ABSOLUTELY CONTINUOUS SPECTRUM OF A POLYHARMONIC
OPERATOR WITH A LIMIT PERIODIC POTENTIAL IN
DIMENSION TWO.

YULIA KARPESHINA AND YOUNG-RAN LEE

ABSTRACT. We consider a polyharmonic operator H = (—A)! + V() in dimension
two with | > 6, | being an integer, and a limit-periodic potential V(z). We prove
that the spectrum contains a semiaxis of absolutely continuous spectrum.

1. INTRODUCTION.

We study an operator
H=(-A) +V(z) (1)
in two dimensions, where [ > 6 is an integer and V(z) is a limit-periodic potential

V(z) =Y Vi(a). (2)

Here {V,.}$2, is a family of periodic potentials with doubling periods and decreasing
L..-norms, namely, V,. has orthogonal periods 2" 7131, 2713, and

IVilloo < Ceap(—2"") 3)

for some 1 > 2 + 64/(21 — 11). Without loss of generality, we assume that C' = 1,
51 = (f1,0), 52 = (0, B2) and er Vi (x)dx = 0, Q, being the elementary cell of periods
corresponding to V. (z).
The one-dimensional analog of (1), (2) with =1 is already thoroughly investigated.
It is proven in [1]-[7] that the spectrum of the operator Hyu = —u” 4+ Vu is generically
a Cantor type set. It has positive Lebesgue measure [1, 6]. The spectrum is absolutely
continuous [1, 2], [5]-[9]. Generalized eigenfunctions can be represented in the form of
e?*y(x), u(x) being limit-periodic [5, 6, 7]. The case of a complex-valued potential
is studied in [10]. Integrated density of states is investigated in [11]-[14]. Properties
of eigenfunctions of discrete multidimensional limit-periodic Schrédinger operators are
studied in [15]. As to the continuum multidimensional case, it is proved [14] that the
integrated density of states for (1) is the limit of densities of states for periodic operators.
A particular case of a periodic operator (V. = 0 when r > 2) for dimensions d > 2 and
different [ is already studied well, e.g., see [16] — [31]. Here we prove that the spectrum
of (1), (2) contains a semiaxis of absolutely continuous spectrum. This paper is based
on [32]. We proved the following results for the case d =2, 1 > 6 in [32].
(1) The spectrum of the operator (1), (2) contains a semiaxis [A.(V'), 00). A proof of
the analogous result by different means can be found in [33]. The more general
case 8] > d+3, d # 1(mod4), is considered in [33], however, under the additional
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restriction on the potential: the lattices of periods of all periodic potentials V.
have to contain a nonzero vector 4 in common, i.e., V(x) is periodic in one
direction.

There are generalized eigenfunctions \IIOO(E, &), corresponding to the semiaxis,
which are close to plane waves: for every k in a subset Goo of R2, there is a
solution W (k, #) of the equation HW.y = Ao (k)W s, which can be described
by the formula

Voo, 7) = e (14 uno () (4)

Juscllzaeey = O(IF™), m >0, (5)

—

where us(k, ¥) is a limit-periodic function
Uoo (K, B) = un(k, 7), (6)
r=1

uT(E, Z) being periodic with periods 27=13,, 27=13,. The eigenvalue )\00(12)
corresponding to ¥, (k, ) is close to |k|?:

Ac(B) = [ +0(JF), 22 >0, (7)

k] —o0

The “non-resonance” set Goo of vectors k, for which (4) — (7) hold, is a Cantor
type set Goo = [ry Gn, where {G,}°°, is a decreasing sequence of sets in RZ.
Each G,, has a finite number of holes in each bounded region. More and more
holes appear as n increases; however, holes added at each step are of smaller and
smaller size. The set G, satisfies the estimate

|Goc NBr| = [Br[(1+O(R™)), >0, (8)

where Bg is the disk of radius R centered at the origin and | - | is Lebesgue
measure in R?. .
The set Doo(A), defined as a level (isoenergetic) set for Ao (k),

Doc(\) = {Ee Goo : Moo (E) = )\},

is shown to be a slightly distorted circle with an infinite number of holes. It can
be described by the formula

—

Doc(\) = {k:E:%OO(/\,ﬁ)D, 176800(/\)}, 9)

where By () is a subset of the unit circle Sy. The set B (A) can be interpreted
as the set of possible directions of propagation for almost plane waves (4). The
set Boo(A) has a Cantor type structure and an asymptotically full measure on
S1 as A — oo:

