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Abstract

This work derives the basic balance laws of Codazzi, Ricci, and Gauss for the
isometric embedding of an n-dimensional Riemannian manifold into m = g (n+1)
dimensional Euclidean space. It is shown how the balance laws can be placed in
quasi-linear symmetric form and weak solutions for the linearized problem can be

obtained from the Lax-Milgram theorem.

0 Introduction

While the classical isometric embedding for 2-dimensional Riemannian manifold into 3-
dimensional Euclidean space is quite well studied and discussed eloquently in the recent
book of Han and Hong [1], the more general case of embedding n-dimensional Riemannian
manifolds into n (n+ 1) Euclidean space has a comparatively small literature. The main
results in the case of n = 3 have been given in the papers of Bryant, Griffiths and Yang
2], Nakamura and Maeda [3, 4], Goodman and Yang [5], and most recently Poole [6] and
the related and more general case m > 3 by Han and Klum [8]. All of these papers rely

on a linearization of the full non-linear system
0y - 05y = gij

for the embedding problem where g;; is the given metric of Riemannian manifold and
y is the desired embedding. Applied analysts more familiar with continuum mechanics
and quasi-linear balance laws might find a presentation of the embedding problem in a
symmetric quasi-linear form more appealing since in that context there is an extensive
literature originating with Friedrichs [7] and others which is nicely presented by Han and
Hong [1]. However since as far as I know no-one has shown that the isometric embedding
problem (M™, g) — R¥, m = n (n + 1), the case of critical Janet dimension m, can be
written in symmetric quasi-linear form, I thought it worth developing in a self-contained

set of lecture notes. These notes are presented here.
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1 The basic isometric embedding equations

Let (X, g) be an n-dimensional Riemannian manifold. Roughly Riemann was thinking
about extending the idea of a surface in Euclidean space without the necessity of having
an underlying Fuclidean space. If indeed the manifold (X, g) can be embedded globally
into R™ (or locally in which case the word “immersion” is used) then we can write a

coordinate patch (y', ..., 4™) on the manifold.

2%

X

Figure 1: (M?,g) embedded in R?

Example (M?,g) embedded into R?

n =2, m=3
Distances on the manifold are computed according to the metric ¢

0
where 0; = — , x; are the local coordinates.

3@-
The two dimensional Riemannian manifold when viewed as a surface in R? is very in-

structive.



(%, f(x1 %))
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Figure 2: y' = 2y, y* = 29,4° = f(21, 22)

In introductory courses we write the distance along the surface (by the Pythagorean

Theorem) as

ds® = (dw1)? + (dz)? + (df)?

2
= (da1)* + (dxo)* + (;Zl 1 + g—i )

(ds)? = <1+(§£)2> (day)? +2§—xj;§—xj;(dx)(dx2) <1+(§£) )(dx2)2

and hence our metric along the surface is

of
1+(0x1) = 0,

af o
39{1 0:1{2 = 2g12, (912:921) (1-2)

of
1+<8{L‘2) = (g22.

If we ask the inverse problem: given the metric can we find the surface we see (1.2) is a
system of nonlinear partial differential equations. More generally this is reflected when
we write (1.1):

Oy - 05y = gij-
Since 1 < 4,7 < 2 in the case of (M?, g) embedded into R?

g1 912

g21 922

we have an equation for each component of g. By symmetry in this case we have 3

equations for the three unknowns y', 3%, y3. Thus we have a determined system. On

4



the other hand embedding (M?, g) into R? we would have just (y',4?) and we would have
3 equations in 2 unknowns (overdetermined case) and embedding (M2, g) into R* we
would have (y',...,y*) and we would have 3 equations in 4 unknowns (undetermined
case).

Since for an n-dimensional Riemannian manifold we have

n

g1 - Yin

gn1 " Gnn

1
and an n x n symmetric matrix has = n(n-+1) entries on and above the diagonal in general

the isometric embedding problem (recovering the “surface” from the metric) is

undetermined m > g (n+1),
. n
determined m=g (n+1),
overdetermined m < g (n+1),
where m will be the number of unknowns (y',...,y™) and r (n+ 1) will be the number

of equations. The number
n
— 1
5 (n+1)

is of course crucial and is called the Janet dimension.

