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Abstract

In this article we propose an Oleinik-type estimate for sign-changing solutions to a
convection—diffusion equation

u + (Ju’ /), = puy,  u(x,0) =up(x), u,xeR, 1<y<2, p,r>0.

Since the Oleinik entropy inequality holds for nonnegative solutions or inviscid case (u = 0)
only, the theoretical progress for the case was limited. In this paper we show that its solution
satisfies an Oleinik-type estimate,

2
ru.<C, 1<y<2, t>0,

where C = C(up,y)>0. Using this estimate, the convergence to an N-wave is proved for sign
changing solutions and the theoretical gap in asymptotic convergence of the corresponding
problem is filled.

© 2003 Elsevier Inc. All rights reserved.

1. Introduction

We investigate the competition between the convection and the diffusion which
frequently appears in many physical phenomena. Since such a co-relation plays an
important role in the evolution of solutions of the corresponding mathematical
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models, a survey of their interaction in a simpler model may provide a good insight
of those models. In this paper we consider a Cauchy problem of a scalar convection—
diffusion equation

U+ 0y f(u) = putyy, u(x,0) =up(x), u,t>0, x,uck, (1)

where the initial value is integrable uge L'(R) and the convection is given by the
convex power law

=Sl @)
The convexity of the convection can be easily verified, i.e., f”(u) = (y — 1)[u =0
for all ue R.

Benilan and Crandall [2] have studied regularizing effects of convection and
diffusion together in a single framework based on the homogeneity. However, the
long time regularizing effect generated by the diffusion is different from the one by
the convection and, therefore, it is required to understand the difference to obtain a
better asymptotics. There are two kinds of sources to generate the competitions
between them. The first one is due to the difference in the similarity structure
between the diffusion equation (f = 0) and the convection one (u = 0). This kind of
competition is now well understood thanks to recent results to be mentioned below.

A convenient way to see this phenomenon is to transform the problem using
similarity variables:

s=1In(r), &=x/Vt, w(é&s) = tu(x,1). (3)
We can easily check that problem (1), (2) is transformed to

Wy + % (Iwl" — éw); = pe" 2 2wee, & s,weR, u>0. (4)
For y>2, the coefficient in the diffusion term increases exponentially as s— oo.
Hence it is expected that the effect of the diffusion dominates the one of the
convection in this case. In fact the asymptotic structure of the solution is same as the
one of the heat equation and is obtained by a technique based on the diffusion (see
[9]). If y = 2, the equation is called the Burgers equation and is the border case. In
this case the coefficient in the diffusion term is constant and the effects of the
diffusion and the convection are balanced. The asymptotic structure of this case is a
diffusion wave which is an intermediate stage between the heat kernel and the N-
wave (see [16,17]).

Note that the N-wave of the convection equation (¢ = 0) under the convex power
law (2) is given by

= =
Mgl = 4 S0 VR ~(E)T <<,

0 otherwise,
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where [\° Ny(x,0)dx =g and [°_ N,,(x,f)dx = —p. If p=0, the N-wave is a
positive function.

For y<2, the coefficient in the diffusion term decreases to zero exponentially as
s— c0. Hence it is natural to expect that the convection dominates the whole
evolution. In fact, Escobedo et al. [7] show that a positive solution converges to a
positive N-wave which is the asymptotic structure of the convection equation. This
convergence is obtained by a technique based on the Oleinik estimate. This result is
extended to multidimensional space and to various convection functions (see [4,6,8]).
For a sign changing solution with 1<y<2 there is no result on the asymptotic
convergence so far.

The other kind of competition between the convection and the diffusion appears
across a point of a sign change, which is of our main interest in this paper. The role of
the convection is usually interpreted in terms of the wave speed f”(u) = sign(u)[u|’"".
Since the wave speed f”(u) for the positive value u>0 is opposite to the one for the
negative value u <0, the positive and the negative humps of the solution may collide
together or get separated away from each other. On the other hand the flux generated
by the diffusion depends on the slope d,u only, and it makes a positive and a negative
humps interact as long as J,u#0 across a zero point. Note that the Oleinik estimate
does not hold across a sign-change because of this kind of competition.

For a convex-concave convection such as

f(u) = sign(@)lul’/y, y>1,

the second kind of competition is not observed since the wave speed f”(u) = |u] ™" is
always positive. For this type of convection, the asymptotic convergence for sign
changing solutions has been shown in [7], which is identical to the one of positive
solutions. For detailed asymptotic structure we refer readers to [5,14,19] for inviscid
conservation laws and [4] for convection—diffusion equations.