L(B=o(N) = 27+0 (A*%/Z‘l) , (10)
here and below L(-) is a length of a curve. The value s (A, 7) in (9) is the
“radius” of Duo(\) in a direction 7. The function s, (A, 7) — A/2! describes the



ABSOLUTELY CONTINUOUS SPECTRUM 3

deviation of Dy (\) from the perfect circle of the radius A/, Tt is shown that
the deviation is small

soo(N7) | = M2 L0 (W), 44> 0. (11)

The set G is the union of isoenergetic curves Do (N) over all sufficiently large

A
Goo= |J D). (12)
A>A (V)

In this paper, we use the results of [32] to prove absolute continuity of the branch of
the spectrum (the semiaxis) corresponding to o (k, ).

The following is a brief review of the technique used in [32], where we develop a mod-
ification of the Kolmogorov-Arnold-Moser (KAM) method to prove the results listed
above. The paper [32] is inspired by [34, 35, 36], where the method is used for peri-
odic problems. In [34], KAM method is applied to classical Hamiltonian systems. In
[35, 36], the technique developed in [34] is applied for semiclassical approximation for
multidimensional periodic Schrodinger operators at high energies.

In [32], we consider a sequence of operators

M,

Ho:(—A)l, H(”):HO—FZVT, n>1, M, — oo asn — . (13)

r=1
Obviously, |H — H™| — 0 as n — oo and H™ = H®™ D 4 W, where W, =
Ziw"Mn L+ V.. We treat each operator H (”), n > 1, as a perturbation of the previous

operator H=1  H©) = Hy. Each operator H™ is periodic; however, the periods go
to infinity as n — oo. We show that there exists A, = A.(V) such that the semiaxis
[A«, 00) is contained in the spectra of all operators H™)_ For every operator H(™ there
is a set of eigenfunctions (corresponding to the semiaxis) close to plane waves: for every
k in an extensive open subset G, of R?, there is a solution ¥, (k,¥) of the differential
equation H™ W, = AW ¥, which can be represented by the formula

U, (5, 3) = 50 (14 00(8,7)) s anllasn = OQF™), m >0,  (14)

|k]—o00

where @i, (k, #) has periods 2M»—15; 2Mn=15, 1 The corresponding eigenvalue A(™ (k)
is close to |k|?:

XOE) = EE+0 (JF?), 92 >0, (15)
|k|— o0
The asymptotic is differentiable in k:
VAM((R) = 2F* 2% +0 (|/2|—vé), Yy >0, (16)
‘ — 00

The non-resonance set G, is shown to be extensive in R?:
|G, N Br| e IBr|(1+ O(R™)). (17)

Estimates (14) — (17) are uniform in n. The set D,,(\) is defined as the level (isoenergetic)
set for non-resonant eigenvalue A ")(

k):
{E A (F) = )\} . (18)

Lig (k, @) = S0y wr(R, @), ur(E, @) being in (6).
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~— Y Y PAR, AP
FIGURE 1. Distorted cir- FIGURE 2. Distorted cir-
cle with holes, D () cle with holes, Dy ()

This set is shown to be a slightly distorted circle with a finite number of holes (see Figs.
1, 2), the set Dy (\) being strictly inside the circle of the radius A'/?* for sufficiently large
A. The set D, () can be described by the formula

Dn(\) = {E: K= (N D), 7 € Bn(/\)} , (19)

where B, () is a subset of the unit circle S;. The set B,(\) can be interpreted as
the set of possible directions of propagation for almost plane waves (14). It has an
asymptotically full measure on S7 as A — oo:

L(Ba(N) = 27+0 (x%/ﬂ) . (20)
The set B, (A) has only a finite number of holes; however, their number grows with n.
More and more holes of a smaller and smaller size are removed at each step. The value
sn(\, 7) — AV/2 gives the deviation of D, (\) from the circle of the radius A'/?! in the
direction #. It is shown that the deviation is asymptotically small:
Osn (N, V)

stn(N 7)) = A2 0 (A1), 9e

=0 (A_VS) ) V4,75 > Oa (21)

¢ being an angular variable,
7 = (cosp,sing), ¢ € [0,2m).
Estimates (20), (21) are uniform in n. The following relation holds:

.= |J DV (22)

A>A (V)