Now for the over determined case we would not expect too many solutions and math-
ematicians have pursued the problem of uniqueness. On the other hand for the over
determined case we have the flexibility of more unknowns than equations and it is here
that we see in some sense that Riemann’s concept of an abstraction of surfaces becomes
superfluous. Specifically for m sufficiently large (M™, g) embeds globally and smoothly
into R™ and (M™", g) looks exactly like a surface:

Theorem 1. (John F Nash, Jr [9])

A C* 3 <k < oo, Riemannian manifold (M™, g) has a C* embedding into R™ (globally)
of
m = n(3n+11)/2 compact case
= n(n+1)3n+11)/2 non-compact case.

Nash’s theorem has been improved over the intervening years but the main point here is

that global embedding results are always for the undetermined system.



For the determined case which conceptually are more familiar in applied mathemat-
ics where the number of equations equals the number of unknowns global embedding

(smoothly) is in general not possible.

I quote the paper of S.-T. Yau [10]

“Section 3.13 Isometric embedding. Given a metric tensor on a manifold, the
problem of isometric embedding is equivalent to find enough functions fi,..., fy so that
the metric can be written as X(df;)?. Much work was accomplished for two dimensional
surfaces as was mentioned in section 2.1.2. Isometric embedding for the general dimension
was solved in the famous work of J. Nash. Nash used his famous implicit function theorem
which depends on various smoothing operators to gain derivatives. In a remarkable work
Gunther was able to avoid the Nash procedure. He used only standard Holder regularity
estimate for the Laplacian to reproduce the Nash isometric embedding with the same
regularity result. In his book Gromov was able to lower the codimension of the work of
Nash. He called his method the h-principle.

When the dimension of the manifold is n, the expected dimension of the Euclidean space

n(n+1 .
(7) . It is important to understand

for the manifold to be isometrically embedded is
manifolds isometrically embedded into Euclidean space with this optimal dimension. Only
in such a dimension does it make sense to talk about rigidity questions. It remains a
major open problem whether one can find a nontrivial family of isometric
embeddings of a closed manifold into Euclidean space with an optimal dimen-

sion...

Chern told me that he and H. Lewy studied local isometric embedding of a three manifold
into six dimensional Euclidean space, but they didn’t write any manuscript on it. The
major work in this subject was done by E. Berger, Bryant, Griffiths and Yang. They
showed that a generic three dimensional embedding system is strictly hyperbolic, and
the generic four dimensional system is of real principle type. Local existence is true
for a generic metric using a hyperbolic operator and the Nash-Moser implicit function

theorem... .

Comment. The theory of isometric embedding is a classical subject, but our knowledge
is still rather limited, especially in dimension greater than three. Many difficult problems
are related to nonlinear mixed type equations or hyperbolic differential systems,

over a closed manifold.”



Some preliminary lemmas

Lemma 1.1. Let X = X' x I C R"® where X’ C R"! be an open domain and I a
connected open interval. Given smooth functions f : X x R™ — R™ and Ay : X' — R™

and t € I, there exists a unique solution A : X — R™ to

A = f(a 2., A)
Alp,=t = Ao(2") for 2/ e X',

where 0, = 0, .

Proof. This is just the standard existence-uniqueness theorem for ordinary differential
equations. Here x,, is “time” the independent variable, ¢ is the initial time where the data
Ap(z') is specified, 2’ are parameters for which the data Ag(z") and prescribed f(2', z,, A)

may depend, and A is the unknown function (dependent variable) that we wish to find.

Lemma 1.2. Let X C R" be an open contractable domain and let f; : X x R™ — R™

satisfy
ofr | oft , _0ff oI,
00i Toanli T gu T aan i

for each (z,A) € X x R™, where the Einstein summation convention is used here and

forever after unless otherwise specified. Then given xo € X and Ay € R™, there exists a

unique solution A : X — R™ to
where 0; = 0y, and x = (1, ...,Ty).

