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1 Similarity & Scaling Invariance

The logic we are going to employ to survey the similarity structure of several kinds of PDEs is
the following. The preliminary requirement is that the problem under consideration should be
well-posed, or the uniqueness should be guaranteed at least. Let u(z,t) be a solution to such a
problem and consider a rescaled function v given by

u(z,t) = av(bz, ct), a,b,c>0. (1.1)

The main step is to find the relation among a, b, ¢ that guarantees for v to be the solution of the
same problem. Then the uniqueness of the problem implies © = v and hence

u(x,t) = au(bz, ct), (1.2)

which indicates that the solution should have certain structure provided by the equation. Survey
of such behavior is the purpose of this section.

1.1 Riemann Problem

The first example is the Riemann problems of conservation laws given by

Uy + f(u)oc = 07
limu(z,t) = { u, <0, (1.3)
t10 u., x> 0.

One can easily see that the rescaled function v satisfies the initial value

limo(z,t) =

au;, x <0,
t10

au., x> 0.

Therefore, if v is expected to be the solution of the Riemann problem (1.3), then one should pick
a = 1. Now let’s find the relation between b and c. One can easily check that

uy = cvy, f'(w)u, =bf (v)v, and wu + f(u), = cvy + bf(v), = 0.

Therefore, if b = ¢, then v satisfies the conservation law v; + f(v), = 0. The solution of the
conservation law that satisfies the entropy condition is unique. For example for the convex scalar
case the entropy condition implies that the solution satisfy

lim u(z, t) > lim u(x,t).

zTxo x|xg

Since b > 0, such relations are not changed and v also satisfies the entropy condition. Since the
solution is unique we may conclude v(z,t) = u(z,t) and, hence,

u(z,t) = v(bz, bt) = u(bx, bt). (1.4)



This relation indicates that the solution w is constant along any line that emanates from the origin.
(See Figure 1.) In other words w is a function of z/t. Therefore, it is natural to introduce a new
variable

£== (1.5)

One may say that the problem (1.3) is invariant under the scaling u(x,t) — u(bz,bt) and the
variable £ also has such a scaling invariance, i.e., even if we substitute bx in the place of x and bt

in the place of ¢, £ is not changed:

br «x

bt t
Therefore, one call this variable £ a similarity variable of the Riemann problem (1.3). One can
easily rewrite the equation in terms of this similarity variable. Consider

0 0

Sx = t_la gt = _gt_17 —U(f) = ulgt = _ulft_la —f(U) = f(u)f§$ = f/(u’)ult_l‘
ot Ox

Therefore, the problem (1.3) is transformed to a one dimensional boundary problem:

—éu + f(ud =0,

tginoo u(§) = w, §E£-noo u(§) = uy. (1.6)

Notice that we use almost nothing on the flux function f(u). It can be a system of any kind
as long as it provide proper uniqueness property. Therefore, the similarity structure is for systems
of conservation laws with Riemann initial data.

HOME WORK. Discuss the similarity structure in the following problem.

U = Umfm

) U r <0
limu(z,t) = b ’
t10 U, x> 0.

1.2 L' solutions to convection equations

Let u(x,t) be an L' solution to

ug + f(u)x =0,
ltil%l u(z,t) = ug(z) € L'(R).

Since the total mass is preserved, one should consider a scaling that preserve the total mass.

If not, there is no chance that v and u are identical. Therefore, we set a = b, i.e., the scaling
considered is

u(z,t) = av(az, ct), a,c> 0. (1.7)

Unlike the Riemann problem case the relation of scaling of invariance depends on the flux
function f since a # 1. Therefore, we can not consider the flux function with the generality of the
Reimann problem. Here, we consider a scalar case under a power law:

up+ f(u)e =0, f(u) =|ul?/q, ¢>1
lglr{)lu(x,t) =ug(z) € L*(R). (1.8)

One can easily check that

uy = acvy, U, = a’v, and u + f(u)u, = acvy + a? f (v)v, = 0.



Therefore, if ¢ = a4, then v also satisfies the same convection equation. Now we consider similarity
variables. Consider
E=at™V9 | w(x,t) =t7V90(E, ).

Then the quantities £ and u are not changed under the rescaling (z,t) — (ax,a’t) and u — u/a.
One may derive an equation satisfied by these similarity variables. Using the chain rule, one may
obtain

Co=t Y & = —€t7 g, up =t e, up =tV 0 g — V0t g 4+t .
Substituting these quantities to the equation we obtain
g + sign(u) |l u, = (G, + ¢ (sign (@)@ ae — (Si/q)e)) = 0.

Therefore, u satisfies

gy + 71 (Jal?/q — €a/q)e = 0.
Since the dependent factor t~1 appears explicitly in the equation, people consider a new time scale
s = Int. The full similarity variables are

£ = s=Int, a(&,s)= Vtu(z,t). (1.9)

t
Under the is exponentially fast time scale, t = e*, the only difference is 4, = .t~ and the equation
is turned into

ts + (|al?/q —&u/q)e =0, a(&,0) =u(E,1). (1.10)
Notice that s = 0 corresponds to ¢ = 1 and, hence we have @(£,0) = u(£,1). It is also common
use the variables s = In(t+1), { = x/¥/t+ 1, @ = v/t + 1 u. In the case one have u(&,0) = u(¢,0)
and the computation is slightly more complicate.
We have checked that the function v(z,t) given by

u(z,t) = av(ax, a’t)

satisfied the differential equation (1.8). Therefore, one may ask if u = v. To see that one should
check the initial value. Under the above scaling one can easily check that

v(x,0) = u(z/a,0)/a.