At each step, more and more points are excluded from the non-resonance sets G, ;
thus, {G,}52, is a decreasing sequence of sets. The set G is proven to be the limit set:
G = ﬂzo:l G.. It has an infinite number of holes, but nevertheless satisfies the relation
(8). For every k € Goo and every n, there is a generalized eigenfunction of H(™ of the
type (14). It is shown that the sequence W, (k, Z) has a limit in Lo (R?) when k € Gu.
The function W (K, F) = lim, oo ¥, (K, &) is a generalized eigenfunction of H. It can
be written in the form (4) — (6). Naturally, the corresponding eigenvalue Ao (k) is the

limit of A(™ (k) as n — oc.
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It is shown that {B,(\)}5, is a decreasing sequence of sets at each step more and

more directions being excluded. We consider the limit By, () of By, (A),
Boo(N) = [ Bu(N).
n=1

This set has a Cantor type structure on the unit circle. It is shown that B (A) has
asymptotically full measure on the unit circle (see (10)). We prove that the sequence
2, (N, P), n = 1,2, ..., describing the isoenergetic curves Dy, (), converges rapidly (super
exponentially) as n — oo. Hence, Do () can be described as the limit of D, (\) in the
sense of (9), where o (A, V) = limy, o0 220, (A, V) for every 7 € Boo(A). It is shown that
the derivatives %j"ﬁ) have a limit as n — oo for every 7 € By ()\). We denote this

limit by 8%275:"17). Using (21), we prove that
0300 (N, V) _
TN O (N, 23
070y &

Thus, the limit curve Dy (A) has a tangent vector in spite of its Cantor type structure,
the tangent vector being the limit of corresponding tangent vectors for D,,(\) as n — oo.
The curve Do (A) looks like a slightly distorted circle with infinite number of holes.

The main technical difficulty overcome in [32] is the construction of non-resonance
sets By, (\) for every fixed sufficiently large A, A > A.(V'), where A, is the same for all n.
The set B, ()) is obtained by deleting a “resonant” part from B,_1(A). The definition of
B,,_1(\)\ B, ()\) includes Bloch eigenvalues of H(™~1. To describe B,,_1(\)\ Bn()), one
has to use not only non-resonant eigenvalues of type (7), but also resonant eigenvalues,
for which no suitable formulas are known. The absence of formulas causes difficulties
in estimating the size of B,_1(A) \ Bn(A). To deal with this problem we use angular
variable . We show that the resonant set B,_1(\) \ B,()\) can be described as the zero
set of a determinant

A, —1(p) being a trace type operator,

I+ A, 1(p) = (H(”*l) (Fn-1(p) +b) = (A + eu) (HO (Fon—1(p) + ) + )\I) o

where 3,1 (¢p) is a vector-valued function describing D,,—1(\) : #n—1(p) = 361 (A, D)V,
To obtain B,_1(A) \ Bn(A\) we take all the zeros of (24) for all values of € in a small
interval and vectors b in a finite set, b # 0. To estimate the size of B,_1(A) \ Ba(N)
we extend our considerations to a complex neighborhood @y of [0,27). We show that
the determinants are analytic functions of ¢ in @y, and, thus, reduce the problem of
estimating the size of the resonance set to a problem in complex analysis. We use
theorems for analytic functions to count the zeros of the determinants and to investigate
how far zeros move when e changes. This enables us to estimate the size of the zero
set of the determinants and hence the size of the non-resonance set @, C @y, which is
defined as a non-zero set for the determinants. Proving that the non-resonance set @,
is sufficiently large, we obtain estimates (17) for G, and (20) for B, the set B, being
the intersecton of @,, with the real line. To obtain @,, we delete from @3 more and more
holes of smaller and smaller radii at each step. Thus, the non-resonance set &, C &g
has the structure of Swiss Cheese. We call deleting the resonance set from @, at each
step of the recurrent procedure “Swiss Cheese Method”. The essential difference of our
method from those applied earlier in similar situations (see, e.g., [34, 35, 36]) is that
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we construct a non-resonance set not only in the whole space of a parameter (E € R?
here), but also on the isoenergetic curves D, ()) in the space of parameter when A is
sufficiently large. Estimates for the size of non-resonant sets on a curve require more
subtle technical considerations than those sufficient for description of a non-resonant set
in the whole space of the parameter.

In the next section, using information obtained in [32], we prove absolute continuity
of the branch of the spectrum [\, (V), 00) corresponding to the functions W (k, Z), k €
Goo. Absolute continuity, roughly speaking, follows from the fact that the area between
isoenergetic curves Do (A) and Doo (A + €) (integrated density of states) is proportional
to e.

