Next, we prove (2.4). Let ¢ € L?(0,T; Hl(Q)) be a test function. We
multlply the partial differential equation in Problem (P5) by ¢ and integrate
n (0,7) x Q to obtain

/O T<Uf’i¢>>dt= /0 ' /Q V - (D5, Vud)pdzdt + /0 ' /Q F(u)pdadt,

where (-, -) denotes the duality product between H'(2) and (H')*(Q2). Ap-
plying integration by parts, we obtain

T T T
/ (U, p)dt = — / / D5 Vu'€ - Vdadt + / / F(u)pdadt.
0 0 Q 0 Q

The terms on the right-hand side are bounded as follows. From (2.5),

and

T
/ IPAVILEE Vaﬁdxdt‘

//D5€|Vu dedt //D(;e\ng] dxdt)
<ci / / Voldudt)’,
0 Q
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and
T T 1
/ /f(utie)gbdxdt‘ < Mgy |Q|T(/ / ‘¢|2dl‘dt> .
0 Jo 0 Jo

We deduce that

T

57
|| i onit| < (€3 + MR ol

which implies that

57
g\l 220,11y (0)) < C1+ My/|QIT := Co(T, [, M, My).
This completes the proof of (2.4). O

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION OF (F%)

In this section, we prove that the solution of Problem () exists by taking
the singular limit as 6 — 0 in Problem (P5). The solution of Problem (F)
is defined in a weak sense.

Definition 3.1. A function u € C([0,T); L*(2)) N L2((0,T); H(2))N
L>((0,T) x ) is called a weak solution of Problem (F§) if

T
/0 /Q(—?Mbt + De($)Vu -V — f(u>¢)dl'dt

(3.1) :/Quo(:p)qb((),x)—u(T,:U)gb(T,:E)d:v,

for all test functions ¢ € H((0,T) x Q).

In order to show the existence of a weak solution of Problem (Ff§), we
consider the solution u®¢ of Problem (P5) and apply Fréchet-Kolmogorov
theorem which is introduced in [6, Proposition 2.5], [3, Theorem 4.26, p.111,
Corollary 4.27, p.113]. In the following proposition, Q7 := (0,7) x Q and €
and § are small constants which are not related to e and § in Problem (P¥).

Proposition 3.2 (Fréchet-Kolmogorov). A bounded set B C L*(Qr) is
precompact in L*(Qr) if
(1) For any € > 0 and any subset Q € Qr, there evists a 5 > 0 such
that § < dist(Q,0Qr) and
[t + 7, 2) —u(t, )| 2@ + lult,x + &) —u(t, z)ll2) <€

for all 7,&, and u € B whenever || + |£] < 6.
(2) For any € > 0, there exists Q € Qr such that

lull2@r@) < €
for allu e B.
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Next, we apply the Fréchet-Kolmogorov theorem to the collection of clas-
sical solutions {u®¢} of (P§) and show that it is precompact in L?(Qr). We
recall that the constant € > 0 is fixed through this section. Since the classical
solutions {u®} are uniformly bounded, the second assertion of Proposition
3.2 can be easily derived. Indeed, let @ = (0,7 — 7) x Q" for some small
7,7 > 0, where Q" = {x € Q : dist(z, 9) > r}. Then,

T T
||u5’6||%2(QT\Q) < L_T[)(ué’e)2dxdt+/0 /Q\Qr(u‘s’e)Qdmdt.

From Lemma 2.3, we have

T
(3.2) / / () 2dzdt < 7|Q| M2,
T—7JQ
and
T
(3.3) / / () 2dzdt < [\, | T M2,
o Joar

Note that the right-hand sides of the inequalities (3.2) and (3.3) tend to zero
as 7 — 0 and » — 0. Thus for any € > 0, we may choose 7 > 0 and r» > 0 so
small that

w2200 < TIQIM? + |Q\QTM? < &

This completes the proof of the property (2) in the Fréchet-Kolmogorov
theorem.