Therefore, the only L' function that provides the identical initial value is the dirac-measure-type
Mé(x). Such a solution is usually called a source-type solution and we denote this source-type
solution by p(x,t), i.e., p(x,t) is a solution having initial value

ltilrélp(x,t) = Mi(z). (1.11)

Similarly set

5(575) = \q/z_fp(:r,t).

If positive solutions are considered, then the source-type solution is unique. However, there is
no unique solution if sign-changing solutions are allowed. In that case two invariant variables are
introduced, which are

x

P=—infU(z,t), Q=P+ lim U(z,t), where U(x,t) :/ u(y, t)dy. (1.12)



It is well known that the positive quantities P and () are constant in time if the flux is convex,
f"(u) > 0, and @ — P = M. If these invariant constants are prescribed, then the source-type
solution is unique and hence we may conclude that,

if P and @ are prescribed, then p(z,t) = ap(ax,a’t).

Therefore, the value of p(z,t) along the curve z//t = constant is decided completely by the value
at a single point, and the resacled value p is constant along it. (See Figure 2.) Therefore, p is
a function of ¢ only if the initial value is given by the dirac-measure. This similarity solution is
computed explicitly in the followings. Since p, = 0 and p is compactly supported,

(161" = €p)e = 0= |p|* = €p = 0= p =0 or sign(p)|p|" " = &. (1.13)

The solution that has the invariants P, () and that satisfies the entropy condition should be given
by

_ NHE), —ap <€ < ag,

5 :{ (1)(€), —ap <€ <ag i

0, otherwise,

where the end points of the support is given by the relation

-/ " =P, PG

—ap
From these relations, ap and aq are explicitly computed:

g—1
q

w= ()T a= (1) (115

This self-similar solution is called an N-wave due to its shape. (See Figure 3.) If the positive
solutions are considered, then p = 0 and ¢ = M and the N-wave has simply a triangle like shape.
Under the change of variable, one can easily transform the N-wave in terms of the original

variables: . o v
_ )=/, —apVt < <aqVt,

pla,t) = { 0, otherwise, (1.16)

One may consider a flux such as f(u) = |u|* + |u|®>. In this case the solution has no exact

scaling invariance. However, p(z,t) in (1.16) is well defined for all convex flux, f”(u) > 0, and is
the source-type solution .
Since max, p is of order O(1), the source-type solution in the original variable has the order

max p(z,t) = O(t™9) as t — oo. (1.17)

1.3 L! solutions to diffusion equations

Let u(z,t) be a positive L' solution to a nonlinear diffusion equation

Uy = gb(“)w:m
1tilI(I)1 u(z,t) = ug(z) € L'(R),

where the diffusion function ¢ is given by

o(u) =u™, m>0. (1.18)



Consider a scaling of
u(z,t) = av(az, ct), a,c>0. (1.19)
One can easily check that
uy = acvy, (1) = A" 2G(V)ze and vy — A() e = acvy — a™ 2PV e = 0. (1.20)
Therefore, if ¢ = ™!
variables. Consider

, then v also satisfies the same diffusion equation. Now we consider similarity

a=m+1, s=Int, &=at7Y*, U(Lt):t_l/aﬂ(&s)-

Then the quantities £ and @ are not changed under the rescaling (x,t) — (ax,a“t) and u — u/a.
One may derive an equation satisfied by these similarity variables. Using the chain rule, one obtain

—ft_l

«

-1 1,4, - R
gx:taa ft: 5 qb(u)xx:tat 1¢(u)§£> Uy = — o u— a 5“&4‘75“15 1us-

Substituting these quantities to the equation we obtain
e = (u)ae = 7710 — (d(u)e + i/ a)e) = 0.
Therefore, (&, s) satisfies
s = (p(u)e +&u/a)e =0, a(£,0) = u(1). (1.21)

Let p(x,t) be the positive source-type solution with initial value lim; o u(x,t) = MJ(z). Then,
due to the similarity property its similarity quantity (&, s) is a function of £ only and satisfies

(@(p)e +&p/ar)e = 0.
We may do the similar computation as the convection case:

(W@Uﬁﬁ@{—mﬁwﬁwfma—oip—om¢g%%+§—0$ﬁ—0mg@k——§

where

J(x)=d/@)/z, (e, gle)=—za™" for o(r) = a™).

Therefore, we may conclude that

p(§) = max (0,97(C - £%/(2a))), (1.22)

where C' is a constant that should be decided by the total mass relation [ p(£)d§ = M.
Under the change of variable, one can easily transform the N-wave in terms of the original
variables:

p(z,t) = max (0, g_l(Ct}r:Tnll — 2%/(2at))) = max (0, g_l([C'tmL+1 —z%/(2a)]/1)). (1.23)

Notice that, unlike the convection case, the expression of p(z,t) depends on the power m.
Therefore, it is not obvious to find the explicit formula for the source-type solution for a general
case when the diffusion is not given by the power law. we are not sure if we may find one.

Since max, p is of order O(1), the source-type solution in the original variable has the order

max p(z,t) = Ot YmHDY as + — 0. (1.24)

HOME WORK.



