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(B)OIAl =& AlZ dSOl CHol CHAl o™ CHSh 2.

dS= oSdX+ pSdt, dS*>= o>S%dX*+ 2ouS*dtd X + 1> S*dt>. (10)
MetA dSe meandt varianceES HAtot CHSh 2L,
E(dS) = oSE(dX)+ puSdtE(1) = puSdt,

Var(dS) = E(dS?) — E(dS)? = 6>S*E(dX?) = ¢>S%dt.
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deterministicst 20l dt9t 22 Ol0|= A=Ch MetN LOR= dX?S ditz XIEHHA A
2+SHCE, Ito's lemmas 01248t 2& 0 DIt EC.

Random variable dX0l 2/6H stochasticgt &S 2ts FAINA § L S0 2o HaliXle
g2 f(8)I 223 012 JISEILD BHX. Taylor MHE ss o

df = df —gdst o

ro
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(10)0ll =O1& dS, dS?* dX= O(Vdt)E &M D2AMA 121D dt It ==25| =
2o M8 % N9 leading order term= 11 el

[ne
%
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0o
nlo

f _Hcﬁf __odf df 1 2epd'f
af = (anX+,uSdt) o’§ e dt=o0S5—5dX+ (MSdS S 1o ) t.

N

OIIM XMS termS dXZE ZE&st terme £9 leading term0lD S f
HE F9 leading termOICH. CGIJIA & MO termS HIWal 28 dX= O(+/dt )0l
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= M20H0F ot S JHe Bi4=0l THGHAM Taylor expansiong AIEolY S2 L=

_of of . 1 a°f o
df = 8SdS+ ——dt+ — 2, 2dS +
22 SO Z leading order term 2t DedotH s 2L,
1 2f 9
df = 052  axt (sl L2g2 0 | 01y, (11)

Y 28 2 98> ot

3. The Black—Scholes Model

3.1 randomness2 HIH2 Black-Scholes equation? &=

ZADIAHD AIZHO 2 BHSals SRS option, L= portfolio® =& AI2FOIAISl DF
c= JixlE2 P(St)2tn sHA. 242 0] randomnessE MHsls =AS &L els
2 X

dt 2t2A29 &2 Al2F =9¢F randomnessJt = [M2tAl deterministicst MM22 &5 QIS
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Of e oIt AS Al 2+ dt sot2 A2t 6t

dIl = dP—d(AS) = dP— AdS (12)
012 (11)2 01830 C+SS =Lk
or P 1 5 90°P 8P
dIlT = o5( 3G A)dX~+ (S( 53 A)+ 27 oS 852+ v )dt.

A=0P/oS (13)

£ =20 32 deterministicst differential equation2 & =Ct.

) P oP
dIl = ( e
27 9,52 ot
JdHAY IIDF 2= JiXle =4 H=E0l 28 randomnesss 11|31
011 arbitragelt SiCtH 22 O|X
Ct.

——)dt. (14)

dIl = rITdt = rP(S,t)dt — rg—I;Sdt.

Wetd (14)e Alg olgste P(St), 0<t< 7,2 C+=29 Black-Scholes EquationS

ot 2" 557 (St)+TS—5_0v P(S,T)=PO(S). (15)

(FQ: A= dt AZH 22 Sor2 a2t oA AR Bed (130N A=0P/0S2 =
2 Lizts 22 20Ist] o F=R0le (12)2 Aol JE€otA 2=

=Elte A2 AL 44Dt OF

Ch. CHAl Zall (13)2 olEdlM 22 Black-Scholes equation (15)2 option price P= O
Ol& M8 1ef}H option pricedt OFLICEH 20l2d (13)2 YUY S 0I5t hedgings &
2= UCHH 0l JtA9l =D =22 21 AlE olH 84 pay offE RXE £ s IHAS 9
OISHCE. 2HHO0l &1 (B)0IA =O{&l option price= 1 option2 J|Sgt22 Olol & £ U
Ch, D03 oA (13)2 gt oz stA hedgingOl Jis 8HoF? G ofdl 21 2 Ch)
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CIJIA B Al2t2 t=0012 A2 A2 t=T0IH PO(S)= otz AIEUASl Jtxlol
option2| payoff function S0 ECh. IIM R2lJF otd A2 A2 AldsS 22 AMEA
SEH M 2A AHM t=001M2 option2 IJIXIZ L= 240ICH DO AIZS 24 Al
H UHs 02 28K SAGSHE AFZSHHE LAY 2T UX|PH ABHRQOl PDEES
ote AIZSOIHES AJtal LOICH [MetA MES A2 82 7=T7—t2 A8 5™