The only asymptotic convergence for the convection—diffusion equation of the
type (1) that still remains open is of sign changing solutions under the convex power
law (2) with 1 <y<?2. In [7], it is shown that positive solutions satisfy the Oleinik
estimate and that, using this estimate, they converge to positive N-waves. This
technique is not directly applicable to sign changing solutions since the estimate does
not hold anymore (see Remark 5). To overcome this difficulty we introduce a weak
form of the Oleinik estimate that is satisfied by the solution of the convection—
diffusion equation with 1<y<2.

The generalization of the Oleinik estimate has been considered for several cases.
We refer to Hoff [13] for multidimensional problems, Sinestrari [21] for conservation
laws with source terms, Jenssen and Sinestrari [14] for a nonconvex convection and
Bressan and LeFloch [3] for genuinely nonlinear systems.

It is well known that the solution of the inviscid problem (u = 0) satisfies the
Oleinik estimate:

O (u)(= (7 — DlulPux)<1/t, p>1, 1>0. (6)
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In Section 3 we show that the solution of the convection—diffusion equation satisfies

2
ru.<C, 1<y<2, t>0, (7)

where the constant C >0 depends on the initial value uy and y (see Theorem 7). This
estimate is a weak form of the Oleinik estimate for the solution of the convection—
diffusion equation. For the comparison with the original Oleinik estimate (6), we
may rewrite estimate (7) as

C (V) T ue<1/t, 1<y<2, >0. (8)

Since max, |u(x, ?)| = O(1//1) (see [15]), these two estimates, (6) and (8), are almost
equivalent for a large time #> 1. On the other hand, since (v/7)* 7/ —0 as 1—0, we
may say (8) is weaker than (6) for small >0. Note that, for the Burgers equation
(y =2) we show that these two are identical with C = 1. Using this Oleinik-type

estimate, we show our main result:

Theorem 1. Let u(x, t) be the solution of the convection—diffusion equation (1), (2) with

1 <y<2. Then there exists a constant 0<p< — inf ff uo(&) d& such that

0

(-5 2) = Nppena (-5 Ol 1y >0 as 1— 0, 9)
where M = [uy(x) dx and Nj iy (x, 1) is the N-wave given by (5).

This papers is organized as follows. In Section 2, we introduce a technique
to obtain the uniform estimates of similarity solutions to the inviscid problem
which is based on the Oleinik estimate. This technique is modified in Section 3 to
obtain the corresponding uniform estimates of similarity solutions of the
convection—diffusion equation. The weak form of the Oleinik estimate (7) is
obtained as one of the results of this process. In Section 4 we develop a technique
that connects the solutions in similarity variables and in original ones by introducing
an artificial time variable. Finally, using this technique and the uniform estimates in
Section 3, the asymptotic convergence of the sign changing solution (Theorem 1) is
proved.

2. The Oleinik estimate for inviscid problems

It is well-known that, if there is no diffusion, the nonlinearity in the convection
equation,

u+ O f(u) =0, u(x,0) =up(x), u,1>0, x,ueR, (10)

introduces a singularity to the solution even with a smooth initial value. There-
fore, weak solutions are considered in this paper with an entropy admissibility
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condition that is
u(x—, 1) =zu(x+,1), xeR, t>0. (11)

Let u(x, ) be the solution to the conservation law (2), (10) satisfying the entropy
condition (11). It is also well known that the nonlinearity of the convection gives
extra regularizing effects to the solution, which is reflected in the Oleinik estimate,

O (W)(= (v = Dl u)<1/t, y>1, 1>0  (6).

This estimate implies that the upper bound of f”(u)u, converges to zero having order
O(1/t) as t— oo. On the other hand its lower bound may break down in a finite time,
and this is the mechanism of the shock appearance and makes the entropy condition
(11) valid.

The Oleinik estimate has played a key role in the development of the theory of
shock waves. We refer to Oleinik [20] for the uniqueness theorem of entropy
solutions, Glimm and Lax [12] and Liu and Pierre [19] for the large time convergence
to N-waves, and Escobedo et al. [7] for convection dominant convection—diffusion
equations.

The similarity profile g : R— R of the convection equation (10) is defined by the
relation f”(g(x)) = x, xe R. Under the power law (2), it is given as

g(x) = sign(x) VI, xeR. (12)

Roughly speaking, the equality of the Oleinik estimate holds for a solution given by
u(x,t) = g(x/t). In the asymptotic convergence the similarity profile at the zero state
is important, which is

0, 1<y<2,
limg'(x)=q L 7=2 (13)
) 0, p>2.