1. Show that the self-similar solution p(x,t) is the Gaussian for the linear heat equation case
m = 1.

2. Show that the support of p(x,t) is compact for any given time ¢ > 0 if m > 1.

3. Show that the support of p(x,t) is strictly positive compact on the whole real line for any
given time ¢ > 0 if m > 1.

4. Discuss the similarity structure for the multidimensional case

ug = Au™, m > 0.

1.4 p-Laplacian

Let u(z,t) be a positive L solution to a different kind of nonlinear diffusion equation, so called
the p-Laplacian,

U = (|ux|p72ua:)xa p > L,

limu(r,t) = uo(z) € L'(R). (1.25)

One may similarly study the similarity structure of the p-Laplacian equation. From the simi-
larity variables one can show the asymptotic magnitude of the source-type solution:

max p(z,t) = Ot YD) as t — . (1.26)

HOME WORK.
1. Find the similarity variables of the solutions to (1.25).

2. Find the equation that the similarity variables satisfy.
3. Find the explicit formula that the self-similar solution satisfies.
4

. Verify that the self-similar solution p(x,t) is the Gaussian for the linear heat equation case
p=2.

o

Find the range of the power p > 1 that the self-similar solution p(z, t) is compactly supported.
6. Discuss the similarity structure for the multidimensional case

uy =V - (|[Vulf2Vu), p>1.

One can easily check that
u(z,t) = av(ax, a® *t)

is the invariance scaling of the p-Laplacian. Therefore, the similarity variables are
a=2p -2, E=uat" s=1Int, (¢, s)=t""u(z,t) (1.27)

and they satisfy

s — (|tg|" e + Eu/a)e = 0, a(€,0) = u(&,1).
Let p(x,t) be the source-type solution and p be the self-similar correspondence. Then, p is the
solution of the ordinary differential equation

|PelP~2pe + Ep/a = 0.

How to solve it?



1.5 Co-existence of several different phenomena

Let u(x,t) be a positive L' solution to a different kind of the following mixed problem,

Uy = (U™ + ()P ?us)e — (W9/q)e, m>0,g>1,p>1,

limu(z, t) = uo(v) € L'(R). (1.28)

It
g=m+1=2p—2,

then the problem has a invariance scaling and hence we may consider similarity structure of the
problem. If not, there is no exact similarity property. However, one may find the dominant factor
of the evolution. We may conclude that

max |u(z,t) = O(t™%) as t— oo, a =min(g,m+ 1,2p — 2). (1.29)

If @ = g, then we may say that the convection dominates the evolution. Similarly the PME
type diffusion dominates the evolution if &« = m + 1 and the p-Laplacian type diffusion decide the
asymptotics if a = 2p — 2.

HOME WORK.

1. Suppose that a = ¢ in (1.29). Transform the equation (1.28) using the similarity variables
for the convection case (1.9) and observe that the coefficients for other terms decays to zero.

2. Discuss what decide the similarity structure of the problems. What is the basic difference in
the influence of convection and diffusion when they decide the scaling invariance.

3. When the magnitude of the solution decays faster than the order 1/t?

2 Characteristics for convection equations

In this section we consider convection equations. Let u(x,t) be the entropy solution to the con-
vection equation
ur + a(z, t)u, =0, hf(r)l u(z,t) = ug(z) € L'(R). (2.1)
t

The characteristics is a curve x = z(t) in the x — t plane that satisfies

2'(t) = a(x(t),1).
Then one can easily check that

d

Eu(a:(t), t) = w4+ &' (t)uy = wp + a(z(t), t)u, = 0.

Therefore, u is constant along the characteristic curve = = z(t),



2.1 scalar conservation laws

Consider
u+ fu)e =u + f(w)u, =0 (2.2)

under the assumption on the smooth flux of

f(0) = f(0) =0, f"(u) 2 0.

In this case 2'(t) = f'(u) and u is constant along the characteristics. Therefore, the slope of the
curve is constant, i.e, characteristics are strait lines. (If the waves speed a(z,t) is discontinuous,
then we consider minimal or maximal characteristics.)

If characteristics are collide to each other, then discontinuities may appear. In the case the
speed of the propagation of the discontinuity, or shock speed, is given by the Rankini-Hugoniot
jump condition,

fluy) = flu-) f(u) .

shock speed s = , and s = ——=ifu_=0.
Uy — U U

We employ the primitive of the solution as its potential:

Uwt) = [ uly.tydy. 2.3)
Integrating (2.3) on (—oo, x), one obtains

u
Here, potential U is constant along the characteristic 2'(t) = f(u)/u. Notice that this curve is
not the same the characteristic of v and is not a strait line any more. This curve is related to the

shock characteristics when one state is connected to the zero state.

2.2 Isentropic Gas Dynamics

In this section p(x,t) represents the density of the given gas, u(x,t) is the velocity, m is the
momentum, m = pu, and p is the pressure. In the isentropic gas the pressure is assumed to be a
function of density only p = p(p) and they satisfies the equation

pr+mgy =0,

mi+ (m2/p+p(p) ) = 0. (24)

Set potentials as

R(z,1) :/x p(y,t)dy, M(x,t) =/ m(y,t)dy.