Proof. Existence and uniqueness will follow from Lemma 1.1 as long as the system of
ordinary differential equations is consistent:

@GJA = 82 fj(.fE,A),

@&A = 8j fZ(ZL‘,A),

hence we need

aifj(x’A) = aj fi(x’A)

of, of; 0A»  Of  Of 0A
ori T 9Ab ai 0wi | DAb O’
o, o1
o T A

ori  0Ab

f! S 1]

and this was the hypothesis of the lemma.



Remark 1. Lemma 2 is a nonlinear version of the Poincaré Lemma but here the exis-
tence, uniqueness theorem for ordinary differential equations is used instead of the fun-
damental theorem of calculus. In the standard Poincaré Lemma f; does not depend on A

and the statement

ore oty
c%cj N 8@
implies the existence of a “potential” A with
0A° u
o fi
and of course
0 A® 0A®

Riemannian structure in local coordinates

Let (X, ¢g) be an n-dimensional Riemannian manifold. The covariant derivative allows

us to differentiate along the manifold
Vip =0y

for a scalar ¢,
Vi p; = 0r p; _Fﬁkﬁpé

for a vector (y,

Vi i; = O pij — Diypej — ka Pie

for a second order tensor ;;.

The Christoffel symbols are calculated from the metric g

1
Iy = 2 9" (0igij + 05 gu — Oe gij).

Here ¢g** (upper indices) is the inverse matrix of g;; (lower indices).

The Riemann convecture tensor is calculated as

R!, = @]Tf;i — 0kF§Z- + F?prii - Fipf‘?i :

ijk
As usual we have

koo 7k
Fij - Fji?

Ohgiy = gipFZj + Gipl i

Vi0; = Ffj Op,

R0 = —V;Vi0; + Vi V0,

ij

8



We denote
Rijke = 9iq R?kg

so that

Rz‘ju = giq(“‘akrgj - 0@% + szrlgj - ngrza')'
Identities:
Skew symmetry: R = —Rjie = —Rijx

Interchange symmetry: R = Rypj

First Bianchi
Rijke + Rigej + Rigjr, = 0

Second Bianchi
Rijké;u + Rijfu;k + Rijuk;é =0

(13

where “ ;7 denotes the covariant derivative.
Special case : n =2

Rijre = K(9ixgei — Gie9ijk)

where K is the Gauss curvature.

£

Since from the definition of szk, Rijre is made up of first derivatives of the Christoffel

symbols and hence second derivatives of the metric g we see the Gauss curvature is given
in terms of and first and second derivatives of the metric. This is Gauss’s theorem

egregium.
Covariant derivatives do not commute.
Pisjk — Piskj = Rfjkgpg, ie.
ViV = V;Vip; = Rfjkgpg.

This was noted earlier.

Also

since

erfk = ajrfk - Ffjrf)k - Fi I

J=ip o
¢ ¢ ol pp e




and when we subtract the last terms cancel so that

—V,Tik + Vil =

—0;Ty + 0Ty, + T0TL, —Th T,
= Rfjk

Isometric immersion

(13

We use “. 7 to denote the Canonical Euclidean metric in a coordinate patch (y', . ,y™)

in R. An R"™— valued function y : (X, g) — (R™, .) is called an isometric immersion
of X into R™. If the induced metric is the same as the original, that is, written locally

using coordinates (', .., 2")
0;y.0jy = g;j for each 1 <14, j < n.

(13 2

where stands for the canonical metric in R™.
In other words:
Pythagoras gives us
ds® = 0y.0;y dx;dx;

if we knew y.

Riemann gives us

d82 = g”diﬂld.ﬁﬂ]

as the general distance formula for abstract manifold (X, g). Can we equate the two

expressions and find the realization of the manifold?

vy
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Oy, Oy are tangent to a surface in the case n = 2, m = 3. They span the tangent space
at the point y(x)( = yl(z!, 2?), y? (2!, 2%), y3 (2, x2)> In this case the unit normal vector
is defined (up to a sign) by the usual vector cross product

Oy X Ory
N=—“2__=7
|31?J X 82y|

In higher dimensions we have no cross product but the same ideas makes sense.