We now estimate the equicontinuity of time and space variables for {u%€}
(see [6, Lemmas 2.6 and 2.7]). In the following lemmas, r is a given constant
from compact subset ) which can be taken as any small number with r <
dist(Q,0Q7). Thus, § is choosen as § < r where it gives C,|¢|? < € and
C,7 < € for the right side of inequalities in Lemma 3.3 and Lemma 3.4, and
it gives the equicontinuity of the Fréchet-Kolmogorov theorem.

Lemma 3.3. For any small positive constant r > 0,

(1) There exists a positive constant Ce which is independent of § such
that

T
G [ [ e+ -t < C P
0 T
for all real values |§| < r.

(2) There exists a positive constant C which is independent of 6 and e
such that

T
(3.5) /O /r(u‘k(t, x4 &) —u¥(t,z))2dzdt < C|¢)?,

for all real values |§| < r.
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Proof. We first prove (3.4).

[ [ w40 et 0
0 ™
:/OT/T (/Olvu5=€(t,x+eg)-5d9)2d:cdt

1 T
< 16\2/ / / |Vud(t, x + 0¢) > dxdtdd
0 JO Qr

1 ,T
< |§\2/ / /Q Vu® (¢, 2) Pdxdtdd = || VU720,
0 JO
Thus we deduce from (2.3) that
T
1
| [t o) — et dude < e,
0 Jo €

where C is the constant in (2.3) which is independent of ¢ and e.
Next, we prove the inequality (3.5).

/T/<@ﬂax+®—u“@m»%ﬂﬁ
0 1
= /OT/I (/01 Vué’e(t,x +6¢) - {d@)zdxdt

1 T
< !5\2/ / / |Vu®<(t, x + 0¢) > dxdtdo
o Jo Jar

1 T
SKP[;A A\vwﬂmm%mmw:mﬂNMWémmymy
1

which in view of the inequality (2.2) implies that

T
/ / (™ (t 2 + &) — u"(t, 2)) dadt < CT¢J%,
0 1

where C1 is independent of § and e. O

Lemma 3.4. For any small positive constant r > 0,

(1) There exists a positive constant C, which is independent of & such
that

T—r
/ /(u‘s’e(t +7,2) — u¥(t, x))2dadt < C.r,
r Q

for all real values T with 0 <7 <r <T.
(2) There exists a positive constant C which is independent of 6 and e
such that

T—r
(3.6) / / (U (t + 7,2) — u¥(t,z))2dzdt < O,
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for all real values 7 with 0 <7 <r <T.

Proof. We have

T—r
/ / (WOt + 7, 7) — uD<(t, ) dadt
T Q

T—r T
= / / (uP€(t + 7,2) — ud(t,x)) (/ uf’e(t + s, x)ds) dxdt
r Q 0

T—r
<uf’€(t +5,2),ud(t + 7, x))dtds

IN

T— 'r
(t+ s,x),ud(t, z))dtds

IN

27 [lug* HL?(OT(HI W L2021 ()

2rCor [|QUTM? + C2/c,

N

where C, Cs are the upper bounds in Lemma 2.3, which are independent
of § and e.

Next, we prove (3.6). Let p(z) € C2°(€1) be such that 0 < p < 1in
and p =1 on Q7. We extend p by 0 on €. Then we have

T—r
/ / (uP€(t + 7, ) — u¥(t, z))*dedt

< /T r/ (t+71,2) — ud(t, x)) dadt
_ /T r/ “(t+72)— ‘S’E(t,x))(/OTuf’e(t+s,a:)ds)da:dt
T— r

(t+ s, 2), p(2)u®(t + 7, 2))dtds

T—r
uC(t+ s,2), p(x)ud(t, z))dtds

< 27—”“1& HL2 o1y @) 118 | 207111 () -
We remark that

6 Na € 1/2
|| 2 (0,T;H(Q)) = / / w2 + P Vud€|? + (u® )2V ul*dzdt) /

S(/ / (u5’6)2+\Vu5’62
0 (971

<\TMA(] +1IVal32(q,)) + CF,

1/2

|V ul2dzdt)
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where C} is the upper bound in (2.2). Then we obtain

T—r
/ / (WOt + 7, 7) — uP (¢, o)) dadt
A

< 270 [TM( ] + [ Val3(q,) + CE.
which is independent of § and e. O

Thus we conclude that {u®¢} is precompact in L?(Qr) and that there
exists a function u¢ € L*(Qr) such that u®€ converges strongly in L?(Qr)
along a subsequence. We are ready to show that the function uf(¢,z) is a
weak solution of Problem (Ff).