— 00 —00

Then after the integration of the equation (2.4), one obtain

Rt‘f—URm = 07

M; + (u+p(p)/m )M, = 0. (2.5)

The first relation in (2.5) implies that R is constant along the curve

2 (1) = ul (@1 0),0)-



That is natural since the characteristic of the first class is the trace of a moving particle and the
total mass of the gas on the left hand side of it should be constant.
Under the power law p(p) = p”, v > 1, the characteristic curve for the momentum potential is

25(t) = (u+ p" " /)] @e(0),0)-

This indicates that the characteristic curve on which the momentum potential is constant has
higher speed than the particle trace has. In particular, if the velocity u is near zero, then the
characteristic speed increases to infinity and, if the density p approaches to zero, two curves
x12(t) approaches to each other.

3 Asymptotics in the diffusion and convection

(This section is a part of independent paper work.)

3.1 Introduction

Let u(z,t) be a positive solution of

0
(T @du,ux), ltifgr)lu@,t) =up(z) 20, t>0,z€R, (3.1)

where the limit is understood in L! sense and the positive initial value u is compactly supported
and integrable. We may assume without loss of generality that

spt (up) C [0, L] and /uo(x)dx =1 (3.2)

after an appropriate normalization. Consider three representative cases. The convection is the
case that the operator A is a function of u only. For this case we consider a smooth flux function,

oc(u) = f(u),  f(0)=f(0)=0. (3-3)

The extra conditions f(0) = f/(0) = 0 can be assumed without loss of generality after appropriate
translations. In many papers convex flux functions are considered under the power law f(u) =
—ul/q, g > 1, and the case with ¢ = 2 is the well known Burgers equation. In this paper the
convexity of the flux f(u) is not assumed.

For the diffusion case the nonlinear diffusion,

O'd(U, ux) = ¢/(u)ux = ¢(U)xv m > 0, (34)
is considered, where ¢ is assumed to satisfy
¢ € C[0,+00) N C (0, +00), #(0) =0 and ¢'(u) > 0 for all u > 0. (3.5)

In this case the diffusion speed, ¢'(u), is a function of the solution w. In the study of porous
medium equations the power law, ¢(u) = u™, is mostly considered for m > 0 and the case m =1
is the linear heat equation.

The last case considered is the one when the diffusion speed is a function of the gradient of the
solution. Consider

Up(ux) = P(ug), (3.6)



where 9 is an odd function, ¢¥(—v) = —(v), and satisfies the same condition as ¢ in (3.5) for
vi=1u, >0, ie.,

Y € C[0,+00) N CH(0,4+0c0), 9(0) =0 and ¢'(v) > 0 for all v > 0. (3.7)

The p-Laplacian is the case under power law ¢(v) = sign(v)|v[P~, p > 1.

In the entropy diminishing technique one of the main steps is to transform the problem using
time dependent similarity variables. Then nontrivial steady solutions appear and one may find ex-
plicit canonical solutions such as N-waves or Barenblatt type solutions. Intermediate asymptotics
is then obtained via diminishing of entropy difference between the solution and a steady state.

In this paper we consider the cases in

0# 0 = c10q + 20, + c30,, c;=0 or 1. (3.8)

In these cases there exist two or more phenomena of different similarity scales and there is no
similarity variables that provide any nontrivial steady solution. Let p(x,t) > 0 be the source
solution to (3.1), i.e.,

pr = (%a(p, Pz), lgfglp(x,t) =4§(z), z€R, teR". (3.9)
If the operator A is given by (3.3), (3.4) or (3.6), under the power law, the canonical solution
p(x,t) is given explicitly due to the similarity structure of each phenomenon. However, such an
explicit solution does not exist for the general case in (3.8). Therefore, we should continue the
study of asymptotic decay without such an explicit solution. It is well known that the difference
between a general solution u(z,t) to (3.1),(3.2) and the source-type solution p(z,t) decays to zero
in L' sense,
Ju(t) = p(®)ls =0 as - oo.

Here and in the remainder of this paper, we use the notation || -||; to denote the L'-norm and wu(t)
to denote the function on the real line given by u(t)|, = u(z,t). Since the L'-norm of a solution is
preserved, it is a natural way to measure the distance between two solutions. Note that one may
obtain asymptotic orders in LP-norm, p > 1 via classical interpolation arguments.

The main result of this paper is the following theorem:

Theorem 1 Let o.,04,0, and A be given by (3.3)-(3.8), u(z,t) be the solution to (3.1)-(3.2) and
p(x,t) be the source-type solution (3.9). Then,

lu(t) = p(@)]lr < 2L max p(z, ). (3.10)

For the case with convection only, o = o, its asymptotics has been studied in [7] and hence
we consider the other 6 possible cases in this paper. To obtain a convergence of the next order
one should place the solution u(z,t) at the correct position. Then one may obtain an intermediate
asymptotics in L!'-norm, which is

[uc(t) = p()]1 = O(1/t) as & — oo, (3.11)

where u.(z,t) := u(x + ¢,t). In the literature the convergence order of 1/t has been also studied
in various cases. We could not obtain this convergence order with the generality in Theorem 1.
The convergence order corresponding to the order 1/t is obtained for the following two cases:

Theorem 2 Let u(x,t) be the solution of (3.1)-(3.2), o4 and o, be given by (5.4) and (3.6),

respectively, and p(x,t) be a canonical solution (3.9). Then,

10



(i) Let 0 = 04. If ¢ = [ azug(x)dz € R is the center of mass, then there exists T > 0 such that
lo(t) = w(B)l < 8T max (p(. Ho(p(a.1). (312

(ii) Let 0 = 0, and ug is symmetric and continuous, and satisfies
spt (wo) = [—L, L], ug(x) >0 for x € (=L, L) and /uo(q;)dx =1 (3.13)

