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The hydrodynamic stability problem

e The Navier-Stokes equations:

- The motion of an incompressible homogeneous viscous Newtonian fluid in €2 is
described by the following nonlinear system of partial differential equations, named
after Navier (1822) and Stokes (1845):

v+ (v-V)V—vAv+Vp=0in Q )
divv =0 in @Q,

where
Q c R?: a smooth domain

(x,t) € Q =Q X (0,00)

v > 0: the viscosity constant

v = (v1(x,1),v%(x,t),v3(x,t)) : the (unknown) velocity
p = p(x,t) : the (unknown) pressure

3
(v-V)v= (Zv’j) v =(v-Vol,v Vi v Ved)

i=1 Ti
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The hydrodynamic stability problem

e The stability problem:

- A very interesting problem in mathematical fluid mechanics is to prove the stability
or instability of a given stationary solution of (1).

- For a given stationary solution
vo = (vg(x), v5(x), v§ (%))
of (1), let us consider the following IBVP

v+ (v-V)v—vAv+Vp=0 in Q
divv =0 in @ @)
v=vg on 90 x (0,00)
v(,0)=vo+a in Q,

where a = (a'(x), a?(x),a3(x)) is an initial perturbation.

- The stationary solution v is stable if there is a small positive number £ such that
for any a with ||a|| <&, the IBVP (2) has a unique global solution v = v(t), which
tends to vg as t — oco.
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The hydrodynamic stability problem

o A mathematical formulation of the stability problem:

- Instead of IBVP (2), we may consider the following equivalent problem for the
perturbation u = v — vq:

du+ (u-Viu—vAu+Vp=0 in Q

divu =0 in Q 3)
u=0 on 90 x (0,00)
u(0)=a in Q,
where _
—vAu = —vAu+ (vo - V)u+ (u-V)vo.
- Note that

a=0 ondQ and diva=0 in Q.
- Let X(£2) be a Banach space of some vector fields in € such that
[C&° (Q)}d C X(€2). Then we denote by X, (2) the closure of the set
C§,(Q) = {f € [C§°()]? : divf = 0}

in X(Q).
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The hydrodynamic stability problem

- Typical examples of X ,(2) are
LY(Q) =L§,(Q) and Hyi(Q)
for 1 < g < co. Recall that
HY9(Q) = {ue LI(Q): Vu e LI{(Q)}

and
Hy(Q) = {u e H"(Q) 1 ulpq =0, diva=0}.

Definition. The stationary solution vq is (exponentially) stable in X, ,(Q2) if there is
a number € > 0 such that for each a € Xo,,(2) with [|al|x ) < ¢, the perturbation
problem (3) has a unique global solution u € C([0, o0); Xo,-(£2)), which decays
(exponentially) as ¢ — oo.
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The hydrodynamic stability problem

e Stability for large v:

- The stability of vq is rather trivial if the viscosity constant v is sufficiently large.
Let 2 be bounded. From (3), we have

d 1
—/ 7|u\2dx+1// |Vu|2dx:f/(u-V)v0~udx.
dt Jo 2 Q Q

In view of the Poincaré inequality

/ \u|2dm§0/ |Vul|? dz,
Q Q

we have

a2 0y + O OBy < 2ATVollzoe (@ @2 )
Hence if v is so large that

§:=C"lv— 2[|Vvollpee () > 0,
then

Hu(t)lliQ(Q) < eiétHaH?ﬂ(Q)-
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The hydrodynamic stability problem

e Stability for small v:

- One major mathematical problem of the hydrodynamic stability theory is to prove
the stability of a specific stationary flow vg for small viscosity constant v.

e Plane Couette flows:

- In this talk, we study the stability of a plane Couette flow
Vo = ($37 07 0)
defined in the infinite layer domain

Q={x=(x,23) eR® : ~1<a3<1}.

- The plane Couette flow is one of few known stationary flows whose stability has been
proved rigorously. It is of course extremely simple.
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Stability results for the plane Couette flow

e The linear stability analysis:

- Let P be the Helmholtz projection of L2(Q) onto L2 (Q):
u="Pu+ Vp
for some p € H} (Q) with Vp € L2(Q). We consider
L£:D(L) = Hy2(Q) N H>?(Q) - LZ(Q),
defined by
Lu=P[-vAu+ (vo:-V)u+ (u-V)vg] forallue D(L).