Note that generalization of results from the case [ > 6, [ being an integer, to the case
of rational [ satisfying the same inequality is relatively simple; it requires just slightly
more careful technical considerations. The restriction [ > 6 is also technical, though it
is more difficult to lift. The condition ! > 6 is needed only for the first two steps of
the recurrent procedure in [32]. The requirement for super-exponential decay of ||V, ||
as 7 — 00 is more essential than [ > 6 since it is needed to ensure convergence of the
recurrent procedure. It is not essential that potentials V,. have doubling periods; periods
of the type ¢"~ 131, ¢""15, ¢ € N, can be treated in the same way.

The periodic case (V. = 0, when r > 2) is already carefully investigated for dimen-
sions d > 2 and different ! [16]-[31]. For briefness, we mention here only results for
dimension two. Absolute continuity of the whole spectrum is proven in [16] for [ = 1,
however the proof can be extended for higher integers [. Bethe-Sommerfeld conjecture
is first proved for d = 2, I = 1 in [17], [18] and for [ > 1 in [21]. The perturbation
formulas for eigenvalues are constructed in [20]. The formulas for eigenfunctions and the
corresponding isoenergetic surfaces are obtained in [21].

2. PROOF OF ABSOLUTE CONTINUITY OF THE SPECTRUM

2.1. Projections E,(G)), G, C G,. Let us consider the open sets G, given by (22).
There is a family of Bloch eigenfunctions W,, (3, ), # € G,,? of the operator H™  which
are described by the perturbation formulas (14). Let G/ be a Lebesgue measurable subset
of G,,. We consider the spectral projection E,, (G/,) of H™, corresponding to functions
W, (3,1), # € Gl,. By [38], E, (G)) : L2(R?) — La(IR?) can be presented by the formula:

1
E,(G,)F = —/ (F, W, (32)) W, (3)d5% (25)
ir? Jg,
for any F' € C§°(R?), here and below (,-) is the canonical scalar product in Ly (R?),
ie.,

(F, 0, () :/ F(2)¥, (%, x)dz.

RZ
The above formula can be rewritten in the form:
Ey(Gy) = Sn(G,) T (Gr) (26)

Tn: C°(R?) — L2 (Gr),  Sn: Lec (Gr) — La(R?),

T,F = = (R, (2) for any F e G (R2), (27)
i

2We use 3 in this section instead of k (see (4) and further) to be consistent with notations in [32].
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T, F being in L (G),), and,
1
Spf = f() W, (32, x)dsz for any f € Lo (G},). (28)
8
y [38],
ITwFllLo(gy) < 1FllLo@2)
on C§°(R?) and
[SnfllLo@2y < [1f]Lacar)
on Lo (Gl). Hence T, S, can be extended by continuity from C§°(R?), L. (G),) to
Lo(R?) and Ly (G!), respectively. Thus the operator E,, (G/,) is described by (26) in the
whole space Ly(IR?).
Let us introduce new coordinates (A, ) in G,: A, = AW (32), (cos @, sin g

"

) =
Lemma 1. Every point 3 in G, is represented by a unique pair (An, ), An > A,
¢ €[0,2m),

N

#(An, p) = 20 (An, V)V, V= (cosp,sinp), (29)

stn(An, V) being the “radius” of the isoenergetic curve Dy(Ay,) in the direction U.

Proof. Obviously, for every 3 in Gy, there exists a pair (A, ) such that A, = A (32)
and that (cosp,sinp) = \%I For uniqueness, suppose there are two points iz, i cor-
responding to (A, @), i.e., A (3) = A (%) = )\, and I% =
means that both 3; and 3% belong to D, (A,). The curve D, (Ay,) is parameterized by

@, therefore, #; = #,. Formula (29) follows from the relation A (32) = \,,, which is
the definition of the curve D, (\,), and formula (19). O

‘ | = /. The former

For any function f(3¢) integrable on G,,, we use the new coordinates and write

f(2)dz = / ¥ (G 7) F()d5

/ /2” (G 70 9) (7 90) 202D 4

D

g’!l

where x (G, ) is the characteristic function on G,,, (A, ) is given by (29) and % =
(V/\ n)( , ) ‘%:%n()\m,j). Let

Gox = {3 € Gn : A (32) < A} (30)
This set is Lebesgue measurable, since G,, is open and A (5) is continuous on G,.
Lemma 2. |gm+s\gm|<2m e when 0 < e < 1.