Then, there exists T' > 0 such that
Io(t) — u(t) s < 2T max ((p (@, 1)). (3.14)

Similar convergence order has been shown in [7] for the case of ¢ = o, where the flux is convex:
If ¢ = min(spt (up)) and there exist €,ty > 0 such that

/ p(y,to)dy < / u(y +¢,0)dy, 0<z<e, (3.15)

—0o0 —0o0

then there exists 7' > 0 such that
lot) — welt)|l < 27 f (mas p(a 1)), (3.16)

One of the main goals of this article is to introduce a potential comparison technique in the
simple setting of one space dimension. However, the technique has been originally developed for
several space dimension for nonlinear diffusion equation [8]. This note consists as followings. In
Section 2 several preliminary steps are constructed including the potential comparison principle
and then Theorem 1 is proved using the potential comparison technique. Section 3 is for the
porous medium type equations and Theorem 2 (i) is proved.

In Section 4 the derivative of the solution to the p-Laplacian type equation (3.32) is understood
as the sign-changing solution to the porous medium equation. The technique for the porous
medium equation is naturally applied to show Theorem 2 (ii). To obtain the convergence orders
in Theorems explicitly we consider special cases under the power laws in Section 5. If f, ¢ and
are given by (3.37), the convergence orders in (3.12), (3.14) and (3.16) turn out to be the order
1/t.

3.2 L! convergence order of the magnitude of solutions

In this section we show Theorem 1. For the convection equation case, 0 = o, the entropy solutions
are considered and the convergence order has been shown in [6], Theorem 1 (13), by trapping a
solution between two rarefaction waves. In this chapter we consider the integrals of the solution
u(x,t) and the canonical one p(x,t) as their potentials,

Ut = [ uwody. R0~ [ oo (3.17)
Integrating (3.1) over (—oo,z) yields
U =o(u,uy) = o(Uyg, Upy). (3.18)

To justify this Hamilton-Jacobi type equation we should have

i o(u(e, ), usle,) =0 and 5 [ ugdy= [ Sutga,

11



which can be easily verified.

It is well known that, if u(z,0) > a(x,0), then the solutions w, @ to (3.1) satisfies u(z,t) >
@(x,t) for all t > 0. However, one can not expect this relation between u and p even after a time
and space translation since p and u share the same total mass. In the following proposition we
show that a similar comparison principle holds between potentials.

Proposition 3 (Comparison Principle) Let A be one of the 7 cases in Theorem 1, u and i be
solutions of (3.1) and U and U be their potentials given by their integrals as in (3.17), respectively.
Then, if U(z,0) > U(z,0), then U(z,t) > U(x,t) for allt > 0.

Proof. Let 0 = ci04 4 c20, + c30. where ¢; = 0 or 1. One can easily check that the potential
difference £ = U — U satisfies
LIE] = (cra(z,t) + cob(2,t)) By + (c3c(x,t)Ey — B, =0, E(z,0) >0,

where

pon OO G @ ) () ) - S

Notice that b(z,t) > 0 and ¢(z,t) > 0 since f(u) and sign(u, )Y (|u,|) are increasing functions with
respect to u > 0 and u,, respectively. However, a(z,t) may change its sign. In the followings we
check if the maximum principle type arguments hold. First observe the uniform decay of F, i.e.,

|E(z,t)] < / uy, t) — uly, t)|dy < [lu(z,t) — u(z, 1)l — 0
as t — 00. Suppose that there exists ¢ > 0 and z € R such that E(z,t) < 0. Then the uniform
convergence and the initial condition F(x,0) > 0 imply that there exists a global minimum point
(,To, to) .

First consider the case ¢; = 1. Since the solutions u, % are continuous, FE is differentiable and

hence
EI(IL'(), to) =0.

Therefore, u(xg,tg) = u(xo,to) and a(zo,ty) = ¢'(u(xo,t9)). The point xg should be an interior
point of the support of u(-,ty) or @(-,ty) (otherwise E(xo,ty) = 0) and hence a(xo,ty) > 0 and the
equation is uniformly parabolic in a small neighborhood of (xg,tp). The maximum principle now
easily derives a contradiction.

Now consider the case ¢; = 0 and ¢ = 1. (In this case the coefficient b may diverges and
hence the maximum principle is not obvious.) Since E(z,ty) is not a constant function and z is a
minimum point, there exists 0 > 0 such that E(z,ty) > E(xo,to) for x € (o —0,z0) after retaking
xo if needed. By taking smaller 6 > 0 if needed, we may assume E,(-,to) < 0 and E,.(-,t9) > 0 on
(xg — 0,20). If b(xo,to) > 0, the problem is uniformly parabolic in neighborhood of (xg,ty) again.
Therefore, consider the case when b(zg,t9) = 0. Let W = E + ez, where

E(ZL‘(), tg) — E(QT() — (5, to)

z(z)=1—¢e""" and 0<e< (20— 0)

Then, since z(xg) = 0 and z,(xg) = 1, we get W(zo,to) = E(zo,t0), Wa(xo,t0) = € > 0 and
W(xg — 0,t9) > E(xg,ty). Therefore, W (-, %) has an interior minimum point in (xy — d, o). Let
(Yo, to) be the minimum point. Since E(xg,to) is the global minimum of F and the auxiliary

function z depends on x variable only, this minimum point is also a minimum of W on @ :=
(xg — 0,29) x (0,T) for any T" > 0. Notice that, since E,(-,tg) # 0 # E,.(-,t9) in the interval
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(xo — 6, x0), both of b(z,t) and c(z,t) are strictly positive. Therefore, £ is uniformly parabolic in
a neighborhood of (yo, o) and

LIW] = LIE] + eL[z] = €(bzyy — c3¢2;) = —€(b+ c3¢) <0

on it. The assumption that (yo, to) is a interior minimum point of W contradicts to the maximum
principle. The case ¢; = ¢ = 0 and ¢3 = 1 is done in [7] and hence omitted.
End of Proof.