Then (3) can be reduced to the following abstract Cauchy problem in L2 (£2):

dru(t) = —Lu(t) = P ((u(t) - V)u(?))
{ u(0) = a. )
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Stability results for the plane Couette flow

- The stability of vq is closely related to the location of the spectrum o(—L) of the
unbounded operator —£ in L2(€). Recall that o(—L) is the complement of the

resolvent set p(—L) which consists of all complex A such that A 4+ £ has a bounded
inverse;

(i) N+ L : D(L) — L2(Q) is bijective, and
(ii) there is a constant C' > 0 such that

IO+ L) ullpz gy < Cllullgz ) for all u € L2(2).

- In 1973, Romanov showed that if there is a number § > 0 such that
ReA < —§ forall X\ e€o(—L), (5)

then vq is exponentially stable in Héfj(Q) for each a € Hé’i(ﬂ) with ||a[|g1,2 ()
being sufficiently small, the problem (4) has a unique global solution
ue C([O,ooLHé:i(Q)) which decays exponentially in H(l)f,(Q) ast — 0.
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Stability results for the plane Couette flow

- In 1973, Romanov also showed in a nearly rigorous manner that there is a number
6 > 0 such that
ReA < —§ forall A€op(—L), (6)

where op(—L) is the point spectrum of —L:

op(—L) ={A € C: X+ L is not injective } = {all eigenvalues of — L} C o(—L).

- A weaker version of (6) was obtained by Solopenko in 1989. He proved that

ReA <0 forall A€op(—L).

- From (6), Romanov concluded that vg is exponentially stable in H(l)i(Q) However
this famous stability result of Romanov has not been proved completely yet.
- Two gaps of Romanov’s argument:

(i) His proof of (6) is based crucially on a numerical computation which has not
been verified yet.

(i) He deduced (5) from (6) without a detailed proof. But this is not trivial at
all because op(—L) # o(—L) in general.
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Stability results for the plane Couette flow

e A stability result in L3 (Q):

- It has been shown by Abe and Shibata (2003) and Abels and Wiegner (2005),
independently, that the Stokes operator —.A = vPA generates an analytic semigroup
{e=tA}1>0 on LI(Q) for each ¢ € (1, c0).

- Then Abe and Shibata proved the exponential stability of v in L3 (Q) under the

assumption that v is sufficiently large. In this case, the operator —L can be regarded
as a small perturbation of —A.

e An open problem:

- It remains still open to provide a rigorous proof of the stability of the plane Couette
flow in some X ,(€2) for the case of small viscosity v.
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Stability results for the plane Couette flow

e Basic ideas for our setting:

- From Romanov-Solopenko’s result, we have
ReA <0 forall X€op(—L). )
But it remains still open to deduce from (7) that

d= sup ReA<O.
A€o (—L)

For it is possible that op(—L) has an accumulation point in the imaginary axis or
op(—L) is a proper subset of o(—L).

- Such a difficulty is due to the unboundedness of the domain Q = R2 x (—1,1): the
Sobolev embedding H(l)fr(ﬂ) — LZ(Q) is continuous but not compact.
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Stability results for the plane Couette flow

- To circumvent that difficulty, we consider the Sobolev spaces consisting of functions
in Q which are periodic in x’ = (21, z2).

- Note that if 1 < ¢ < oo, then every a € LL(Q) satisfies
la(x)] -0 as [|x| — 0.
Instead of this boundary condition on a at infinity, we assume that
a(-,x3) is T-periodic for a.e. 3 € (—1,1).

Here T = [—1,1]? denotes a torus with I > 0 fixed.

- Then the associated Sobolev spaces have the compact embedding property.
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Stability results for the plane Couette flow

e Function spaces:

- Spaces of test functions: Let D be the space of all complex-valued functions f on Q
which can be written as

g ’
f(xl7$3) _ Z gk($3)62w<k’x >
keJ

for some finite subset J of Z? and some gy € C°°([—1,1]), where w = 7.

- Since the set {e?<k:> .k € Z2} is orthogonal in L2(T), the coefficients of each
f € D are given uniquely by the partial Fourier series of f:

oe(ws) = fieles) = / F mg)e @R > g0 (k € 22).

