Free Boundary Problem with Mixed type PDE: Transonic shocks

e Lecture 1. Introduction - Euler system for compressible flow / Derivation of Rankine-Hugoniot
conditions / One dimensional transonic shock solution

e Lecture 2. Normal shock in a rectangular domain / Potential flow / Hyperbolic-elliptic mixed
type nonlinear PDE / Derivation of a free boundary problem ([5], [6])

e Lecture 3. Multidimensional transonic shock solution, Part I ([5], [6])
e Lecture 4. Multidimensional transonic shock solution, Part IT ([5], [6])

e Lecture 5. Open problems: 2-D oblique shocks
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Outline

» Introduction to the steady Euler system
:compressible inviscid flow, constitutive relations for polytropic gas

v

2-d steady Euler system
:real or complex eigenvalues= Mixed type

v

Introduction to shock solutions for the Euler system
:weak formulation, the Rankine-Hugoniot conditions,
free boundary problems

v

Example: Oblique shock past a wedge
:shock polar analysis

v

Multidimensional(n > 2) transonic shocks
:potential flow
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Introduction to the Euler system

Conservation Laws For ¢ = ¢(z,t),

8t/ q(z,t) de = / ﬁ(q,x,t) - i dA(x)
Q o0
or

0rq + divF =0
Steady State ¢ = q(z), F = F(q, )

Conservation laws for compressible inviscid flow
» Conservation of mass: div[density(p) flux] =0
» Conservation of momentum div[mommentum(pt) flux] =0

» Conservation of energy div[energy(F) flux] =0
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Steady Euler system for compressible inviscid flow
p :density, @ = (u1,---,up): velocity, p: pressure
div(pu) = 0,
div(pi ® @+ pI) =0
1
div(piB) = div(pi (31> +e+ By y=o
p
—_———

=:B(Bernoulli’s invariant)
Bernoulli's law

div(p) =0, div(piB) =0
=u-VB=0

The Bernoulli's invariant B is conserved along each streamline.

Constitutive relation for the ideal polytropic gas e = (77—’)1),) (v>1)

P

1
B=Z|i? + —~—
3/ (y—="1p

- ol p
= div(puB) = dw(pu(§|u|2 + (7171)/))) =0
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1. Supersonic/subsonic flow
Sound speed ¢ = ,/% Mach number M = |

(p,, p) is supersonic if M > 1, subsonic if M < 1, sonic if M = 1.
If B = By(constant),

Sl

c

1 5 ?
Sl - B
U+ =7 =Bo
. T+1 2(y=1)
& laf? - = ) (17> = K3), Ko = ﬁBo
o @A+ (- )P = k3, pP= 12
0> 'Y‘f’ 1
2. Entropy (s) Polytropic gas p% = rkexp(s/cy)
- div(pd@u+pl) =0
div(pﬁ):ﬂpﬁB):O - V£ -0

p’Y

The entropy is conserve along each streamline in smooth flow.
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2-d Euler system

U = (u,v)

(pw)a + (pv)y = p(ua +vy) + = (upz + vpy) =0
puly + poty + py =0
puvy + pvvy +py, =0

pu 0 1 U 0 pv O U 0
=10 pu O v +10 pv 1 ) =10
1 0 p% r/ . 0 1 ,)U? »/, 0

Ad,q + Bdyg =087 0,q+ A1 Bo,q =0

If A=!B has all real eigenvalues, then the system is hyperbolic.

det(A™'B — X\) =0 < det(B — AA) =0
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Sound speed ¢ = % Mach number M = ﬁ]

det(B — XA) =0
v —uv £ VM2 — 1

A:
uw’ 2 —u?

Supersonic flow(M > 1) = Hyperbolic system
Subsonic flow(M < 1) = Non-hyperbolic system

It is possible that M discontinuously changes across a curve (or a
surface) S.

Question How to define S mathematically?

7/21
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Rankine-Hugoniot conditions

1. Observation

If F'e CY(OF) N LL () satisfies divF = 0 in QF, then Vo € C5°(Q)

/Q e F - Dodx = / + / ] div(F¢) — (divF)pdx

/ / (F - vout)pd A
o+  Joa-

_/(F7 : out+F out)¢dA
S

_ F— .
—(/SF FtY . v,dA

Sae, POSTECH
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2. Rankine-Hugoniot conditions for the Euler system

= p(d - vs)[(4-75)]s =0, [p(- VS) +pls =0

If it vy =0, [T
If @ vy #0,[(@-T

]s # 0, then S is a contact dlscontmwty
s)]s =0, then S is a shock. Example @23

\_/EIJ
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A shock solution to the steady Euler system

(p, i, p) weak solution in 4+ C* solution in Q*

Vs

(p, @, p) € L, .(Q) is a (transonic) shock solution if
> (p,ii,p) € CO(QF) N CH(OQF)
> [ pii-Dé = [, (pi@i+pl)- Do = [, piiB- D = 0¥ € C(X)
» (0<ut-vs<tu -vsonS,and M >1inQ", M <1inQ")
> [pu-vs)s = [(pE @ U+ pl) - vs]s = [pBU - vs]s =0

div(pit) = div(pii ® i@ + pI) = div(piiB) = 0in QF (n + 2 equations)
[p - vs]s = [(pil ® U + pI) - vs]s = [pBi - vs]s = 0,