For (X, g) we have the coordinate patch y = (y', ., y™), we form the collection of tangents

{819(35), ...,any(x)}

which span the tangent space to the manifold defines as T, X . Let N, X
~ ~——

n dimensional m—n dimensional
denote m — n dimensional subspace orthogonal and complementary to 7,X. Fix an

orthogonal basis {Nn+1(a:), . .,Nm(ac)} of N, X for each z, and assume they depend

smoothly on z.

The second derivative of an immersion

For each z, the vectors {O1y(z), ., 0wy(z), Npi1(x), ..., Nyp(z)} comprise a basis of R™.

Therefore, for each pair of indices 1 < 4,5 < n the vector QQJy(x) can be written as a linear

combination of these vectors. In other words there exist unique coefficients Ffj, 1<k<n
and Hi’;, n—+ 1< pu < m such that
9;y(r) = T(x) dy(x) + Hf(x) Nu(x) (1.3)

or component-wise

G%yp(x) = FZ(JU) Oy”(x) + Hij(x) NI (),

2

p=1,...,m,
or

Vi 0jy(x) = Hjj(x) Nu(x)

Remark. Notice that the coefficients in the tangent direction for the second derivatives

Q%y(x) are precisely the Christoffel symbols defined earlier. Let us see why this is true.

We ask
Ry(x) 215 (x) Oy(w) + His(x) Nu(w).

Take the “. 7 product of each side with the tangent vector d,y(z).

11



0iy(@) - Oyy(x) LT Oky(x) - Oy (@)
since d,y(z) - N,(x) = 0.

Since y is an immersion

Hhy(x) - 0y(x) = gre(w)

and our question is
Oy (@) - Oy () 2 T35() gug(2)-
But
95(05y - Oqy) = 05y . Ogy + Ojy . iy, or 05 gjq = 05 . Oy + 05y . Digy.

So our question may be written as

0igjq 2 Ffj(f) Gre(T) + qu Irj ().

Now plug in the definition of the Christoffel symbol:

1
9i9iq 2 9@@)5 9" () (Dige; + 0591 — Orgij)
1
+ gke($)§ 9"(x) (0i9eq + Daic — Or5iq)
1
= 3 55 (039 + 0;Gie — Dugij)

1
+3 85 (0i9eq + 0q9it — OrGiq)
where (55 is the Kronecker delta ((5@ =1, j=1¢, (5Z =0, j#1).

So finally our question is

1
Di9iq 5 (95945 + 039iq — 0q9ij)
1
+3 (9i9jq + 049i5 — 09iq)

and the indicated cancellations show the answer to our question is “yes”.

In addition from (1.2) we see

O5y(x) - Ny(z) = Hi(2)Nu(x) - N ()

1]
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and since {N;"*!(z), ... , 07} is an orthonormal set

we have
HZ(.T) = 82-2]-3/(1’) - N, (x)

The tensors Hf;(r), p=mn+1, ... ,m are called the second fundamental form. (g is the

first fundamental form). They are symmetric in (7, j).

Just as we decomposed the first derivative of the tangent vectors to obtain (2.2) we now

decompose the first derivatives of the normals N, (z).

Lemma 1.3. There exist functions A}, = —A}; such that

N, = —g’* H 0,y + ArN, (1.4)

or component — wise

NI = —g'* HY ojy" + ALNY , p=1, ... ,m.

Proof. First, since as before we know the set of tangents and normals span R™, we

decompose
O;N, = B!, 05y + AN, (1.5)
Since
0=0,(N,-N,) =N, 0N, + N, -0;N,

we see (1.3) implies

-O;N, = AffiNa - N,
-O;N, = A} N, N,
-O;N, = Afjiéal, = AZZ»
“OiN, = AJibap = Allji

= &S E

and so addition yields

13



On the other hand since
NH . 8ky =0

we have

0 = ¢ 0N, Ohy)

= ¢"(OiN, - Oy + Ny, - 0y)

9" (O:N,, - Oy + HY) by (1.4)
= %Oy - 8pyBi]i + Hf) by (1.5)

9" (g By, + Hj) by (1.1)
— szu + ¢*HY | (since ¢'% gy, = &7).

Hence
Jj . jkrrp
sz— 9" Hyy,.