Proof. Considering that Gp x4e \ Gnx = {# € Gn 1 A < A\ (3) < A + €}, we get
e
i ( An,v
1Gnate \ Gnal =/ X (Gnate \ Gnons #) / / )d wdn,

n

where ©,(\,) C [0,27) is the set of ¢ corresponding to Bn()\n). Usmg perturbation
formulas (16), (21) we easily arrive at the required inequality. O

By (25), En (Gnate) — En (Gnx) = En (Gnate \ Gn,x). Let us obtain an estimate for
this projection.
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Lemma 3. For any F € C§°(R?) and 0 < e < 1,
2 (-
[(Ea(Gate) = Ba(Gap)) F |, oy < CLIA D e (31)
where C(F) is uniform with respect to n and .

Proof. Considering formula (25), we easily see that

(EaGnrse) — En(Gu)) Fs F) = /g L, lwwe)fe

Using estimate (14) uniform in n for every cell of periods covering the support of F' and
summing up over such cells, we readily obtain

[(F, W, (2)]* < C(F)
for all n and 3 € Gy, r+e \ Gn, . Hence, by Lemma 2,
((Bu(Gnrte) = En(Gn)) L F) < C(F) [Gnare \ Gnal < CUFAITH e,
Estimate (31) follows since Ey, (Gn ate) — Fn(Gn,x) is a projection. O
2.2. Sets Goo and Goo x. The sets Goo, G, are given by (12), (22). It is proven in [32]

(Theorem 6.10) that
Gnt1 C G- (32)

n=1

Therefore, the perturbation formulas for A (32) and ¥,,(3) hold in G, for all n. More-
over, coordinates (A,, ) can be used in G for every n.

The following formulas, proven in [32], show that A() (%) and W, (32) approach Ao ()
and ¥, (5) super-exponentially fast when # € G.. Indeed, let 5 belongs to a ring

Rior = {7 €R? 1 k < |3 < 2k} (34)
for some k : k2' > )\,. Then,
‘/\00( A ()] < 24¢t, n>1, (35)
[Woo = UnllL g2y < CUR*'EX|Qnin V2, n > 1, (36)
where
€n = €Xp (—ik"s") , Sn=28,-1, $1=(20—11)/32 (37)

and @, is the elementary cell of periods of the operator H,,. It is formed by the periods

NuBi, NufBo of Wy (z) and N, =~ k%, i.e.,

Qn = [0, NaB1) X [0, Nof1),  |Qu] < CB1 Bk " (38)
Let
Goor = {# € 0o : Ao (52) < A} (39)
The function A (5¢) is a Lebesgue measurable function, since it is a limit of the sequence
of measurable functions. Hence, the set G » is measurable.

Lemma 4. The measure of the symmetric difference of two sets Goo,x and G, x converges
to zero as n — oo uniformly in X in every bounded interval:

nhigo |goo,)\Agn,)\| = 07
where AAB = (A\ B)U (B\ 4).
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Proof. Using the relation Goo C G, and estimate (35), we readily check that Goo x C
Grnnis,, On = 24€X where ¢, is given by (37) with k = A2/, Therefore,

Goor \ Gnx C Gurts, \ Gnoa-
Similarly, Goo,x D Gn,r—s, N Gso. Hence,

Gna \ Goor C Gna N (Grr—s, NGoo)” C (G \ Gnn—5,) U (Gnx \ Goo) -

Combining the two, we get

GoorAGn A C (Gnat+s, \ Gna=6,) U (G \ Oco)
hence,
|Goo AAGn Al < |Gna=s, \ Gnato,] +1Gnr \ Oool -

Let us consider the first term of the right hand side. Using Lemma 2 with ¢ = 24,,, we
obtain |Gn a—s, \ Gnoars,| < 967X~ (Dt Using (37) for €,, we conclude easily that
the first term goes to zero uniformly in A. Obviously, G, » is bounded uniformly in n
when n — oo and A in every bounded interval. By (32) and (33) the second term goes
to zero uniformly in A in every bounded interval. (I

2.3. Spectral Projections E(Gs, ). In this section, we show that spectral projections
En(Gso.) have a strong limit Feo (Goo,x) in L2(R?) as n tends to infinity. The operator
Eoo(Go,2) is a spectral projection of H. It can be represented in the form Foo(Goo x) =
SooTs0, where S and T are strong limits of Sy, (Goo ) and T;,(Goo 2 ), respectively. For
any F € C§°(R?), we show:

Fac (Goon) F = 1 /g (F, W (7)) W (2)d5, (40)
HEw (Goon) F = ﬁ ; Moo (32) (F, W oo (32)) Voo (32)d 2. (41)

Using properties of Fos (Goox), We prove absolute continuity of the branch of the spec-
trum corresponding to functions W, (5).