Consider the similarity variables in (3). Then the rescaled function w(¢&, s) is a weak
solution to the transformed inviscid problem

1 '
ws + ;(|w|} —¢w): =0,

Es,weR, y>1, (14)

w(&,0) =u(é, 1),

and satisfies the same entropy condition
w(é—,s5)=w(é+,s), EeR. (15)

Note that w(&,0) is not the original initial value uy(¢) after the change of variables.
The new time variable s = In ¢ has values in R and s = 0 corresponds to ¢ = 1.
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The steady state of the inviscid problem (14), (15) is an N-wave which is a member
of the two-parameter family of single variable functions

= R
Npg(e) =4 98 —GH) 7 <E<GH) 7 (16)

0 otherwise,

where positive parameters p and ¢ measure the area (or mass) of the negative and the
positive humps of the steady state, respectively. If the total mass M = [ N, ,(&) d&(=
g — p) is prescribed, there is an one-parameter family N, ;s corresponding to the
mass M. This N-wave in similarity variables is simply a rescaled one of the classical
N-wave in (5). Furthermore, after the transformation, the Oleinik estimate is also
transformed to

Bz f'(w) = (sign(w)|w" "), < 1. (17)

Since f'(g(&)) = &, we can easily see that the N-wave is the special solution that the
equality in the transformed Oleinik estimate holds. We note here that the time
variable has been disappeared after the change of variables. It simplifies the
computations considerably and helps us to focus on the main issue of the
phenomena. This is the reason we insist to use the similarity variables in the
computation. We can convert the results in the similarity variables to the original
ones whenever we want.

Lemma 2. Suppose that a function w(&,s) satisfies the Oleinik estimate (17) and that
w(z,s) = g(z — &) for a point ze R. Then,

w(&,5)=g(&— &) for {<z,
w(é,s)<g(&— &) for >z (18)
Furthermore, if 1 <y<2 and w(&y,s) = 0, then wg(&y, 5) <O0.

Proof. We can easily check that d; /' () for the function w(&) = g(& — &,). Since

=1
Oef"(w)<0: f'(w) and f'(w(z,s)) = f'(W(z,5)), we have
f1(w(&, ) =f (w(E,s)) for é<z,
ST (w(&,9)<f'(w(&,s)) for &>z

The convexity of the convection, f”(u), implies that f’(u) is an increasing function
and, hence, (18) is obtained. Since ¢’'(0) = 0 for 1 <y<2, the estimate (18) implies
that we(&,s)<0. O

Remark 3. Let w(&,s) be the solution of (14) that satisfies the entropy condition (15).
Then, since the solution w satisfies the (transformed) Oleinik estimate (17), we may
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apply Lemma 2. If the estimates are transformed to the original variables, we may
conclude that, if u(z,7) = g((z — x¢)/t) for ze R,

u(x,t)=g((x — x0)/t) for x<z,
u(x,)<g((x — x0)/t) for x>z,
and that, if 1<y<2 and u(xo,?) = 0, Oyu(xo, ) <0.

Next we introduce two functions of integrals of the similarity solution w(&,s) that
are

W_(¢&,s) /C‘ w((,s)dl (= W(E,s) ),

[}
W) = [ e di= Mo = W(Es) (19)
¢
Then W satisfies a Hamilton—Jacobi-type equation
1 . y—
W, +—(sign(We) W™ = )W =0, (20)

and two quantities,

X

p=—inf W(¢s) = —inf / u(y,e’) dy,
C X

— 00

q=sup W, (¢,s) = sup / u(y,e’) dy, (21)
¢ x x

are the invariant constants of the problem (see [18]). In the following lemma we show
that the similarity solution w(¢, s) is uniformly bounded. In the proof of the lemma
we introduce a technique based on the similarity profile g(x) and the Oleinik
estimate. This technique is developed in the next section to show the uniform
estimate of the solution to (1).

Lemma 4. Let w(&,s) be the entropy solution of (14) and W (&, s) be its integral given
by (19). Then W and w are uniformly bounded by

—A<W(E,5)<B, (22)
s (v(A+ B
e <122 23)

where A = —inf: W(&,0) and B = sup; W(£,0)>0.
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Proof. Note that the constant A4 is one of two invariant constants in (21) (i.e.,
A = p), but B is not the other one in general. Estimate (22) simply follows from the
maximum principle for Hamilton—Jacobi equations. Now we show the uniform
estimate for w(&,s). Let wy = w(z,s) for a given point ze R. To show the upper
bound of w(¢,s) we consider wy>0. Let & = z — w)) '. Then w(z,s) = g(z — &) and
(18) implies that