Proof of Theorem 1.1. From the Fréchet-Kolmogorov theorem, we de-
duce that there exists a function u¢ € L?(Qr) and a subsequence {u‘si’e},
which we denote again by u®¢ such that

u€ — uf  strongly in L2((0,T) x Q) and a.e in Qr as 6 — 0.
Moreover, we deduce from (2.2) that
ud€ —~ u¢  weakly in L2(0,T; HY(Q)) as d — 0,
and it follows from (2.4) that
uP® —~uf  weakly in L2(0,T; (H)*(Q)) as 6 — 0,
so that u¢ € C([0, T); L3(9)). Next, we show that
(3.7) uP€(t,-) — u(t,-) weakly in (H')*(Q), for all 0 <t < T.
Indeed, for any 0 < 7 < T, for all test function ¢ € H* (),

(3.9) /Q (W, 7) — () bl = /0 /Q W Gt — /0 (WS, ) dt.
We remark that

. T d,€ _ T € _ € _
o)t [ o= [ o= [ @) - u@)ods
We deduce from (3.8) and (3.9) that

(3.10) lim (u6’6(77$) — up(z))pdr = /(ue(T, x) — up(x))pdx,

0—0 Jo Q

for all ¢ € HL(Q).

Next, we show that u¢ is a weak solution of Problem (P). Since u® is a
classical solution of Problem (F5), it is also a weak solution of this problem.
Thus it satisfies

/T/V”“@+D&@Wﬁﬂv¢—ﬂﬁﬂ@Mﬁ
0 Q
(3.11) :/uo(l‘)qﬁdw—/u6’€(T,x)<Z>(T,x)da:,

Q

Q
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for all test functions ¢ € C1([0,T] x ).
Since u®€ — u€ in L2((0,T) x Q) as § — 0, we deduce that

[ fin [ oo o

Moreover, we remark that
Dsc — D strongly in L*(Q) asd — 0

so that Ds V¢ — D.V¢ strongly in L?((0,7) x §2). This, combined with
the fact that as § — 0,

Vu®€ — Vus weakly in L2((0,T) x Q)

T T
/ / D5 NVu® -V — / / D.Vu -V
0 Q 0 Q

d,€

implies that

as & — 0. Since u®® converges to u¢ a.e. in Qr as & — 0, it follows
from the continuity of f that f(u®¢) converges to f(u€) a.e. in Qr as § —
0. Moreover, since that |f(u®€)| < My, we deduce from the dominated
convergence theorem that

/0 ' | #tye /0 ' JRIGE
as § — 0.

Since u®(T,-) — u(T,-) weakly in (H')*(Q) by (3.7),
/ (T, 2) (T, z)dx — / u (T, z)p(T, x)dx as § — 0.
Q Q

Therefore the passing to the limit 6 — 0 in (3.11), we conclude that u
satisfies the integral equality for all ¢ € C*([0,T] x Q)

// Wy + De(2)Vus - Vo — f(u)o)ddt
(3.12) _/Q uo(z )qbdx—/ﬂ uS(T, )(T, )dz.

Since C1([0,T] x ) is dense in H'((0,T) x ), we deduce that the identity
(3.12) also holds for all ¢ € H((0,T) x Q).
Next, we prove the uniqueness of the weak solution. First, we remark

uf = V- (De(x)Vu) + f(u) in L*(0,T; (H')*(9)).