(20)?

- Let us define
Do={feD: f=0 on 0Q}

and '
Do,o = {f € [Do)® : divf=0 in Q}.
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Stability results for the plane Couette flow

- The Sobolev norms: if m > 1 and 1 < g < oo,

1 |
fllo.g = 1Flla = {/_l/rlf\qdw'dxg}

1
q

and

fllma=| D IDFIIE

|| <m
for f € D and similarly for f € [D]3.
- The Sobolev spaces:
Hé’q :DfO\HILq7 HMa :ﬁu'Hm,q’
L — HO,q7 L9 = [Lq}?ﬁ7 H™4q — [Hm,q}?:7

LL=Dos " and HY? =D, .
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Stability results for the plane Couette flow

e Our stability result:

Theorem (Heck, Kim, Kozono (2009))

There exists a small number € > 0 such that for any a € L3 with ||al|3 < ¢, there
exists a unique strong solution (u,p) of the problem (3) satisfying

u € C([0,00); L3) N C((0,00); Hys NH>®),  p e C((0,00); H?), /pdx =0.
Furthermore there are positive constants 6 and C' such that

1 —
lu@®)ls +¢2 [ Vu(®)lls < Ce™|alls

for all t > 0. Here the constants £, and C' depend only on | and v.

- Remarks:
(i) The exponential stability in L2 follows immediately from the theorem.

(ii) It should be noted that the (exponential) stability of v is proved for any
viscosity constant v.
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The Helmholtz decomposition

e The Helmholtz projection Py:

Let 1 < g < co. Then for each u € LY, there exists a unique v € L such that

u=v+Vp forsome pe HI.

Moreover we have
[Ivllg + IVpllg < C(a)]lullg-

- By this theorem, the mapping
uel?! —~ v=Pyuecll

defines a bounded linear operator P, (called the Helmholtz projection) of L4 onto L{.
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The Helmholtz decomposition

- The crucial step of the proof of the theorem is to show that for each u in [Dg]3,
there exist v € DN L and p € D such that

u=v+Vp and |vlg+[Vplg < C(g)llullg-

- Or equivalently, it suffices to prove the existence of p € D such that

—Ap=divu in
Oz3p =0 on O
IVpllg < C(@)lullg-

- Our major tools are the partial Fourier series and the Marcinkiewicz multiplier
theorem.
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The Helmholtz decomposition

o The Marcinkiewicz multiplier theorem

- A complex sequence a = (ak)ycz2 is a Fourier Multiplier on L4((—m, m)?) if

Z aexe’®|| <O Z et

2 2
keZ q keZ q

for any complex sequence ¢ = (ck)yiez2 With ¢ # 0 for finitely many k € Z2.

- Let a = (ax)xcz2 be a Fourier multiplier on L4((—m,m)?2). Then the mapping

et arce )
Z Kk Z kCk

keZ2 keZ2

extends uniquely to a bounded operator T, on L4((—m,7)?).
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The Helmholtz decomposition

- From a classical multiplier theorem due to Marcinkiewicz (1939), we obtain

Theorem

Let a = (ax)yxcz2 be a complex sequence such that
ax =m(k) (ke Z®\{0})
for some m € C?(R? \ {0}). Suppose that

[m]:= sup sup [£7DYm(&)| < oo. (8)
v€{0,1}2 £#0

Then for any q € (1,00), the sequence a = (ax)ycz2 is a Fourier multiplier on
L9((—m,m)?) and

|TallLa—ra < C(g) max {[m], |ao]|} .
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The Helmholtz decomposition

e Proof of the Helmholtz decomposition theorem:

- We have to show that for each u € [Dg]? there exists p € D satisfying

—Ap=divu in Q
0230 =0 on 990 (9)
Vplly < Clg)lullg-

- The given vector field u can be written as

u(x', ) = Z ﬁk(:pg)ei“<k’x,>
keZ2

for some iy with ti # O for only finitely many k € Z2. Then p € D is a solution to
(9) if and only if each partial Fourier coefficient py of p satisfies

(1? — 82,) Px iwk - O + 0503, —1<zp <1
az3ﬁk(i1) - Oy

where = |wk]|.
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The Helmholtz decomposition

- Solving this boundary value problem, we derive an explicit solution:
po(es) = [ aB(us) dun
and L
pr(ea) = [ Gl za,ua) (k- i, 0) + 0 2 (3) o
-1
for k #£ 0, where

e H(2+z3t+y3) 4 e—n(2—23—y3) 4 —mlzz—y3| 4 e—n(4—lz3—ysl)
2u(1 — e=4#)

G(p, w3,y3) =

- Define the function p by

. 7
p(xl,mn) = Z ﬁk(xn)elw<k’x =
kez?