10/21
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Oblique shock past a wedge

Qoo = (Uo0,0), Moo > 1

3 S 2y
%O(ﬂz - 02) = |q_‘|2 - "igv’%% = ((’;’Y-I-l)) BO



2-D oblique shoc

d related problems

Qoo = (U0, 0), Moo > 1

Rankine-Hugoniot conditions
P Vs = Poo
p((f'l/g) +p= ,%o(%o )2+poo
205 \2 2\ /P 2 1_27]900_,2
p (7 vs)” + (1 u)p—u(qoo vs)” + ( u)—p =: Ky,

For X =G v, (X — oo - V)(X — £2) =0

12/21
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2-D oblique shocks and related problems

The equation for ¢ = (u, v)- curve of shock polar

1o = 00 %

8

887 = (cos,&sinﬁmﬁ)

u=q
v=q-§=(q-7)sinf—(q-v)cosp
12
7 T=(oo T=UxCOSPB, ¢ V=5
Qoo * V
BT P (=) i R iieo
K3 = p12|Go|? + (1 — p?)c, Joo - V Uoo Sin 3

= u=(1—p?)uscos’B, v = (us —u)cotf

13/21
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Case 1. Uoo < Ko(E Uoo < Coo) U = (Uoo — 1)

Entropy condition The entropy (~ p%) must increase across a shock.

= p increases, |q| decreases across a shock.(admissibility)

14 /21
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Case 2.Uupo > Ko(& Uoo > Coo) U = £ (Uoo — u)

Between strong shock and weak shock, which one is physical?
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(p, 0)—curve of shock polar

p(q- V)2 + P = poo(@oo - V>2 +Poo,  P(T- V) = Poo (oo * V)
=P~ Po = pw[(im : V)(i_ @oo) ‘U A+ (CTOO : T)(@oo - (7) 'T]

—

= pooioo . (qOO - CT) = poouoo(uoo - u)

w— 2
v Uoo — U - o=
tanf, = — = =+ =3
Yy U 2 3
(1—p?lucs + 3% —u

9w Oeric Oy 0

16 /21
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Irrotational flow
Vorticity w =V x 4

Irrotational flow If w = 0, then @ = V. (i :velocity potential)

Isentropic Euler system £ = constant
P

{div(pﬂ’) =0
div(pg @ d+pl) =0
Isentropic irrotational flow @ = Vg

div(pVe @ Vo + pl)

= pY(5|Vl?) + Kop™ 'V

Ko

=t

1
=ﬂv(§|v<ﬁ|2+
’y—l:’}/_]‘ B _1 2
=p Ko (Bo = 5Vel”)

1
div(pi) = 0 = div((Bg — §|V<,9|2)7+1V99) =0

17/21
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Isentropic potential flow

= | div((By — =|V|?) 7T V) = (1)

Mixed type PDE If |[Vip|2 > 2 then (1) is hyperbolic, if [V|? < &3, (1)
is elliptic.

Rankine-Hugoniot conditions for (1)

1 1
[(Bo — §|V<P|2)7‘1V<P Vs]ls =0, [Or,¢]s=0

References
S. Cani¢, B.L. Keyfitz, G. Lieberman(2000) CPAM 53 484-511
G.-Q. Chen, M. Feldman(2003) JAMS 16(3) 461-494 et al.
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Framework: Transonic shocks of potential flow

Step 0.
Step 1.

Step 2.
Step 3.

Step 4.
Step 5.

0,0 =0

QF (@)

Background solution g

div((Bo — §IVe|*) 71V — (Bo — §|Vpol) 7 Vigo) = 0
= ZZ‘:l 8I1 (aij (Vw)ar] (4,0 - QOO)) =0

Define a set Q of functions.

Fix ¢ € Q. Define Sy = {¢ = ¢~ },Q5 = {¢ < ¢~ }. Solve
ZZ‘:1 02,(aij (V)0 (¥ — o)) = 0 for ¢ in Q;ﬁ

Use 9 for the next iteration.

Find a fixed point.

19/21
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Framework: Transonic shocks of potential flow

0,0 =0

QF (@)

Step 0. Background solution ¢q

Step 1. div((Bo — 3|V¢[?) 7T Vi — (Bo — §[Vipo[2) 71 Vigo) = 0
= Zz]:l g (a” (V<P)8rj (‘P - 4/’0)) =0

Step 2. Define a set Q of functions.

Step 3. Fix ¢ € Q. Define Sy = {¢p = ¢~ },f = {¢ < ¢ }. Solve
ZZ‘:1 02,(aij (V)0 (¥ — o)) = 0 for ¢ in Q;ﬁ

Step 4. Use 1) for the next iteration.

Step 5. Find a fixed point.

Mathematical issues

solvability of elliptic PDEs, regularity of solutions including shocks,

compactness etc.
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