-1
0</ w(&,s) —g(&— &) dE = / (&ys)de -1 wp-
<o
So wy is bounded by
Wo <y L/Zw(é,s)dé. (24)
y—1 &o
For any a,be R, we have
/ (&,5)dé = / W(E,5) dé — / 4E< sup W(E,s) —inf W(E.5)

Since the right-hand side is 4 + B, we obtain the upper bound for w(&,s), i.e

y '))(A + B)

w(&,s) < —

Let wo = w(z,5) <0 and & = z + |wo|""". Then w(z,s5) = g(z — &) and (18) implies
that

\W "

°>/Z W(E,s) - 660616/ o(E,s)de +7

So wy is uniformly bounded below by

- <o ,
Wo= — \/ ’ / w(é,s)dé = — 4 M
Vfl z yfl

Since the choice of ze R is arbitrary, the uniform estimate (23) holds. O

The uniform estimate of the transformed solution w(¢,s) is transformed to the
original variables

4+ B) L
|u(x, 1) < % £ (25)
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The decay rate O(¢~'/7) is exact. Considering the N-wave like solutions, we can see
that the coefficient part is also optimal.

The main tool to obtain the asymptotic convergence for the inviscid problem is the
method of characteristics. Since this method is not applicable under the presence of
diffusion, we do not pursue the convergence in this paper. We refer readers to
[12,15,18] for the asymptotic convergence of inviscid cases.

3. An Oleinik-type estimate for viscous problems

Now we consider the solution w(&,s; u) (or simply w(é,s)) to the transformed
convection—diffusion equation,

I 1 Y
wy + (— Iw|" — —éw) = e e,
Y Y ¢

w(&,0) =u(¢, 1), (26)
where &, s,weR, u>0and 1 <y<2.

Remark 5. In general a sign changing solution to the convection—diffusion equation
(26) with 1<y<?2 does not satisfy the Oleinik estimate (17). Suppose that w(¢,s) is
the solution of the problem with a special initial value w(&,0) = £. Differentiate
Eq. (26) with respect to ¢ variable. Then, after setting z(£,s) = we(&,s), we obtain

- | . 1 o
pel N 2 ;0 sign(w)pl L&)z - SO0 = Dl 2 -2)z-2,=0

with its initial value z(¢,0) = 1. Clearly, there exists a zero point &(s) € R such that
w(&(s),s) =0. Then, if w(-,s) satisfies the Oleinik estimate, then z(&y,s) =
we (&, 5) <0 from Lemma 2, which contradicts to the maximum principle for
parabolic equations (for example, see [11], Theorem 3 in Chapter 2). Hence, the
Oleinik estimate does not hold for sign changing solutions of the convection—
diffusion equation. Without the diffusion the solution would have the similarity
profile like structure which is flat at the sign changing points. But, under the effect of
the diffusion, the solution cannot be so flat.

Since the solution w(¢,s) does not satisfy the Oleinik estimate (17), we may not
apply the technique in the proof of Lemma 4. In the followings we modify the
technique and obtain uniform estimates of w(&,s) and its derivative we(&,s). As a
result we obtain a weaker form of the Oleinik estimate which is satisfied by the
solutions of the convection—diffusion equation. Recall that (26) arises from the
similarity transformation (3) and is set on R x R. We note that the estimates in this
section are independent of u and s.
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Lemma 6. Let w(&,s) be the solution to the Cauchy problem (26). If w(&,s) is
uniformly bounded for s<S< o0, ie.,

[w(é, s)|<M, s<S, (27)

then

W< ——— M*77, s<S. 28
Tk -1) 28)

Proof. Differentiate Eq. (26) with respect to ¢ and obtain
1 . - z . D)
Zty (7 sign(w)|wl"™" — &)z + ;(V(V — D[z = 2) = pel 2z,

where z = we. If z has an interior maximum at (&,s),s<S, then z; = z: = 0 and
zgz <0 at the point, and, therefore,

z(y(y — Dw[*z = 2)<0. (29)
Since y<2 and w is bounded by (27), we may conclude that (28) holds at interior
maximum points. If z has its maximum at the final time level s = S, then z;=0,

z¢ = 0,z£:<0 at the point and (29) holds at the point and we obtain (28) at the
maximum point again. Since

we(&Int) = V2 u (V1 &, 1), (30)
limg_, _ o, wg(&,5) =0 for a smooth initial value uy and (28) follows on the whole
domain. If the initial value is not smooth, we may approximate it by smooth

functions in a standard way and conclude (28) by a density argument. []

In the following we show the uniform boundedness of the solution w, which is
assumed in Lemma 6. Consider

¢
Wo(Es) = / w(l,s) i (= W(E,s)),

W, (& s) = /OC w(l,s)dl = My— W(,s). (31)

Then W (¢,s) satisfies a viscous Hamilton—Jacobi equation

1, . e .
W, +;(Slgn(W5) (We ™ = W = pel =P, (32)
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In this case the quantities in (21) are functions of the time variable s, i.e.,
p(S) = —inf W(L,s),
£

q(s) = sup W.(¢,5) = Mo+ p(s) (33)

are not constant anymore.