Now we consider the sequence of operators T}, (Goo ) Which are given by (27) and act
from Lo(R?) to La(Gso.n). We prove that the sequence has a strong limit and describe
its properties.

Lemma 5. The sequence Ty, (Goo 1) has a strong limit Too(Goo 1) The operator Too(Goo,2)
satisfies | Too|| < 1 and can be described by the formula TooF = 5= (F, Voo (52)) for any
F € C§°(R?). The convergence of Tn(Goo A)F t0 Teo(Goo A )F is uniform in X for every
F € Ly(R?).

Proof. Let F € C§°(R?). We consider Too F' = 5= (F, U0 (52)). It follows from (36) and
(27) that

}(Too - Tn)F(’?)} < C(F)gn(ff)v gn (%) = lk2l6i|Qn+1|1/2a k= |’?|

It is easy to see from (37), (38) that g,(3¢) € L2(Gwo) for all n and g, (32) tends to zero in
Ls(Gso) as n — oo. Therefore, g,,(5) tends to zero in La(Goo,x) uniformly in A. Hence,
|(Teo — T")F||L2(g ) tends to zero uniformly in A for every F € C§°(R?) as n — oc.
Considering ||T},|| < 1, we obtain that T, F has a limit for every F' € Ly(R?) uniformly
in A. The estimate ||T|| < 1 is now obvious. O
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Now we consider the sequence of operators S, (Goo,x) Which are given by (28) with
g;L = goo,)\:
Sn(goo,)\) : L2(goo,)\) i L2(R2)

We prove that the sequence has a strong limit and describe its properties.

Lemma 6. The sequence of operators Sp(Geo x) has a strong limit Seo(Goo,n). The
operator Seo(Goo,n) satisfies ||Ssoll < 1 and can be described by the formula

1 . o N
(Suof) () = /g RGN (12)

o
for any f € Loo (Goo,x). The convergence of Sp(Goon)f t0 Soc(Goo ) [f is uniform in A
for every f € Lo (Goo).

Proof. We start with proving that S, (Geo 1) f is a Cauchy sequence in Lo(R?) for every
f € Loo(Goon). Since Q, is the cell of periods of the operator H(™ | see (38), the
function ¥, (3,x) is quasiperiodic in @,. It can be represented as a combination of
plane waves:

() = 5= 3 V() expil+ 5(0)/ N ), (43)
rez?

where ¢{™ () are Fourier coefficients and j,(0) = (22%’ 2;22)' The Fourier transform

of \Tln is a combination of §-functions:

U, (32,8) = Y M (2)5(E+ %+ 5r(0)/N,).

reZ?

From this, we compute easily the Fourier transform of S, f

(Suf Z (=€ = 7(0)/Ni) f (=€ = 50(0) /N ) X (Goo 3, =€ = 5-(0) /Ny,

r622

where x(Goo,x,-) is the characteristic function on Goo x. Since Goo,x is bounded, the

series contains only a finite number of non-zero terms for every 5 By Parseval’s identity,
triangle inequality and a parallel shift of the variable,

1SnfllLy@2) = 1SnfllLy®e) <

- ﬁT(O)/Nn)X(goo,ka _g_ﬁr(o)/Nn)

—

(M (=€ = 5. (0) /Ny ) f (€

o0 Z 1S () f G L (G-

TEZ2

1
E Z LQ(R2)

reZ?

Assume first that the support of f belongs to a ring Ry ok in (34) for some k such that
k% > X\.(V). Then, the last inequality yields:

1 n
HSanLQ(R2) < %|‘f”Loo(Rk,2k) Z Hcg )||L2(Rk,2k) <
reZ?