Substitution of this relation into (1.4), together with the equality AY, + A}, = 0, proves

the lemma.
Commutation of second partials of the normal vectors

Differentiate (1.4) one more time.

ON, = —¢* H} 0;y+ AN,
9j(O:Ny) = —0;(9" Hj, Ogy) + 0;(A/;N,)
= —0;(g™ H},) Oy
—g™ Hj, 0j4y) + 0;(A;;N,)
= —0;(9"H},) 0y
—g™ H},(U5,0ny + Hj,Ny)
_(ajAZi)& +
AL (—gP" HY0gy + Ay Ne

(where we have used both (1.3) and (1.4)).

Now let us collect terms in the tangential and normal directions to write

14



00N, = (0, HL) + T HY + PIALHY) Oy

+ (9,47, — g HI HY, + AL A7 )N,
But since
33-(32-]\[“) = 3i(ajNﬂ)

we can read off the equations from the tangent direction (Codazzi equations)

Oy (g HL) + g T HE - P ALHY, = 0P HLL) + gP T HY, + P AL HY,.

and from the normal direction (Ricci equations)
AV D Wy L Av AV D | & 2% l v
(%Am» g quijq + A;u'AEj = @Am g qupHiq + AW-A&.
We can rewrite the Codazzi equations in a more traditional form via simple computation:

g’ g, = 07, so
9;(9"gpr) = 0 and
(") gpr + 97105(gpr) = 0,
95 (9") 9prg™ + 9" g"0;(gpr) = 0,
9;(g")0, + 9" g7 (gpr) = 0,
9i(g*") = —g"*g"0;(Ipy - 0ry),

(by (1.1))

0i(g") = —9"9"(9py.0ry + 0py.0jry)
— —grsgpq(Ffp@ky.ary + Oy - F;?,ﬁky)

(by (1.3)). Thus

9;(g°") = —g"g""(I'% g + T g1p)
(Fjp) - grs(rgr)a

_ pq
—g
_ Pq
= —g

1.e.

9i(g°") = —g"T3, —g"T5,.

15



Let us use this relation in the above Codazzi equations via the rewriting

9i(g") = —g"T%, —g"T]

jro

0i(g") = —g™I7, — g™}, .
Hence from the Codazzi equations we have
gpqajHi/; 4 (_gsqF;;?S . grppgr) Hil; 4 gka?kHil; + gquZngj —
T k v v
gpqaiH;fn + (_gsqrfs -9 prgr) H;'fn + 4" F;']kH;’Lp + gquuiji

Apply gqo to both sides

SO HY, + (05T — 94ag™"T5,) Hi 4+ ggag” Tl HY, + LAY HY, =

at gs ot uittpg

PO HY + (=051, — gaag™T) HY 4 geag” T HY, + LAY HY,

[l ] a’ g

and hence

OiH, + (=I5, H) — gea9™ T5,.HJ, + GqagP* I‘?ngj + ALHL =

O HS, + (=T, HY) — gea9™ T5.Hj, + Ggag™* TeHS, + A HY,

o;H|, — 1% Hi + AV HY = 0;HY, — T Hy + AV H,.

Now substract I'j; H, from both sides of the equation to see the usual form of Codazzi

equations

at”

@-Hi’; — FfaHZ) — Ffngp + AZZ-HZ]- = @HJ’.‘Q — FfaH]f‘p — Ffngp + AZjH”
Also since

V;Hj, = 0;Hf, —ThH), —T% Hj

ip?

ViHY, = oHY, —ThH! — TP H:

Jjp’

the symmetry of the Christoffel symbols and Hj; yields the Codazzi equations as

12 M v v v | Z—
V,H! — V- HY + AY HY. — A% HY, =0

16



A simple but important remark

Recall equation (1.4).
N, = —g’" HY} 0;y + AlN,.

In the case of a hypersurface m = n + 1 and there is only one normal since n +1 < v <

m=mn+1,ie N,y1. But N, is a unit vector so that
Nn+1 : Nn—i—l =1

and
ai]\[nJrl : Nn+1 =0

Thus (1.4) says

OiNpy1 = —g™ HZ%H Oy + A?T:rll)iNnH

0= Npy1-OiNpy1 = A?,ﬁrll)i

and the A?Tﬂl)i = 0. Of course this is the same as applying the skew symmetry of A7, in
1L, V.