Theorem 7. Let w(&,s) be the solution of (26), W be its integral given by (31) and

A= —inf / up(x) dx, B =sup / uo(x) dx.

Then W,w and we are uniformly bounded by

—A<W (&, 5)<B, (34)
el {20 (53)

I 44+ B\
@< g (a1 (36)

Proof. Estimate (34) follows from the maximum principle for Hamilton—Jacobi
equations. Suppose that

. /4(4 + B)
< su w(é,s). 37
V(V - 1) 0<s<S?§eR ( ) ( )

Clearly, the supremum M = sup w(&,s) over a finite time domain 0<s<S is finite.
For any 0< M, <M, there exist £, eR and s<S such that w(&;,s) = M;. Since

Wwe <y M7 from Lemma 6, the function w(¢,s) — (GEpM> 7 (¢ — &) + M)) is

decreasing. Let &y = &; — @ M M"2. Then, we have

— /5] w(é,s)dé — M
¢

4
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Using estimate (34), we obtain

y(y — )MIMI?

; (3%)

&
W (&, s) = W(&,s) —i—/f w(é,s)dé> — A+

for any M; <M. Finally, from assumption (37), we obtain

W(E,s)> — A +M > B,

which violates (34). Since this contradiction is from assumption (37), we may

conclude that w(¢,s)<{/4(4 + B)/y(y — 1) for any ¢eR and s<S. Furthermore,

since the upper bound is independent from S >0, it is the upper bound for all s< c0.
Ifinf w(&,5)< — {/4(A + B)/y(y — 1) is assumed, then similar arguments lead to a

same kind of contradiction and, hence, (35) holds. Estimate (36) comes from (28)

and (35). O

Remark 8. Compare the uniform estimate (35) with the one for the inviscid problem
(23). For the Burgers equation, y = 2, both of the upper bounds are identical. For
1 <y<?2, our upper bound for the viscous problem is bigger than the one for the
inviscid problem. This is not for the actual decay speed, but for the technical
difficulty of the viscous case. In fact, the asymptotic limit in the Theorem 1 shows
that the solution of the viscous problem decays faster in the sense that the asymptotic
limit for the viscous problem is smaller than the one for the inviscid problem.

Remark 9. The uniform estimate (36) for the upper bound of we(&,s) can be
written as

2
2 1 (A4 BN
t'uxsc_Z(AJrB)(*/(v—l))' 39)

This estimate is the counter part of the Oleinik estimate for the solution of
convection—diffusion equation (1), (2) with 1<y<2. If y = 2, the equation is called
the Burgers equation, and we can easily check that the constant in the estimate is
C = 1. Hence, it is identical to the Oleinik estimate. For y <2, estimate (39) can be
considered as a weaker form of the Oleinik estimate which holds for the solutions to
the convection—diffusion equations.

4. Long time behavior of the convection—diffusion equation

In this section, we prove our main result that the solution of the convection—
diffusion equation (26) with 1<y<2 converges to an N-wave asymptotically, which
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is a steady state of the inviscid problem (14). First we show the existence of a
convergent subsequence and the basic structures of its limit.

Lemma 10. Let w(&,s) be the solution of the convection—diffusion equation (26) with
1 <y<?2. Then there exist a sequence s and a function w(&) such that w(&,si)—>w(&)
as sy — oo for any £€ R. Furthermore, inf: W (&, i) > — p as sy — oo _for a nonnegative
constant p=0, and

[@dc= tim [ de =, (40)
: ,
irgf /_OC w(()d{ = ngr} 1rg}f /_1 w({,sr) d{ = —p, (41)

where M = [uy(x) dx (= [w(&,s) d& for all se R). The convergence is uniform on any
closed interval on which w is continuous.