Then p is obviously a solution in D to the Neumann problem (9).
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The Helmholtz decomposition

- Let @ = (o', a3) be a fixed multi-index such that o/ € N2, ag € Ng and
|a| = |@’| + a3 = 1. Then for each k € Z2 \ {0}, the k-th partial Fourier coefficient
of D%p is given by

(iwk)® 823 pyc(w3)

= (iwk)® 922 / Gty 3, ys) (ieok - (K, ya) + Dy 0 () dys
/ 023G ;,L,Ig,yg)(iwk)a/ (iwk) - 05 (k,y3) dys

- / By B33 G (1, 3, y3) (iwk) * 42 () dys
—1
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The Helmholtz decomposition

- By the Marcinkiewicz multiplier theorem,
1 !
10zl ey < C (083 Gl1n . s) k) ()] I’ ) d
1 ’
+C [ 00022 Gln3,33) 1] 165300l oy

- By a direct calculation,

1 1
Jr
2+x3+ys 2—x3—ys3

1
105 on)lzaay <€ [ ( +) (- ys)l oy dys.

- Hence by the L7-boundedness of the Hilbert transform, we obtain

1D%pllq < Cllullq-
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Analyticity of the Stokes semigroup

e Analytic semigroups:

- Let X be a complex Banach space. Then a family (T'(t));>0 of bounded linear
operators on X is called a (one-parameter) semigroup on X if it satisfies the
functional equation:

(FE) { T(t+s)=Tt)T(s) forallt,s>0

T(0) = I.

The semigroup (T'(t))¢>0 is said to be strongly continuous if for each x € X the
function T'(+)z : [0,00) — X is continuous. A strongly continuous semigroup is also
called a Cy-semigroup.

- Let (T'(t))¢>0 be a Cop-semigroup on X. Then its (infinitesimal) generator is a linear
operator in X, defined by
T(h)x —
Av— lim LR)2=2
h—0%t h

for every x in
D(A) ={z € X : T(:)z is right differentiable at 0} .

It is easily shown that D(A) is dense in X and A is a closed operator.
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Analyticity of the Stokes semigroup

- Consider the abstract differential equation in X:

g = r
(DE) { Erx((ég ; ;4:;‘(1&))(’ forallt >0

where A is a linear operator in X.

- If A'is the generator of a Cp-semigroup (T'(t));>0 on X, then for each = € D(A),
there exists a unique solution z(-) of (DE), which is given by z(¢) = T'(t)z,¢ > 0.

- Generators of Cp-semigroups are completely characterized by the so-called
Hille-Yosida generation theorem.

- For 0 < § <, let X5 denote the sector of angle § > 0:

Y5 ={z € C\ {0} : |arg z| < &}.
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Analyticity of the Stokes semigroup

- A family (T'(2)).ex;uf0) of bounded linear operators on X is called an analytic
semigroup (of angle § € (0,7/2]) if

(1) T(0) = I and T'(z1 + 22) = T'(21)T(22) for all 21,22 € 5,
(ii) the map z — T'(z) is analytic in X, and
(iii) lim,ex,, 0 T'(2)x = x for all z € X and ¢’ € (0,9).

In addition, if
(iv) [|T()|| is bounded in 5/ for all §' € (0,9),
then (T'(2)).ex;u{oy is called a bounded analytic semigroup.