2

7, =—P,0l1) 0lE 0I8dMA (15)E HaIotd CtAl 78 t=2 HIRO MM O3 2

E—TSPS:%JZSZPSS—TP, P(S,0)=PO(S), §>0, 0<t<T. (16)

0l Al0lAl= payoff functionOl t=00IA2 initial value Jt &30 final time@ t= TH A <
240l &dt= option2 JtAH0I =CH 1A =402 SOl st BHHESE 2Ch= relative
S8 T (45/50F O EQ0tH Moltse AS BUL WMetA ChE2 change of variable2
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(et o Ale 1oz He =0t
1 2 _ 1 2 _ x
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S zeR 0<t< T OICH. TISH= & (17)0] 2= 2012 24 oAk 0] A1 20| e
&0 sgtdoz A28 AR 2 g2 Mz 246tH 2 &0l 2= 2012 Oldlot=dl &3
0l EICt. splitting methodE CHAl AF26H2UCH= 2I0(0ICH 012 &0] 2 &9 dar2 [
Ololiot= &Y 2 Black-Scholes equation = €& 2BtAOl HO|E SHAZ 0Oldlidt=
s &=3= =C4.
1. M2 notation2 Y LUGIH A2 6l 2 Ble HEY6AH 24 AMEdtl= 20l ¢
o|0|1JF HEGID 2HZEE FAR2IF UL S A (17)0Me &4 Pe B4 xE AIEoll
(16)0IMd= SE AIZEILE. M2tA 0l S22 U2 &% 0/ 22 JIs0 PE AlEole A2
IS E ESoHM AlEdl= HXR0ICH M2tM PE xE AIEdilM JdeiZ=z JelH & R2F &
=2 2/|0|ot] SE AIEdAM dellie A2 2o R2H0A J2 & g2 20/stt

3.2 The source term indicates the interest

AL(17)0IA 20l CHEH OI20l Y= BSS MAHE TS AlS D 22X
P, =—rP, P(z,0)=PO"), 0<t<T. (18)

Al THAl= A2 CHet ODE 0122 & Al 1 oot
Plz,t)=¢ "PO(")
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2= & = UL = AlIZH0l et Z2226HAH EI0H put option2l payoff functionE AtEG6HH
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3.3 The convection term 2 JIXl &&=S 20|8tC.

OlHUl= =0l CHSt 1XF OI2¢Q! convection term2 Dciol EX 1HH G382 A2 &=
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1 1:
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A= ot UCH
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r o
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mo re
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rr

P(z,0)=PO("), 0<t<T. (20)

0 HOIE2 YEAZ2 heat equationOlcteE 01§22 & XM UCH OIIAM diffusion
constant= 10| Otdl ¢%/2Q1 ZRO0ICH 0 gHAI2

d%ol= W22 diffusion constantdt 25 W2H HA LOtD 00 It 73738
A ZtCt. dolle tOd explicit atAHl =0

OII

2% convolution2 01
LIEFLE Ot 20

b,
P(S.t) = / PO ) (2,108, T )da. (21)
OlHl Ol Ml JIXIS RAE O ot 032 dle E=CF.
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1
(r—=c*)T
P(S,T) = ﬂf/‘ rote 2 (e nSoVTde.  (22)

2els 120A 22 A (6)1F the Black—Scholes equation (16) 12l 0]
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[ > restart:
> with(plots):
Warning, the name changecoords has been redefined

ﬁ> myheaviside:=x->500*(max(x+0.001,0)-max(x-0.001,0)):
[ > phi:=(x,Mean,sigma)->exp(-(x-Mean)"2/(2*sigma~2))/sigma/sqrt(2*P
1); # Normal distribution
[1 /2 (x— Mean)z]
02