Proof. Since w:(¢,s) is uniformly bounded from the above as in (36), w(&,s) — CE is

A1+B>(4((/vl+ﬁ))2/}" Furthermore, since |w(¢&,s) — C¢| is

uniformly bounded on a closed interval [N, N] for any N e R", the Helly’s selection
theorem implies that there exist a sequence s, and a limit functlon w(&) such that
w(é, sk)—>w(&) for (e[—N,N] as sp— oo. By taking a subsequence of s; using
classical diagonal arguments, if needed, we obtain a subsequence s; and a limit
function w(&) such that

a decreasing function with C = 3

w(&, sk) > w(E) as sp— o0

for any £eR.
The maximum principle for the Hamilton—Jacobi equation (32) implies that the

infimum of W (&, s) (i.e., infe f w({,s) d¢) increases as s — co. Since the infimum is
bounded above by the zero value, there exists p>0 such that

infe ffoo w(&, s)dé— —p as s— 0.
Now we show a claim which is the main part of the proof

Claim. For any given ¢>0, there exist k,sy>0 such that

—e< / w(é,s)dé<e, s<sp. (42)
E<—k

We show this claim constructing a solution to the heat equation as a super
solution. Consider the solution ¥(x, ¢) of the heat equation

l//t = .ulpxx? lﬁ(X, O) = U()(X),
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which has the same initial value as the one of problem (1). Let h(¢,s) = /n(x, t) be
the similarity transformation given by the variables in (3) and H(&,s) be its integral

=/ : 5) d{. Then, from the explicit formula for the solution of the heat
equation h(§ s) is given explicitly by

e
h(E,s) 7’“ SV T, s =Int.

\/AF

We can easily check that, for y<2, h(&,s)—> Mo(€) as s— oo, h(E,0) = w(¢,0),
H(¢,s) converges to the heavy side function with the weight M and that H(¢,s) is a
solution of

s 1 :
e’ 2>/2H¢¢+§§H5—Hx:0, H(é,O)z/ h(&,0)d¢. (43)

Subtracting (43) from (32), we may check that U(,s) = W(¢Es) — H(E,s)
satisfies

1 3
'ue( )3/2 gf'i_ fUC Y:;‘WC,‘/>O

Since U(&,0) = 0, the maximum principle implies that W (&, s) < H(&,s). The upper
bound of (42) is now clear since H(&,s)—0 as s— oo for any £<0.

-1
Let ¢ = (4<A+B )) . Then the uniform estimate for w(¢,s) in Theorem 7 implies
P(r—1)

that |W:|"~' <¢. The Hamilton—Jacobi equation (32) for W (¢, s) is rewritten as

WyE— c.s) + §<sign<W¢<é e ) Wee — e )
(= W& — ¢,5) = e DLW — ).

Consider a translation W,(,s) = W (& — ¢,s) and a domain D = {(&,s) : w(¢, s) <0,
s>0}. Then W, satisfies

T ) EV.), = (W),
— ~(sien(W( — co)WE — sl + IWe(E - e.9)<0
for all (¢ —¢,s)eD. So U, = W, — H satisfies
el U 42 E(UL), = (U, <0,

The maximum principle implies that W.(&,s) > H(&,s) for all (¢ — ¢,s)eD. For any
given £,>0 and >0, there exists so>0 such that H(&,s)> — ¢ for all s>s9,{< —
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&y. So we have W(¢—c,s)= —¢ for all s>s50,é< — & and (¢ — ¢,s)eD. Since
W (&, s) has its infimum in the domain w(¢&,s) <0, we may conclude that W (& s)> —
¢ for all s>s0,&< — (& + ¢). Therefore, the lower bound in (42) holds with k =
¢+ &y. The proof for the claim is now complete.

In a similar way we may show | f5>k w(&,s)dé| <e and, hence,

<2¢, for all s>sp.

/ w(&,s)dé
EEY:

Applying the Lebesgue’s convergence theorem and the Fatou’s lemma, we obtain

/ w(¢)d¢ = lim w(é sx) dé = M — lim Ww(E, i) dé,
&<k SO JlE <k k>0 JIg| >k
[ < im | [ wiesde<2s
¢>k Se= 0 11 >k

From these two relations and the trivial one [W(¢)d¢= [, _, w(&)dE+
Jiei=x (&) d&, we obtain

‘/W(ﬁ) dﬁ—M‘<48 for any ¢>0.

Hence the equality in (40) holds.

Eq. (40) implies that the limiting process and the integration are inter-changeable
and (41) is clear from it. Note that the Helly’s selection theorem also implies that the
convergence of the subsequence is uniform on any closed interval if the limit W is
continuous on it. [

The next step is to show that w(&) is an N-wave. Then (40) and (41) decide the
limit w(&) independently from the choice of the subsequence sy, and this implies the
asymptotic convergence of the solution w(-,s) to the N-wave. To complete this
mission we need the regularity of wy(&, ;) =0 as s — oo . Obtaining such a regularity
is one of main issues in various asymptotic analysis. In the follows we introduce an
extra variable and consider an one parameter family of equations. Then we show the
corresponding limits are connected via the new variable satisfying certain relation.
The basic idea of this technique has been introduced in [7], and we present it using
similarity variables.