. 1/2 1/2
%”f”LOO(Rk,zk (Z pr(0) el |%2(R,C,2k)> (Z PZM(O)) :

rez? rez?
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where we used Cauchy-Schwarz inequality. By (43), Fourier coefficients c&")(ﬁ) can be

estimated as follows:

S O (B < 472 (7, exp (<)) [yauq,|@al N <
rez?
87T2|’?|4l||\11n(;f= ')||?4/221(Qn)|Qn|71Nsl-

Integrating the last inequality over Ry, o, we arrive at

DO 0 < FPQUITING sup WG 2 g,

rez? #ERy 2k

Considering that > p,#/(0) < ¢, we obtain

||S f||L2(R2) <Ck2l+1||f||Lm(Rk2k)|Qn| 1/2N21 sup ||‘I’ ( )||W22’(Qn)'

ZER 2k

Similarly,

[1(Sn+1 = Sn) fllLor2)

< Rl (R i) [ @ | 2N sup (W1 (52 ) = (52 ) w2t (@uan)-
#ERE, 2k

It is proven in [32] (Section 6.2) that
1Wni1 (3, ) = W3, lwzi(@nyny < K€ Quial?, n>1, when 3 € Ryop. (44)
Using the last estimate, we obtain

1S = Sus) fllzaze) < Kl (R Vi €5 (45)

Considering that €, decays super-exponentially with n (see (37)) and the estimate N, =~
k*», we conclude that S, f is a Cauchy sequence in Ly(R?) for every f € Lo (R 2k)-

If f € Loo(Goo,n), then we can express it as a sum of functions fi such that fj has
the support in Ry 2r and || fllz(Ry00) < IflL (G »)- Summing up estimates (45) over
all k, we easily see that S, f is a Cauchy sequence in L2(R?). We denote the limit of
Sn(gm,k)f by Soo(goqA)f-

We see from formula (28) and estimate (36) that

T (.(Goe ) 1) () = 5- /g F ()W (2, 2)d,

00, A

for all z € R? when f € Loo(Goo.2). Hence, (42) holds.
Since ||Sp|l < 1, the limit Soo(Goo x)f exists for all f € La(Goo,n). Note that conver-
gence is uniform in A for every f € L2(Gs). It is obvious now that ||Seof < 1. O

Lemma 7. Spectral projections En(Gso x) have a strong limit Eo(Goo 2) in L2(R?), the
convergence being uniform in X for every element. For any F € C§°(R?) the operator
Eo(Goo,\) is a projection given by (40) and formula (41) holds.

Proof. By (26), E,, = S,,T,,. By lemmas 5 and 6 both S,, and T,, have strong limits S,
Too and || Sy || < 1, ||T5 || < 1. Tt follows easily that F,, has the strong limit Fo, = SooToo-
Since E, is a sequence of projections, its strong limit satisfies the relations: Eo, = EY_,
E2, = E.. Hence E, is a projection, see e.g. [37]. Using last two lemmas and
considering that Too(Goon)F € Loo(Goon) for any F € C$°(R?), we arrive at (40).
Applying differential equation HV , = /\OO(E)\I/OO, we obtain (41). It remains to prove
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that convergence of E,, F is uniform in \ for every F € Lo(R?). First, let F' € C§°(R?).
By the triangle inequality,

[(Bso — En)F|| < [[(Soc = Sn)Too || + [|Sn (T — To) F|-
Since T, F' converges to Too F uniformly in A and ||S,|| < 1, the second term goes to
zero uniformly in A. We see easily from (40) that Too F' € Loo(Gso). Then, by Lemma 6,
SnTso F' converges t0 Eoo(Goo,x)F uniformly in A. This mean that E, (Goo,x)F converges
t0 Eoo (Goo,x ) F uniformly in A for F € C§°(R?). Using || E,|| = 1, we obtain that uniform

convergence holds for all F' € Ly(R?).
O

Lemma 8. There is a strong limit Foo(Goo) of the projections Eoo(Goo,x) as A goes to
infinity.
Corollary 9. The operator Eu(Goo) s a projection.

Proof. Considering that lim,—co En(Goo,n) = Foo(Goo,n) and E,(Geo,n) is a monotone
in A\, we conclude that Fo(Gso ) is monotone too. It is well-known that a monotone
sequence of projections has a strong limit. O

Lemma 10. Projections Eoo(Goo,r), A € R, and Ex(Gs) reduce the operator H.

Proof. Let us show Eo(Goo,n) reduces H, i.e., Fo(Goor)Dom(H) C Dom(H) and
Eoo(Goo)H = HEw(Gso,n) on Dom(H) (e.g., see Theorem 40.2 in [39]). For any
F, G € Dom(H) = Dom(H™),

(F, Ex(Goo AV HG) = (Eco(Goo 0 F, HG) = Tim (En(Goo ) F, H™G)
= lim (H™E,(Goo\)F,G) = lim (E,(Goop)H™F,G)

= lim ( H™F,E(Goon)G) = (HF, Exo(Goo2)G) = (Esc(Goo\) HF, G).