Notice that this comparison principle holds for potentials given by integrals of solutions (3.17)
and that it seems to hold under a more general operator o = o(u,u,). The next step is to place
the potential U between two potentials of canonical solutions.

Corollary 4 (Trapped!) Let u be a solution of (3.1)-(3.2) and p be the canonical solution of
(3.9). Then their potentials U, R given by (3.17) satisfies

R(x — L,t) < U(x,t) < R(z,t) for all t>0, z€R. (3.19)
Proof. Since p(z,0) = 6(x), R(z,0) is the heavy side function

0, if <0,
R(x’o):{ 1, if =>0.

Therefore the restriction (3.2) on the initial value uy implies that

(see Figure 1). Proposition 3 implies that (3.19) holds for all £ > 0.
End of Proof.

The next step is to compute the convergence rate of potentials using (3.19) which comes easily:

Lemma 5 (Potential Convergence Rate) Under the same conditions as in Corollary 4,

|U(z,t) — R(z,t)]|00 < Lmagcp(x,t). (3.20)
re

Proof. Using the comparison inequality (3.19) and the Mean Value Theorem, we obtain

= LR&U(Q t) = Lp(C, t) S Lmai%(p(xvt)7
xre

where ¢ € [x — L, z]. Since the estimate is independent of the point z, the estimate is uniform as
in (3.20).
End of Proof.

Now the last step is to transfer this potential convergence rate to the desired solution conver-
gence rate. Following the approach in [8], one may employ the classical regularity theory in [10]
to derive the estimate of U, — R,(= u — @) from U — R. It seems that there is a simpler approach
under a conjecture that p is steeper than any other solution w.

Proposition 6 Let u(x,t) and p(x,t) be solutions of (3.1)-(3.2) and (3.9), respectively. Then,

lo(t) —u(t) = 21 R() — U(t) 0 < 2Lmax pla. ). (3.21)

13



Proof. Let 0 = ci04 4 c20, + c30. where ¢; = 0 or 1. One can easily check that the potential
difference £ = R — U satisfies

LIE] == (cra(z,t) + c2b(z,t)) Erp + (c3¢(z,t))E, — E, =0, E(x,0) >0,

where
e wu
. Pz — Ug ’
. S1n(pe) ¥ (lpe]) — sign(ue)y(fus|)
- Pz — Ug ’
oo F) = flu)
p—u

Since sign(z)y(x) is an odd function with ¢’(x) > 0 for z > 0, the coefficient b is non-negative.
Therefore, if ¢; = 0, we may apply the property of the nonincrease of the lap number [14]. If
c; = 1, then the coefficient of the leading order term a + c3b can be negative. However, the lap
number changes at the points p = u and a = ¢'(u) > 0 near such a point. Therefore, we may
apply the argument similarly and show the nonincrease of the lap number. We may conclude that
the number of sign changes is at most once since limy o p(x,t) = 0(z), the Dirac-delta measure.
Let x(t) be the sign-changing point of e = p — u. Then, clearly,

lu(t) — p(t)||1 = / lu(z,t) — p(x, t)|de = 2/33 [p(x,t) — u(x,t)]dx
=2|U(#) = R(t) |-

Furthermore, using the comparison inequality (3.19), we obtain
U(z,t) = R(x,t)] < |R(z — L,t) — R(z,t)| = / p(y,t)dy < Lmax p(,t).
z—L z

Since the estimate is independent of the point x, the estimate is uniform and the inequality in
(3.21) is obtained.
End of Proof.

3.3 Porous medium type nonlinear diffusion

In this section we show Theorem 2(i). For the nonlinear diffusion case, o = 04, the equation (3.1)

1s written as
U = O(U) g, 1}{61 u(z,t) =up(z) >0, xze€R, t>0. (3.22)

The source solution p satisfies
o= 0p)ass limpla,t) =0(2), 2 ER, £ 0 (3.23)
Under the power law, ¢(u) = u™, m > 0, the canonical solution p(z,t) is explicitly given by

p™ N, t) = max {O, At st 4 (3.24)

I—m ‘x|2t71}
2m(m + 1) ’

where the constant A is decided by the relation [ p(z,t)dz = 1. One can easily check that p(z,1)
has its maximum at z = 0 and

max p(x, ) = Am-itmit = O(tmin), (3.25)
xe
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For the fast diffusion range, 0 < m < 1, the convergence order 1/t has been shown in [§].

To obtain a convergence order 1/t we have trapped the initial potential U(z, 0) between R(z,t)
and R(z,t+T) in the convection case. However, the primitive of a solution does not decouple the
equation enough. Therefore, we introduce Newtonian potentials:

Uz, t) = /w Uy, t)dy, R(z,t) = /w R(y,t)dy. (3.26)

—0o0 —0o0

Let ¢(x) = max{0,2}. Then, one may check that Ap(z) = d6(z) and U = ¢ * u. Therefore, it is
natural to call U a Newtonian potential. A typical way is to take ¢(z) = |z|/2 as a kernel. Here,
to show the connection to Section 3.2 more closely, the Newtonian potential is given by (3.26).