Let u(x, ) be the solution of the convection—diffusion equation (1). Consider a
transformed function

v(&,5,7) = elu(e’¢,e'1), seR, teR”. (44)
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We can easily check that

vy = Eers/"/ut7

1 :

vs = —(&v)e + ey,
Sl

vze = €M,

0:(|of") = 70 (|ul).

Now we may rewrite the convection—diffusion equation in two different ways. For a
fixed seR, (1) is written as

1, . s/ . .
vt §(|U|')i - ME(I 2)X/,U5§7 U(év 0) = elY//uO(eS/lia O)a (45)
and, for a fixed >0, it is written as
1 " D)/
vy + ;(‘L’|U|' —¢v), = el Z)S/*'vgc;, v(€,0) = u(é, 7). (46)

We may easily check that w(&,s) = v(¢,s, 1), and similarity Equations (26) and (46)
are identical for T = 1. It is clear that the only possible steady state for (45) is the
trivial solution v = 0. On the other hand, steady states for the transformed problem
(46) are N-waves given by

-1 -1

ip

Npq(é 1) = g(&/7), _(y—l) 7 <5/T<(Vqul)T7 .

0 otherwise,

where the similarity profile g(x) is given by (12). The key observation is that
N, 4(&,7) is a solution of the inviscid (u = 0) problem corresponding to (45) with
Npy(&,7) > (g —p)o(&) as t—0. In fact it is identical to the original N-wave (5) of the
inviscid problem.

The solution v(&;s, 1) satisfies the corresponding Oleinik-type estimate. Setting
z =vg(&,5,7) with a fixed 7>0, we obtain

2(3(y = Do ?2 = 2) <0,

which corresponds to (29). So, under the assumption |v|<M, we obtain

[245B) - then we may derive a
G—T)e

vg<ﬁM2ﬂ'. If it is assumed that v(¢,s,7)>

similar contradiction as the one in the proof of Theorem 7. In the following lemma
we write down the estimates.

Lemma 11. Let u(x,t) be the solution of the convection—diffusion equation (1) with
1<y<2and v(&,s, 1) be its transformation given by (44), which is the solution of (45)
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and (46). Then v(&,s,7) and ve (€, s,T) are bounded by

el < {2 (49)
I (444 B\
(65 (o) )

For a fixed 7> 0, the estimates in Lemma 11 are uniform with respect to variables
¢ and s. Since w(¢,s) = v(¢,s, 1), we are interested in the domain of 7<1 and the
lemma gives the uniform estimate over t€[tg, ;] for 79>0, which is used in the
following lemma.

Lemma 12. Let u(x,t) be the solution of (1) with 1<y<2 and v(&,s,t) be its
transformation given by (44). Then there exist a sequence sy and a function (&, 1) such
that v(&, s, 1) > (&, 7) as sy — oo for any E€R and ©1>0. Furthermore, 5(&, 1) is the
entropy solution of the inviscid problem (10) with its initial value t(&,0) = MJ(¢),
M = [uy(x)dx

Proof. Since v(¢,s,1) is uniformly bounded by ¢ 4<(A+f L and ve(&,s,7) is uniformly

bounded from the above by C = 2(A+B)(«j4((}A—+lfg) for t=19>0, w(&,s) — C¢ is a

decreasing function with respect to the ¢ variable and uniformly bounded over any
bounded interval [—N, N|. Hence, the Helly’s selection theorem implies that we may
take a sequence s; and a limit function (&, t) such that v(&,sg, 1) > 5(&, 1) for any
(¢,7)e[-N, N] x [tg,7;] for given 79 >0, N >0. By taking a subsequence of s using
classical diagonal arguments, if needed, we may assume that v(&, s, 7)—8(&,7) as
s— oo for any € R and 7>0.

Multiply a uniformly bounded test function ¢(&) to (45) and integrate it over
R x (19,71) to obtain

[wEsm) - e o e - / &) dr de
= / / " el 20 (6) de de. (50)
Taking s— oo limit through the subsequence s;, we obtain
Joten —ueea- [ [ gueans@aas=o.