Suppose that there exist two solutions u{ and u$ of Problem (P¥). Setting
w = u§ — uj, we have that

wy = V- (De(2)Vw) + f(ug) — f(uf) in L*(0, T3 (H')"(2)),
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which implies

[ it = [ (Du@)Tw) ) + (7 (05) — ), whe,
0 0

for all 0 <7 < T, that is

3 Lo+ [0 [ Dwwupasa= [* [ < / f’(S)d8> dudt

T 1
= / / w(u§ — uf) (/ J'(Oug + (1 — 9)u§)d9> dxdt
0o Ja 0
SMf/ /wzdxdt,
0 JQ

where Mf = SUPgepo, M) f(s), for all 0 < 7 < T. Applying Gronwall’s
lemma, we deduce that w =0 a.e. in Q. (]
4. SINGULAR LIMIT € — (

In this section, we prove that the solution of Problem (Fj) converges
strongly in L2((0,T) x 1) to the solution of (PY)
w=Aut f(u), (o) € (0,T) x 2
(PY) — =0, (t,z) € (0,T) x O
uw(0,z) = ug(x), =€y,
and that the solution of Problem (Ff) converges weakly in L?((0,7) x Qo)
to the solution of Problem (Q)

0 u = f(u), (t,z) € (0,T) x Qo
(QO) {U(O,x) = u0($)7 z € Q.

The solution of (PY) is defined in a weak sense.

Definition 4.1. A function u € C([0,T]; L?(0,T)) N L2((0,T); H(21)) N
L>®((0,T) x ) is called a weak solution of (PY) if

//Q —udy + Vu - Vo — f(u)é)dxdt

(4.1) _ /Q o(2)6(0.2)dz — [ (T, x)o(T, x)da,

Q1
for any test function ¢ € H*((0,T) x ).

It is standard that Problem (P(?) possesses a unique weak solution. Fur-
thermore, this weak solution is actually a classical solution u € C12((0,T') x
Q) N C([0,T] x Q7). Therefore, to complete the proof of Theorem 1.2, we
need to show that the limit of u¢ converges strongly in L2((0,T) x ©1) and
satisfies (4.1).
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Proof of Theorem 1.2. Since 0 < u¢ < M and (2.4), there exists a func-
tion uw € L>((0,T) x ) and a subsequence {u‘"} such that

u — a4  weakly in L2((0,T) x Q) as €, — 0,
ugm — @y weakly in L2(0,T; (H)*(Q)) as €, — 0.

Next we show that u» — @ strongly in L2((0,T) x Q1). Indeed, the suffi-
cient estimates on differences of time and space translates follow from (3.5)
and (3.6). Moreover, since u€ is bounded in L*°((0,7) x §2), the property
(2) in the Fréchet-Kolmogorov theorem is satisfied. Thus, we can apply the
Fréchet-Kolmogorov theorem. We conclude that there exists a subsequence
of {u"} which we denote again by {u"} such that

u™ — @ strongly in L?((0,T) x ;) and a.e. in (0,T) x 1 as €, — 0.
We will show below that 4 is the unique solution of Problem (PY).

Lemma 4.2. For each ¢ € H'((0,T) x ),
T
/ D(x)Vu® - Vodzdt — 0 as € — 0.
0 Jo
Proof. From (2.3), by the Cauchy-Schwarz inequality,

‘/OT o De(z)Vu© - V¢d$dt‘ < €llVusll Lz 0,1y x00) IVl 2((0,7) x20)
< Ce|| Vullz2 o)<
< CVe,
which converges to 0 as € — 0. (]
It follows from (2.2) that
Vut — Vi weakly in L2((0,T) x 1),
and since |f(u)| < My, there exists a function
x € L>((0,T) x )
and a subsequence of {u‘*} which we denote again by {u‘"} such that
fus) = x  weakly in L2((0,T) x Q) as €, — 0.
Moreover, since u» — @ a.e. in (0,7") x £y,
fu™) = f(a) a.e. in (0,7) x
and by Lebesgue’s dominated convergence theorem,
fu™) — f(u) strongly in L*((0,T) x Q1) as €, — 0.
Thus
(4.2) x = f(a) a.ein (0,7) x Q.
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We rewrite (3.12) in the form