Proposition 7 Let u be the solution of (3.22) and U be its Newtonian potential. Then
Up(z,t) = d(u(z,t)) >0 for each z € R, t > 0. (3.27)

Proof. Basically, we need to check if

Hm/ / U(y,t+h]i—U(y,t)dydx:/ / i YWt ),

h—o00 h—o0 h

Under the power law ¢(u) = u™, m > 0, it is clear for m > 1 since the integrands are compactly
supported. For the fast diffusion case 0 < m < 1 we simply refer [8]. Therefore, we need to check

for the case of non-power law.
End of Proof.

Proposition 8 (Potential comparison) Let U(z,t) and Z:{(xlt) be the Newtonian potentials of
two bounded solutions u and @ of (8.22), respectively. Then U,U are continuous on the closure of

R x ]0,00[. IfU(z,0) <U(x,0) for all z € R, then U(z,t) < U(x,t) for all t > 0.

Proof. LetV =U —U. Then V satisfies
Vi=U —U = ¢(u) — ¢(it) = ———— V(= a(2,t) V). (3.28)

The coefficient a(z,t) is non-negative since ¢ is an increasing function and hence the maximum
principle implies that V(z,t) is nonnegative if the initial value V(z,0) is nonnegative.
End of Proof.

Lemma 9 Let ¢ be the center of mass ¢ = [ wug(x)dx. Then, there exists T > 0 such that
R(z,t) <U(x+c,t) <R(z,t+T), t>0. (3.29)

Proof. First we can easily check that 0,U(z,t) = U(x,t) <1, 0,U(x,0) =1 for x > L and

U(L,0) = /OL /Or uo(y)dyde = [az /O:E uo(y)dy} LOO — /OL zug(z)de = L — c.

Therefore, U(z,0) = x — ¢ for all x > L and U(x,0) > = — ¢. Clearly U(z,0) > 0 and U(z,0) =0
for all z < 0. R(z,0) is easy to compute that we have

0, =<0,

M(x+c,0)272(:v,0):{ v 20
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Considering the explicit formula (3.24) for the canonical solution p(z,t) we can easily check that
R(z,t) — 0o as t — oo uniformly on any compact interval. Therefore, there exists 7" > 0 such
that

R(z,0) <U(x+¢,0) < R(z,T)

(see Figure 3). Now the comparison principle, Proposition 8, completes the proof.
End of Proof.
The convergence order of potentials is easily computed like followings:

Lemma 10 (Potential convergence order) Let U, R be Newtonian potentials of u, p, respec-
tively, and ¢ = fxuo(x)dx. Then, there exists T' > 0 depending on the initial value uy such
that

IR(E) = Un(t) o = T max (6(p(a. ). (3.30)
Proof. Let T > 0 be the constant that satisfies (3.29). Then,

R(z,t) — Uz +e,0)| < [R(z,t) — Rzt +T)|
< T Ryllo = Tmax (¢(p(w,1))).

Since the estimate is independent of x, it is a uniform estimate.
End of Proof.

Now we transfer this convergence order to solutions. Since the coefficient a in (3.28) is non-
negative, the lap number decreases and hence there is at most two sign-changing points and hence
U(z,t) — R(x,t) may change its sign once. Therefore, by the same arguments in the proof of
Proposition 6, we have

1R(t) = Ue()]l1 = 2l R(t) — Ue(t) |0 < 2T max (¢(p(x,1))).

We need to convert this L' convergence rate to a uniform one to use the arguments again. This
comes from the L' — L™ interpolation and

() = Ua(t)]oe < 2T max (6(p( 1)) max (p(a. 1). (331)
Since p — u may changes its sign at most twice, the estimate corresponding to the first step is
l6(8) ~ we(t)l < AIRE) - Uuft)oo < STmax (6(p(a, 1)) max (p(a. ).

This completes the proof of Theorem 2(z).

3.4 p-Laplacian type nonlinear diffusion

In this section we show Theorem 2(i7). Consider the case o = 0, i.e., u is the solution of

g = VP(uy) s, ltil%lu(x,t) =ug(z), z€R, t>0, (3.32)

where 1 is an odd function satisfying (3.7) and the initial value ug is symmetric and continuous,
and satisfies

spt (uo) = [-L, L], wo(z)>0forxe (—L,L) and /uo(:v)dx =1 (3.33)
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The source solution p satisfies

pe="1(pa)a, limp(z,t)=0(x), z€R, t>0. (3.34)

Let
U = Uy, 0 = Pz-

Then after differentiating (3.32) one can easily check that v and p are solutions to the porous
medium type equations

The difference from the previous case is that v, ¢ are sign-changing solution with zero total mass,

ie.,
/ v(z, t)dx :/ o(z,t)dx = 0.

Let u, @ be solutions to (3.32) and v, 0 be their derivatives, respectively. We take the integrals
U,U of u, @ as their potentials. Then, U U are Newtonian potentlals of v,v. We already saw in

Proposition 3 that £ := U —U >0 for all ¢ > 0 if E(x,0) > 0. In the proof we basically used the
maximum principle to the relation

E,=b(z,t)Ey, bz, t):=

Now we construct an estimate related to the time translation. Since p(z,t) > 0 decays to zero
as t — oo, preserves its initial mass, and is symmetric with respect to x = 0, we have, for any
t>0,

R(z,t) =1 as = — o0, R(z,t) —0 as x — —o0,
R,(z,t) -0 as t — oo, R(0,t)=1/2fort > 0.