Hence, Foo(Goon)H is symmetric. Since Eso(Goo,x) is bounded, (Es(Goon)H)* =
HE(Go,n) (e.g., see §115 in [37]). Therefore, Eo(Goox)H C HEo(Goo,n) which
means that for every F' € Dom(H), Eoo(Goo\)F € Dom(H) and Eo(Goo)HF =
HE«(Goon)F. Thus, Ex(Goo,x) reduces H.

Now we show that E(Goo) reduces H. Noting that Fo(Gso) is the strong limit of
Eoo(Goo,n) as A — o0, for any F, G € Dom(H),

(F. Ex(Go)HG) = lim (F, Exc(Go0,2)HG) = lim (HEx(Go,)F, G)
= lim (B (goo VHF,G) = (Ex(Go)HF, G),

ie., Ex(Goo)H is symmetric. Considering (Ex(Goo)H)* = HEw(Goo) as before, we
obtain Fo(Goo )H C HE(Gso) which means that for every F' € Dom(H), Ex(Go)F €
Dom(H) and Eo(Goo ) HF = HE(Goo)F. Thus, Foo(Goo) reduces H too. O

Lemma 11. The family of projections Eoo(Goo, A) is the Tesolution of the identity of the
operator HE+(Gso) acting in Eoo(Goo) Lo (R?).

Proof. First, we show that limy__ oo Foo(Goo,n) = 0. It is enough to check that Goo x = 0
for every A < A.. We see from the definitions (22) and (30) of G,, and G, », respectively,
that G, x, = 0. It follows from (35) and (39) that Goo x, s, C Gn.x., here &, = 24el,
n > 2. Hence, Goo x = 0 for every A < A,.

Second, limy— 00 Foo(Foo.n) = Eo(Goo) by Lemma 8.
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Third, the family Es(Goo,) is left-continuous since each E,,(Goo,z) is left-continuous
and Ey,(Goo,x)F converges to Eso(Goo,x)F uniformly in A for every F' (Lemma 7).
Fourth, let A > p. Then,

(Eoo(goo,k)Eoo(goo,u)Fu G) = (Eoo(goo,u)Fa Eoo (goo,)\)G) = nh_)ngo(En(goo,u)Fa En(goo,)\)G)
= lim (En(Goo ) En(Goo ) F, G) = 10 (En(Goo )P, G) = (Boo(Goc,) F, G).

This means that Es(Goo,n)Eoo(Goo,p) = Foo(Goo,u)-
Last, we check that for any g € [Eso(Goo,n) — Foo(Goo,u)|D(H), A > p,

wlgll® < (Hg. g) < Mgl>. (46)
In fact, let
9= [Bxc(Gson) = Esc(Goou)IF, F € CF°(R?). (47)
By (40) and (41),

1
g(x) = —/ F, 0o (32)) Vo (x)d,
42 goo,)\\gao,y.( )

1 - - =
Hg(x) = m/ Moo (32) (F, W oo (52)) Vo () d 32,
Goo, A \Goo,
1 S (2 5o
ol = (0 F) = gz [ (P wel) a5 (48)
1 - - -
(Hg.9) = (Hg, F) = 5 / Aoo(Z) | (F, o (3) | d5 (49)
T JGoo A\Goo,u

By the definitions of G, and Gu x, the inequality p1 < Ao(32) < A holds when 3 €
Goo,x \ Goo,pu- Using the last equality in (49) and considering (48), we obtain (46) for
all g given by (47). Since C§°(R?) is dense in Dom(H) with respect to ||F||,mrz2) +
| H F|| ,(r2) norm, inequality (46) can be extended to all g = [Eog (Goo,x) — Foo (Goo,u)] Fs
F € Dom(H).

From five properties of Eo(Goo,x) proved above, it follows that Eoo(Goo x) is the
resolution of identity belonging to H Eo(Goo) [39)]. O

2.4. Proof of Absolute Continuity. Now we show that the branch of spectrum (semi-
axis) corresponding to G, is absolutely continuous.

Theorem 12. For any F € C§°(R?) and 0 <e <1,
|((Boc(Goorte) — Boo(Goo ) F, F)| < CpA~ =D/, (50)
Corollary 13. The spectrum of the operator HE(Goo) is absolutely continuous.
Proof. By formula (40),
|((Boo(Goorte) = E(Goon))F, F)| < Cr [Goo ate \ Gooal -

Applying Lemmas 2 and 4, we immediately get (50).
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