So 7 is a weak solution of the inviscid problem (10). The uniform estimate (49) for
any fixed >0 implies that the limit #(¢, ) satisfies the entropy condition.
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Now we verify the initial value of & and complete the proof. The transformation
(44) shows that [v(&,s,0)¢p (&) dé— M¢(0) as s— co. Using this relation, we may
repeat the same procedure as the above one with 19 = 0 and obtain

e weraz o= [ [ g0

<;||¢>’<a:>||w/o 156D 115G, d. (52)

& drdé

Since ||5(, 7)||; <||uol|, and ||5(-,7)||,, is uniformly bounded by (48), we obtain

] JEEG d€M¢(0)‘<C s e —yen, (53)

for a constant C>0. Since the right-hand side of (53) converges to zero as 7, — 0, we
may conclude that the corresponding initial value for the solution #(&,t) is
Mo(¢). O

Now we prove our main result together with the pointwise convergence in
similarity variables as a corollary of previous results.

Theorem 1. Let u(x, t) be the solution of the convection—diffusion equation (1), (2) with
l<y<?2 and w(&,s) be its similarity transformation given by (3). Then there exists a

constant 0<p< — inf ff@ uo(&) d& such that

w(&,8) = Nypim(E) as s— o, (54)

||u(7 l) - Nﬁ,p”rM('ﬂ t)”L‘ -0 ast- o0, (55)

where M = [uy(x) dx, and Njsipn(x,t) and Njpip(E) are N-waves given by (5)
and (16), respectively.

Proof. We may take the sequence s; in Lemma 12 as a subsequence of the one in
Lemma 10. The uniqueness of the entropy solution to the inviscid problem under
relations (40) and (41) implies that 5(&, 1) = Npsim(E,7) (see [19] for the
uniqueness). Since the limit w(¢) in Lemma 10 is given independently from the
choice of the sequence as Ww(&) =0(&, 1) = Nppim(E, 1) = Nyprm(E), w(é,s)
converges to the N-wave pointwise as s— c0.

Using the estimates in the proof of Lemma 10, we obtain

lim [ w(&,5) = Nppear(@)] 2 = [ lim (&) = Nypor (D] dE = 0.

§— 0

(The main part of the proof of Lemma 10 is to show that the limit process and the
integration is interchangeable.) Since the L' norm is invariant under the change of
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variable f(x) —af (ax),a>0, we have

lim / lu(x,t) — Ny prm(x, )| dE = Sl_i)r& / [w(&,s) — Nppem (&) dE =0,

t— 0
i.e., the L' convergence in (55) is obtained. [

Remark 13. Consider a solution that emanates from an N-wave like initial value,
i.e., w(&,0)<0 for <&y and w(&,0) =0 for &> &y with we(&p,0)#0. Let & = g(s) be
the zero-curve that emanates from the point g(0) = &, i.e., w(g(s),s) = 0. From the
implicit function theorem, the curve g¢g(s) is defined on a maximal interval
[0,S),S>0. Roughly speaking, the number of zeroes is non-increasing and, for
the N-wave like initial value as above, it cannot happen that w and w; vanish at the
same point (,5) (see Angenent [1], Theorem B for the precise statement). This
implies that either S = oo or (if S is finite) g(s) > + o0 as s—S. In either case the
solution retains its N-wave like form in the interval [0, S).
The infimum p(s) of (33) is given by

p(s) = =W(g(s),s). (56)

Let po = p(0), M = [w((,0) d{. In this case we can easily check that the constants in
Theorem 7 are A = py, B = M and, therefore, the Oleinik-type estimate (36) implies

that w;<C with C=W(4§f$f?§))2/}’. From the fact that w(g(s),s) =0, the

derivative of p(s) is estimated by

=p'(s) = Wi(g(s),s) = ue("’_z)‘y/"wcj(g(s),s)<ue(7'_2)s/7'C. (57)

Since [, ue=2/7C ds = uC-L;, we may estimate p in Theorem 1 by

2
_ 1 4(po+ M)\7
p>p0_'u2<Po+M)( (= 1) ) y—2 (58)

So for small u>0 we always have p>0. Since the slope of an N-wave at the sign-
changing point is zero, i.e., N, ,(0) = 0, it is clear that we(g(s),s) >0 as s—> c0. From
these reasons the estimate in (57) may not be an optimal one. It seems like that 5>0
for any u>0,py>0.

A related structure of the solution has been already observed for the case of zero
mass solutions in [10]. It is not still clear that

lim [ u™(x,f)dx = lim u (x,6)dx>0, wu* =max(+u,0)

t— o0 t——00

for any nontrivial initial value. However, it is shown that, at least, there exists such
an initial value (see [10], Theorem 1.1).
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