- Let A be the generator of an analytic semigroup; that is, it is the generator of a
Co-semigroup that can be extended (uniquely) to an analytic semigroup
(T(2))zexsu{0}- Then for each x € X, there exists a unique solution z(-) of (DE),
which is given by z(t) = T'(¢)z,t > 0.
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Analyticity of the Stokes semigroup

Theorem (A generation theorem)

A closed linear operator A in X with dense domain is the generator of a bounded
analytic semigroup (T(2)).ex;u{o} if and only if it is sectorial of angle 6 € (0,7/2];
that is,

(i) the sector ¥ /5 5 is contained in the resolvent set p(A) of A, and
(ii) for each € € (0,0) there exists a constant M. > 1 such that

M.
A

A=A~ < forall A € ¥, /515 \ {0}

Theorem (A perturbation theorem)

Let A be the generator of an analytic semigroup on X. Then there exists a constant
0 > 0 such that if B is any closed linear operator in X satisfying

D(A) C D(B) and ||Bz|| < || Az|| + C||z|| for all z € D(A),

where C' is a constant, then A + B is the generator of an analytic semigroup on X.
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Analyticity of the Stokes semigroup

e The resolvent estimate for the Laplace operator:

- Consider the resolvent problem for the Laplacian with periodic-Dirichlet boundary
condition:

A=Au=f inQ, (10)
where
AEC\ (-00,0), uwe Hy'NnH>? and fe L.

Here Hol’q denotes the closure of Dy in H1:2:

Hé‘q:{uGHl’q:u:O on 00} .

Let1<qg<o0,0<e< T andA€Xr_cU {0}. Then for any f € L4, there exists a
unique solution u € Hé’q N H?:9 of the resolvent equation (10). Furthermore we have

IMllullg +llell2,¢ < Ce(@)lfllg-
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Analyticity of the Stokes semigroup

e |dea of proof:

- We have to show that for any f € D, there exists u € Dg satisfying

A=Au=f inQ
{ Mllullg + [1V2ully < Ce (@)l flla- (11)

- Taking the partial Fourier series, we have

(u? —02,) tuc fi —l<z,<1
(1) = 0

where p1 = p(|wk]|) is the unique 1 € S _.y 2 such that u? = X + |wk|2. This
problem has a unique solution 4y € C°°([—1, 1]), given by

1 ~
(o) = | K (k) 23, y3) () s

with the kernel K defined by

e H(2+@3t+ys) | o—p(2—z3—y3) _ o—ulzz—ys| _ o—p(4—|z3—ysl)
2p(1 —e=4#)

K(p,x3,y3) =

Hyunseok Kim Stability of plane Couette flows



Analyticity of the Stokes semigroup

- Then the Marcinkiewicz multiplier theorem can be used to deduce

IMllullg + IV2ullg < Ce(@)1fllq-

o Applications of the resolvent estimate:

- For 1 < g < oo, we define
Agqu=Au forall u € D(Ag) = Hy'? N H>9.

Then Ay is a closed linear operator in L9 with dense domain.

- The resolvent estimate implies that A, generates a Cip-semigroup {etAQ}tZO that
can be extended to a bounded analytic semigroup.

- Hence for each a € L9, the heat equation

ut = Au in © x (0, 00)
u(-,0) =a in Q

has a unique solution u satisfying

u € C([0,00); L) N C((0,00); Hy'* N H??) and us € C((0, 00); LY).
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Analyticity of the Stokes semigroup

e The Stokes operator —Ay:

- For 1 < g < 00, Aq is an unbounded operator in L defined by

Aqu =Py (—vAu) forallue D(Ay) = Hé’g NH>9.

® The resolvent estimate for —A,:

Let1<q<o0,0<e<Z and €%, U{0}. Then for any f € L, there exists a
unique solution u € D(Aq) of the Stokes resolvent equation

A+ Ay u=".

Furthermore we have
[Al[allg + llall2,q < Ce(a)lIf]lq-

- Consequently, the Stokes operator —.4, generates a Cp-semigroup {e_tA’I }t>0 on
LZ which is analtyic and bounded in every sector Yrj2—e,0<e< /2.
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The perturbed Stokes semigroup

® The perturbed Stokes operator —Lg:

- For 1 < g < o0, By and L4 are unbounded operators in L, defined by
Bqu =Pg ((vo-V)u+ (u-V)vg) forue D(By) = H(l):g
and

Lou=Agu+Bgu forue D(Ly) = D(Ay) = Hy? nH.