T
/ {—u @y + Vur - Vo — f(u)p} dudt
0 (951
T
+ / {—u" ¢y + eVu™ -V — f(u™)p} dadt
0 Jo

_ /Q o(@)9(0, )z + /Q wo(w)o(0, 2)de - / w (T, 2) (T, ) dz

Q
for all ¢ € H*((0,T) x ), in which we let ¢, — 0 to obtain

/OT /Ql(—ﬂcf)t + V-V — f(u)p)drdt + /OT /QO(_ad,t ~ xo)dadt
(4.3) = /Q1 uo(x)¢(0,a:)dx+/ﬂo uo(w) (0, z)dx — / a(T, 2)¢(T, z)dx,

Q

for all ¢ € HY((0,T) x Q), since ur(T,x) — u(T,z) weakly in (H)*().
Take ¢ arbitrary in H((0,7) x Q) such that ¢(T,z) = 0 for x € Qy and
¢ =01in (0,7) x Q1. Then, (4.3) becomes

T
/0 /QO(—uqﬁt — x¢)dxdt = /Qo uo(x)e(0, z)dz,
that is

(4.4) —/OT<ut,¢>>dt—/OT/QO X¢dxdt+/go (@(0, ) —uo(2)) (0, z)dx = 0.

Taking ¢ arbitrary in C2°((0,7T) x ), we deduce that
(4.5) uy=x forae. (t,z)€ (0,T) x Q.

Now taking ¢ arbitrary in H'((0,T) x ) such that ¢(T,z) = 0 for x € Q
and ¢ =0 in (0,7) x ©1, we deduce that

(4.6) w(0,z) = up(z) a.e. for z € Q.
Furthermore, if we take ¢ € C1([0,T) x Q) arbitrary in (4.3), we deduce
from (4.5) and (4.6) that

(4.7) / /Q (6, + V-V~ f(5)o) et = /Q 0(e)0(0, ),

which also holds for arbitrary ¢ € CL([0,T) x Q).
Lemma 4.3. There holds x = f(u) in L*=°((0,T) x Q).

Proof. We already proved that this property holds in (0,7") x 1, but not
yet in the whole domain (0,7") x 2. We define

c:= sup f'(s),
s€[0,M]
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and set

and

g(t,v) ==e f(e ) —cv, X :=e Ux—cu), 1:=e"p.

We will apply a classical monotonicity argument, which can be found, for
instance, in [10]. We recall that by Definition 3.1, we have

/ / Wen + De(2)Vus - Vb — f(u))dadt
= [ wola)o(0.a)de ~ [ w(T)oT )i,

Q
for all ¢ € H'((0,T) x ), which implies that

/ / UYr + De(2)Vo© - Vb — g(t,v))dadt
:/QUO(:EW(O’x)dx_/UE(Taiﬂ)zZ)(T,m)dx,

Q
for all ¢» € H*((0,T) x ), so that also

(4.8) / v, P)dt + / / Vo - Vi — g(t, v))dxdt = 0,
for all v» € L%(0,T; H'(2)). We have that
gy(t,v) —ct ctf<ct €>—C=f(€CtUE)—CSO,
where we have used the fact that
0 S ue _ ect € < M.

Since g is decreasing in v we deduce that

// (t,0%) — g(t, ) (v¢ — ¥)dzdt < 0,

for ¢ € L*(0,T; H'(2)). Thus,

(4.9) Ozliminf/ / (1,05 — g(t ) (0 — o)dadt

e—0

= lim inf( / / ot v o dadt
/ / (t ) fdxdt—/ / (£, 0%) — g(t, ) bdadt)

Substituting ¥ = v in (4.8), we obtain

(4.10) / vg, v)dt + / / -Vt — g(t, v°)v)dzdt = 0.
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Combining (4.9) and (4.10) yields
T T
OZlimiOnf(/ <vf,v€)dt+/ /De(x)Vv€|2d:cdt
e—
/ / (t,7) dedt—/ / (t,v° (t,v))dxdt)
:hmi(l]af /|v de—/ |uol dm—{—/ /D (z)|Voe|*dzdt
e—
—/ /g(t, dedt—/ / (t,v) — g(t,¥))dzdt).
0 Q