2
[ > PO:=S->max(1-S,0); #pay off of European put, E=1
#P0O:=S->max(S-1,0); #pay off of European call, E=1
#P0O:=S->max(S5-0.9,0)-max(S-1.1,0); #pay off bullish vertical
spread
#P0O:=S->myheaviside(S-1); #pay off function of ...
#P0O:=S->myheaviside(S-0.9)-myheaviside(S-1.1);
#P0:=S->myheaviside(S-0.8)-2*myheaviside(S-1.0)+myheaviside(S-1.
2);
#P0:=S->5*max(5-0.8,0)-10*max(S5-1.0,0)+5*max(S-1.2,0); #pay off
bullish vertical spread
PO:=S—> max(1-S,0)
> Price0:=(S,T,r,mu)->exp(-r*T)*PO((1+mu*T)*S); #option price with
zero volarity using splitting

¢ :=(x, Mean, c) > :

Price0 := (S, T,r, 1) > e PO((1+puT)S)

[ > Pricel:=(S,T,r,mu,sigma)->exp(-r*T)*int(PO(exp(x+mu*T))*phi(x, In
(S),sigma*sqrt(T)),x=In(S)-5*sigma*sqrt(T)..In(S)+5*sigma*sqre(T
)); # option price using splitting without B-S.

In(S)+504/T

. -rT T
PHCEl:Z(S,T,r,u,G)—ée(r ) ((X+”)

L In(S) -5
> Price2::(S,T,r,mu,sigma)—>exp(—r¥£;*int(PO(exp(x+(r—sigmaA2/2)*T
M *phi (X, In(S),sigma*sqrt(T)),x=In(S)-5*sigma*sqrt(T)..In(S)+5*s
igma*sqrt(T)); # option price using splitting under B-S.
In(S) +504/T

(-rT) (X+(r—1/2c52)T)

Price2:=(S,T,r,u,0) >e PO(e )¢(n|n(S)<;VFF)dx
L In(S)-504T
> Price3:=(S,T,r,mu,sigma)->exp(-r*T)*int(exp(((r-sigman2/2)*(x-1In
(S))-(r-sigman2/2)"2*T/2)/sigma™2)*PO(exp(x))*phi (x, In(S),sigma*
sgrt(T)),x=In(S)-10*sigma*sqrt(T)..In(S)+10*sigma*sqrt(T)); #
option price using non-splitting under B-S.

) (x, In(S), 54/T ) dx

Price3:=(S,T,r,u,0) >




2
In(S)+1OG«/? (r—1/262)(X—ln(s))_l/z(r_l/ZGZ) T

(-rT) 02

e PO(€") d(x, I(S), 5 4/T) dx

IN(S)-10c+4/T
Price4::(S,%C?,mu,sigma)—>exp(—r*T)*int(PO(exp(x+(r+mu—sigmaA2/2
)*T))*phi (X, In(S),sqrt((sigma™2)*T)) ,x=In(S)-5*sqrt((sigman™2)*T)

-In(S)+5*sqrt((sigman2)*T)); # option price using splitting
under modified B-S (35).

IN(S)+5A/ 62 T ,
. T -1/26 )T
Priced := (S, T, 1, 11, 6) —> €' | )J' po(e” ¥ "Dy 6%, In(S), 4/ 6° T ) dx
I(S)—54/ 6> T

deltahedging:=(S,T,r,mu,sigma)->diff(Price3(S,T,r,mu,sigma),S);
deltahedging := (S, T, r, u, o) — diff(Price3(S, T, r, u, ), S)

Pricel(0.84,0.4,0.1,0.2,0.1);

Price2(0.84,0.4,0.1,0.2,0.1);

0.08661800199

0.1211327619
FO := plot(P0(S),S=0..2, color=black): #F1,T=0
or Pay Off function
Al := plot(Pricel(s,
A2 := plot(Pricel(s,
A3 := plot(Pricel(s,
A4 := plot(Pricel(s,
D1 := plot(Price4(s,
D2 := plot(Price4(s,
D3 := plot(Price4(s,
D4 := plot(Price4(s,
Cl := plot(Price3(S,
C2 := plot(Price3(S,
C3 = plot(Price3(S,
C4 :-= plot(Price3(S,
dlsplay(FO A3,C3,D3);
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