-Letue D(Ay) = Hé’g N H?2:9 be given. Recall the well-known interpolation
inequality: for any n > 0,

lull1,q < nllallz,q + Cyllullg-
Moreover, by the resolvent estimate,
lull2,q < C[lAqullg.

Hence for any n > 0, we have

I1Bqullq < Cllull1,q < nllAqullq + Cnllullg.
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The perturbed Stokes semigroup

- By a standard perturbation theorem, —L, is the generator of an analytic semigroup
{e7t£a};>0 on LE. Moreover, for each e € (0, 7) there are constants v > 0 and
M > 1 such that

Yr_eN{z€C:|z|>r}Cp(—Ly)
and

M —
A+ L)Y < W forall A € X_cN{z€C:|z| >}

- Let X be any point in p(—Lg). Then the bounded linear operator
A+ Lg: Hyd NH? - L2
is bijective. Hence by the open mapping theorem, its inverse
(A+Lg) "1 L - Hyd nH>4

is bounded. Since the embedding Hé’g — L is compact, it follows that (A + L£q)7*
is a compact operator on L.

- Therefore, by the spectral theory of compact operators, the spectrum o(—Lg)
consists entirely of isolated eigenvalues and has no accumulation points except infinity.
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The perturbed Stokes semigroup

e The key lemma:

- By the regularity theory of the Stokes equations, we deduce that
o(=Lq) = op(=Lq) = op(=L2).
- By the Romanov-Solopenko spectral result, we already knew
ReA <0 forall Xe€op(—L2).
- Recall that o(—L2) = op(—Lz2), there is a constant 7 > 0 such that
B3r/a N {X € C: A > 7} C p(—L2) and o(—L2) has no accumulation points in
{X € C:|A| < r}. Hence there is a positive constant § = §(l, v) such that

Re X < —2§ forall X € o(—L2).

There exists a positive constant 6 = §(l,v) such that

ReA < —20 forall X € o(—Lg).
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The perturbed Stokes semigroup

e The L7 — L"-estimates for {e”*%4};>0:

- Using the key lemma, we can show that § — L4 is sectorial. Hence there is a
constant C' > 0 such that

c
ef@=La)|| < Cy forallt>0 and |Lget®—£a)| < = forall £ > 0.

- Note also that £, : Hyd N H24 — LY is bijective and bounded. Hence for all
a € LZ, we have

C,
0 =EDally < Cyllally and |/~ EDallag < Lfall, forall ¢ >0,

Let 1 < q<r <oo. Then

la|

3,1_1
Daeftﬁqa < Crt—E(g—;)—Te—ét a
q

foralla € LE, || <1 and 0 <t < oo.
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Proof of our stability result

o The abstract Cauchy problem in L:

- The original problem (3) can be reduced to the following abstract Cauchy problem in

L3
{ dru(t) = —Lgu(t) — Py ((u(t) - V)u(t))

u(0) = a. (12)

- Then our stability result can be reformulated as follows:

Theorem

There exists a small number € > 0 such that for any a € L3 with ||al|3 < ¢, the
problem (12) has a unique strong solution

u € C([0,00); L) N C((0, 00); Hy's N H®).
Furthermore there are positive constants § and C' such that

1 —
la@®)ls +¢2 [ Vu(®)lls < Ce™|alls

for all t > 0. Here the constants £, and C' depend only on | and v.
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Proof of our stability result

e Proof of the theorem:

- To solve the differential equation
u;=—L3u—P3((u-V)u) u(0) =a,
we consider the integral equation

t
(IE) u(t):e*t£3a+/0 e~ (t=9)Ls [_P3 ((u- V)u)] (s) ds.

- Let X be the Banach space of all vector fields v € C([0, 00); L2) such that

1

-3 _3 9
t 24 Vv € C([0, 00); LY), tlirr(l)tl 20[|Vv(B)llg =0 for 3<q<
—

and
1 2
IVlix = sup_ e (lv(®)lls + 2 [[Vv(B)lls + ¢5[|Tv ()l ) < oo.
0<t<oco 2
It follows easily from the L? — L"-estimates that if v(¢) = e t£3a for t > 0, then
v € X and ||v]|x < C||a||3.

- Applying the Banach fixed point theorem, we can solve (IE) in X for small ||a||s.
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