Final Exam

MAS501 Analysis for Engineers, Spring 2011
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1. (45pts) Determine whether the following statements are true or false. (You don’t need to prove or
disprove.) If you are correct, you gain three points. If you are wrong, you lose three points. If you
don’t write the answer, nothing happens.

(a) If | f| is Riemann integrable, then f is Riemann integrable.

(b) If f is increasing and « is continuous on [a,b], then the Riemann-Stieltjes integral f; fda
exists.

(¢) There is a continuously differentiable function f on (0, 1) such that f’ is bounded but f is not
bounded.

(d) Let f(x) = 2%/?sin(1/z) when 2 # 0 and f(0) = 0. Then f is of bounded variation on [0, 1].

(e) If f is a continuously differentiable function on [a,b], f(a) = f(b) = 0 and ff fA(z)dx =1,
then f; xf(z)f (x)dx < 0.

(f) Tt holds that ffl V1 +22dr > 1/3.

(g) Let f be a continuous function. Then limy_,q f:j: f(x)dz = f(a).

(h) Let {fn} be a sequence of continuous functions. If f,, — f uniformly on R, then f is continuous
on R.

(i) f(z) =>,2, sin(nz)/n? is a continuous function on R.

(j) A bounded continuous function on R is differentiable at some point in R.

(k) Let {f,} be an equicontinuous sequence of functions on R. If f,, — f pointwise on R, then f
is uniformly continuous on R.

(1) There is a countable set which is not measurable.

(m) Let f be a real-valued function on R. If {z : f(x) = a} is measurable for every real number
a, then f is measurable.

(n) If {fn} is a sequence of continuous functions on R, then limsup f,, is measurable.

(o) If {fn} is a sequence of nonnegative measurable functions and f, — f a.e. on a measurable
set B, then [ fdm <liminf [, f, dm.



2. (10pts) Find the smallest real number a satisfying

r—1In(1+2z) <azx? for every z > 0.

You should justify your answer.

3. (10pts) Prove that the improper integral

/0 (1 + sin(nx)) (1 + %) e 2 dx

exists for every natural number n. DO NOT use the Lebesgue integral.

4. Assume f,, — f uniformly and g, — ¢ uniformly on R.

(a) (5pts) Prove or disprove: f, + g, — f + ¢ uniformly on R.
(b) (5pts) Prove or disprove: f,g, — fg uniformly on R.

5. (10pts) Prove or disprove: if { E,, } is an increasing sequence of measurable sets, that is, E, C E,41

for each n, then
m( U En> = lim m(E,).

n—00

6. (10pts) Compute

You should justify your answer.