Thus letting € tends to 0, we deduce that

(4.11) ozl/ ]v(T)|2dx—1/ |u0]2dx+/T/ Vo|2dadt
/ / (t, 9 vdwdt—/ / ))dxdt

We remark that (4.2) and (4.3) imply

T T T
/ (g, p)dt + / (Va- Vo — xo)dzdt — / / xpdxdt = 0,
0 o Jou 0 Jo
for all ¢ € L%(0,T; H'(€2)), which in turn implies that

T T T
/ (¢ + cv, ) dt + / (Vo - Vip)dzdt — / / e Ixpdadt =0,
0 o Joi o Jo

T T T
(4.12) /0 (v, Y)dt + /0 o (Vo - Vip)dzdt — /0 /Qdeda:dt =0,

for all v € L2(0,T; H'(£2)). Setting 1 = v in (4.12) we deduce that
(4.13)

/|U T)|?dx — = /|u0| dx+/ |Vl dxdt—/ /de:ndt—()
951

Substituting (4.13) into (4.11) yields

/ / _ g)dwdt <0,

for all v € L2(0,T; H'(
Taking ¢ = v — Aw, )\ > 0 w € L2(0,T; HY(Q)), we deduce that

T
(4.14) /0 /Q(x (65— dw))w < 0,

17
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for all w € L?(0,T; H*(Q)). Letting A — 0 in (4.14), we obtain

(415) [ [G-steomw <o

for all w € L?(0,T; H*(R)). Setting w = —w in (4.15), we deduce that

[ [ stwame=o

which yields that

or else

(4.16) x = f(a) ae.

Taking ¢ € CL([0,T) x §;) arbitrary in (4.7) yields
T
| (a4 va- Vo - f@ortsdt = [ w(a)o, o)z,
0 Qq 951

for all ¢ € CL([0,T) x Q1). Then taking ¢ arbitrary in C°((0,T) x Q1), we
deduce that u satisfies the partial differential equation

uy = Au—+ f(u), in the sense of distributions in (0,7 x ;.
Next we take ¢ arbitrary in C°([0,T") x €1), to deduce that
u(0,x) = up(z), =€ Q.
Finally, taking ¢ arbitrary in C°((0,7) x €;) in (4.7), we deduce that

o
a—u =0, in the sense of distributions on (0,7) x I.
v
It then follows from standard arguments that @ coincides with the unique
classical solution u of Problem (Py). O

Proof of Theorem 1.3. The result of Theorem 1.3 follows from (4.5) and
(4.16). O

5. NUMERICAL SIMULATION

In this section, we observe the evolution of the solution of (F§) numer-
ically and test the appearance of the Neumann boundary condition along
the interior boundary 0€2; when ¢ — 0. For the test, we consider a one-
dimensional problem with @ = (0,4) and its inner domain ; = (1,3).
Then, the equation (Ff) is written as

up = (Deug)y + f(u), t>0, 0<z<4,
(5.1) ug(t,0) = uy(t,4) =0, t>0,
u(0,z) = up(z), 0<x<4.
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We take the initial value, reaction function, and diffusivity respectively as

(5.2) uo(x) = sin(nz/4), f(u) = —u(u—1/3)(u—1),
and
5 P {! e

The snapshots of the numerical solutions of (5.1)—(5.3) are given in Figure
2 at the moment ¢ = 0.1 with four cases of € values. For this computation,
the MATLAB function ‘pdepe’ is used with a mesh size Az = 0.001. The
behavior of the solution at the interface = 1 is magnified. We can observe
a development of discontinuity of the gradient |Vu| and the solution itself u
at the interface x = 1. This is due to the continuity relation of the flux at
the interface, which is €| Vu(1—)| = |Vu(1+)].