Similarly, since u(z,t) is symmetric, the potential U of the solution u satisfies

U(z,t) =1 as © — o0, U(x,t) -0 as z — —o0,
Ug(z,t) -0 as t — oo, U(0,t)=1/2fort > 0.

The initial potentials U(x,0), R(z,0) satisfy

U(x,0)=1 forall z>L,  U(z,0)=0 forall z<—L,
R(z,0)=1 forall x>0, R(z,0)=0 foral z<0.

Under the extra assumption that U,(zg,0) # 0 at the point such that U(zg,0) = 1/2, one can
easily see that there exist 7' > 0,c € R such that

R(z —¢,T) <U(z,0) < R(x —¢,0), z>1/2a.
R(z —¢,0) <U(z,0) < R(x — ¢, T), z<1/2a.

It is clear that such an estimates as (3.29) is not possible since R(z,t) and U(x,t) cross to each
other at the point z = 0, i..e, U(0,t) = R(0,t) = 1/2 for all ¢ > 0. However we may apply the
maximum principle arguments by restricting the domain to x > 0.

Lemma 11 There exists T > 0 such that

R(z,t+T) <U(x,t) < R(x,t), t>0,x2>0. (3.36)
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Proof. The second inequality in (3.36) is already obtained and we show the first one. Since the
initial value is continuous and u(0) > 0, there exists € > 0,0 > 0 such that

up(z) > € for 0<z <.

Since p(x,t) — 0 as t — oo, there exists 7' > 0 such that max, p(z,T) < e. Therefore, R(z,T) <
U(z,0) for 0 < z < §. Since R(x,t) — 0 uniformly as t — oo on the domain [0, L] and U(x,0) > €d
on [0, L], we have R(z,T) < U(z,0),0 < x < L, after taking larger 7" > 0 if needed. Since
U(z,0) =1 for x > L and R(x,t) <1 for x > L, we have

R(z,T) < U(xz,0), t>0,z>0.

Now we may apply the maximum principle on the domain  := {(x,t) : 0 <z < 00,0 <t <
oo}. Since (3.36) hold on the boundary 02, we may conclude that (3.36) holds on (2.
End of Proof.

Now the convergence order is similarly estimated as

lu = olly < 2[|R(t) = R(T +t)]|oc < 2T[|Ryfloc < 2T maxy(o(,1)))

and the proof for Theorem 2(i7) is complete.

In the diffusion case we obtained extra convergence order of similarity scale since the solution
is the second order derivative of its potential. Here we could not do that. However, since o has
zero total mass, we may expect that it may decay faster than p.

3.5 Explicit computation of convergence orders

In this section we compute the convergence order in Theorems 1 and 2 explicitly under power
laws:

flu) =u?/q, ¢(u) =u™, ¥(v) =sign(v)[v|’!, m>0,¢>1,p> 1. (3.37)
If o = f(u), ¢(u), or ¥(u,), the the source-type solution p is given explicitly and it is well known
that
1/q if o= f(u),
maxp(x,t) =0@Ft™%), a=< 1/(m+1) if o= ¢(u),, (3.38)
e 1/(2p—2) if o =v(u,),

ast — oo. If A is a sum of two or all of these three terms, the decay power « is simply the largest
one among these three. For the general case 0 # 0 = c10. + co04 + c30,, the decay rate of the
solution p is

(3.39)

o C1 Ca C3
gle%p(m’w = 0™, a—max<q,m+1, 2p—2>
as t — oo. (This decay order has been shown for the convection-diffusion case in [5], i.e., ¢; =
c3 = 1,co = 0. T am not sure if there is a paper for (3.39) for the case when all of these three
terms are together.)

If & = 1/q, then we may say that the convection dominates the evolution. Similarly, if o =
1/(m+1) or @ =1/(2p—2), then the nonlinear diffusion operator o, or the p-Laplacian operator
0, dominates the evolution, respectively. Combining (3.10) and (3.39) we obtain the convergence
order
C1 Co C3

Ju(t) = p(0)] = O™, o =max (T 2 52

), as t — 00 (3.40)

for the general case in (3.8).
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For the case 0 = ¢(u), the order of p is t~*/(™+1) and hence the convergence order in (3.12) is
lo(t) = ue(®)|l = Oty = O™
as t — oo.

Remark 12 If 1 < p < 3/2, the decay order in (3.40) is higher than 1/t. It seems that this case
the diffusion speed is so fast that the the time translation has bigger impact than space translation.
The similar phenomenon is observed for the nonlinear diffusion when the diffusion is so fast that
the total mass is not preserved.

Remark 13 For the nonlinear diffusion in multi-dimensions, o = A(u™), the convergence order
of magnitude of the source solution has been known by Dolbeault & del Pino [2] and Otto [15]. For
p-Laplacian o = div(|Vu[P~2Vu) with p in a certain range L' convergence order has been obtained
by Dolbeault € del Pino [3] for dimension n > 2, which is lower than the magnitude of solutions.
However, under the presence of several phenomena any convergence order is not known until a
recent work by Carrillo & Fellner [1]. In [1] the same convergence order has been shown for the
case 0 = 0.+ 0q withm+1<qgand1 <m < 2.
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