1 0.9
e=exp(—1
€= e:rﬁ%—?j —_— = erp(—1)
e = exp(—4) — = erp(—2)
€ = exp(—8) €= exp(—4)
5 o —c = exp(—8)
0 1 2 0.8 1 1.2

FIGURE 2. Solution snapshots at ¢ = 0.1 to see the early devel-
opment of interface. An interface develops as ¢ — 0.

Theorem 1.2 says that the solution of (FPj) converges to the solution of
the Neumann boundary problem (PY) in the inner domain. The Neumann
problem corresponds to (5.1) is

U = Ugy + f(u), t>0, 1<x<3,
(5.4) ug(t,1) =ugy(t,3) =0, t>0,
u(0, ) = up(z), l<z<3.

The same initial value in (5.2) is taken from the inner domain (1,3). The
snapshot of the numerical solution of the Neumann problem (5.4) is given in
Figure 3 together with the snapshots in Figure 2 in the whole inner domain
Q2 = (1,3). We can observe that the solutions of (5.1) converge to the
solution of the Neumann problem (5.4) as € — 0.

In Figure 4, the gradient values |Vu(t,14)| at the interface are given
reducing € with e = e/ for j = 0,---,8. They are given at three moments,
t = 0.01,0.03 and 0.05. We can see that these gradient values decay to zero
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0.95
£ |===e=exp(—1) 3
£ f T e [‘_;}) 5 oY
4 7 €= exp(—2 2
o e = expl—4) \
/ — — —-e=exp(—8) N
! N ' \
Neumann
0.75
1 3

FIGURE 3. The solution of (5.1) converges to the solution of Neu-
mann problem (5.4) as € — 0. Snapshots are in the inner domain
at time ¢ = 0.1.

as € = 0. The second figure is displayed in the log-log scale. We can see
that In(|Vu|) and In(e) satisfy a linear relation,

In |Vu| = aln(e) + b,
which is equivalently written as
|Vu| = ebe?.

Then, the three cases with ¢ = 0.01,0.04 and 0.09 gives convergence order

of
670.594160.4951’ t=0.01

]Vu(t, 1+)‘ o~ 6_0'611260'5172, t=0.04
6_0'665060'5333, t = 0.09.

We can see that the gradient of the solution at the interface converges to
zero as € — 0 approximately with order O(y/€), and the convergence order
increases as the time variable ¢ increases. This order is not surprising. For
a fixed time t > 0, the gradient |Vul in the region with diffusivity D = 1
is supposed to be bounded. In the region with D = ¢, the gradient |Vu|
is of order (1/4/€), which is from parabolic rescaling of the space variable.
Therefore, the interface condition

|Vu(t,14)| = €| Vu(t,1-)] = O(y/e) as e — 0.

In Figure 5, five snapshots of numerical solutions are given, which show
the long-time behavior of the solution when € is small. We took € = e~ 16
for this simulation. We can see that a discontinuity is developing at the
interface * = 1 very quickly (¢ = 0.1). However, the long-time dynamics
take it over and eventually converge to a step function with the discontinuity
at x = 0.4327 decided by the initial value and the reaction function. This
behavior is expected since the solution behavior in the region with D = ¢
follows the ODE solution u = f(u) as e — 0. Since the unstable steady
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0.6 100 l
107

—e—1=0.01 —e—1t{ =0.01

—e—t=004 ——1t=0.04

g t=0.09 2 t =0.09

10
0 -

Q 1 104 102 10°

FIGURE 4. z-axis is € > 0. The graph is for |[Vu(¢,11)|. The
solution satisfies zero Neumann boundary condition as € — 0.

state is w = 1/3 and the initial value takes the value at x = 0.4327, i.e.,
u0(0.4327) = 1/3, the discontinuity develops at the point x = 0.4327.

t=0.1
t=1.6
t=4.9
t =10
t =16.9

#

/1 .
0 0.4327 1 2

FIGURE 5. Long-time behavior with ¢ = ¢~ 16, For small ¢ > 0,
a discontinuity develops at = 1. Solutions converge to a step
function with a discontinuity at x = 0.4327 as t increases.

ACKNOWLEDGEMENTS

The research was supported by the National Research Foundation of Ko-
rea (NRF-2017R1A2B2010398).

REFERENCES

[1] M. Alfaro, T. Giletti, Y.-J. Kim, G. Peltier, and H. Seo, On the modelling of spa-
tially heterogeneous nonlocal diffusion: deciding factors and preferential position of
individuals, J. Math. Biol. 84 (2022) 38.

[2] H. Berestycki, H. Matano, and F. Hamel, Bistable traveling waves around an obstacle,
Comm. Pure Appl. Math., 62 (2009) 729-788.

[3] Haim Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer, 2010.

[4] Sydney Chapman, On the Brownian displacements and thermal diffusion of grains
suspended in a non-uniform fluid, Proc. Roy. Soc. Lond. A 119 (1928), 34-54.



22DANIELLE HILHORST, SEUNG-MIN KANG, HO-YOUN KIM, AND YONG-JUNG KIM

[5] J. Chung, S. Kang, H.-Y. KIM, AND Y.-J. KIM, Diffusion laws select boundary
conditions, prepreint

[6] E.C.M. Crooks, E.N. Dancer, D. Hilhorst, M. Mimura, and H. Ninomiya, Spatial seg-
regation limit of a competition-diffusion system with Dirichlet boundary conditions.
Nonlinear Analysis: Real World Applications, 5 (2004), 645-665.

[7] J. Hulshof, Bounded weak solutions of an elliptic-parabolic Neumann problem, Amer-
ican Mathematical Society, 303 (1987), 211-227.

[8] Y.J. Kim and H.J. Lim, Heterogeneous discrete-time random walk and reference point
dependency, (2023), preprint

[9] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems,
in: Progress in Nonlinear Differential Equations and their Applications, Vol. 16,
Birkhé&user, Basel, (1995).

[10] Martine Marion (1987), Attractor for reaction-diffusion equations: existence and es-
timate of their dimension, Applicable Analysis : An International Journal, 25:1-2,
101-147.

[11] Hiroshi Matano, Asymptotic Behavior and Stability of Solutions of Semilinear Diffu-
sion Equations, Publ. Res. Inst. Math. Sci., 15 (1979), 401-454.

[12] C. V. Pao, Parabolic Systems in Unbounded Domains I. Existence and Dynamics,
Journal of Mathematical Analysis and Applications 217 (1998), 129-160.

[13] M.J. Ward and D. Stafford, Metastable dynamics and spatially inhomogeneous equi-
libria in dumbbell-shaped domains, Studies in Applied Mathematics (1999),

[14] M. Wereide, La diffusion d’une solution dont la concentration et la temperature sont
variables, Ann. Physique 2 (1914), 67-83.

(Danielle Hilhorst) CNRSANDLABORATOIRE DE MATHEMATIQUES, UNIVERSITY PARIS-
SACLAY, 91405 ORrRSAY CEDEX, FRANCE
Email address: danielle.hilhorst@universite-paris-saclay.fr

(Seung-Min Kang) DEPARTMENT OF MATHEMATICAL SCIENCES, KAIST, 291 DAEHAK-
RO, YUSEONG-GU, DAEJEON, 34141, REPUBLIC OF KOREA
Email address: rkdtmdalsx@kaist.ac.kr

(Ho-Youn Kim) COMPUTER, ELECTRICAL AND MATHEMATICAL SCIENCES AND ENGI-
NEERING D1vISION, 4700 KING ABDULLAH UNIVERSITY OF SCIENCE AND TECHNOLOGY,
THUWAL, 23955-6900, KINGDOM OF SAUDI ARABIA

Email address: hoyoun.kim@kaust.edu.sa

(Yong-Jung Kim) DEPARTMENT OF MATHEMATICAL SCIENCES, KAIST, 291 DAEHAK-
RO, YUSEONG-GU, DAEJEON, 34141, REPUBLIC OF KOREA
Email address: yongkim@kaist.edu