Conclusion: In the case of hypersurfaces the Codazzi system simplifies to

V,HL — Vi HE = 0.

But if we are interested in the determined case for hypersurfaces

m:n(g+1) and m =n+ 1,

hence n+1 = g(n +1) i.e., n =2, m = 3 which is the classical case of (M?, g) embedded
into R?.
The Gauss and Codazzi equations

We now return to equation (1.3) and once again commute partial derivatives.

0 = h(By) — 0;(0hy)
= ak(Ffjaey + H{N,)
—@-(ka@gy + HﬁcNu>
— (DW= 0,150y + T, Oy — T4 00y
N—
use (1.3)
+(akHZ' — O;Hj)N,
—~—~— SN~~~

(use 1.4) (use 1.4)

17



= (0T — 0,T5) 0wy
+Ffj(rie8py + HpyN,.)
—5.(T%,0,y + HEN,)
+(OpHi; — 0;HY, )N,

+ HY(—g"Hp, 0y + A7pN,)

— Hl(—g"H 0w+ A;N,)
Again associate the above expression into tangential and normal contributions to see
0 ¢ ¢ ¢
0 = [0} — 0,15 + T, — ThT,
—g"P(Hij - Hyy — Hy, - Hjp)] Ory

+ (5 Hf, — Dy HY + 0,Hl; — 0, HY,
+H} AL, — Hy AT N,

which implies via the normal component

OpHY — 0;HYy + T3 HY, — Ty HY,

FHLAY, — HG A =0

J

which with A}, = —A”, gives

i J

O HL — 0;HY, + T HY, — rfka;;

+HY AL, — Hy A% =0

which give the Codazzi equations we have derived earlier.

From the tangential component we have
OnLi; — O35 + T T, — DTS, — g (Hij - Hyy — Hy, - Hyp) = 0.
But recall from the definition of Riemann curvature tensor
¢ ¢ ¢ ¢ ¢
and hence

18



gep(_Rpijk - Hij ) Hkp + Hi, - ij) =0
HijHpy — HigHjp = —Rpiji = Ripji
or

Hij - Hpp — Hi - Hjp = Ripji

This is the Gauss relation.

We summarise below: for (M",g) — (R™, ).

A necessary condition for the existence of an isometric embedding is there exist functions

Hf; = Hy, Al = —A, 1 <45 <n,n+1 < p,v < m such that
m
> HLHY, — HYHY = Rij
p=n+1

(GAUSS)

OuHL: + AL HY, — T HY, — T HY =

ittpj
OjHp, + Ay HY —T0HY — T8 Hp
(CODAZZI)
QAL — 0, AL, 4 AV AT

it Tpg

Ay ALy = g, = )
(RICCI)

The Ricci system (1.8) can be put in covariant form by adding and subtracting
Then we have
ViA,; — VAL + AL AL

AnJAm

gP(HEHY, — HYHY).

wmJ4q

(RICCI)

(1.6)

(1.7)

(1.8)

(1.7)

Notice the A}, are vectors j = 1,2,3 and the v, ;i are only accounting for dimensions

n+1<pu,v<m.
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Reconstructing an isometric embedding

Theorem 2. Given a connected and simply connected Riemannian manifold X with co-
ordinates (z*,...,2") and Riemannian metric g(= gi;) if there ewist functions HJ; = HJ;
and

A=Al 1<lj<m, n+1<pv<m

such that (1.5), (1.6), (1.7) hold then there exist functions Npy1,..., Ny : X — R™ and
a function y: X — R™ such that the following hold:

N, N, = 6u, (1.9)
N,-0y = 0, (1.10)
iy 05y = gi (1.11)
and
Ry = Thow + HEN,, (1.12)
ON, = —g"Hl0;y+ AN, (1.13)

The theorem shows that the conditions on Hj;, AY, and (1.8)—(1.10) are both necessary

and sufficient for embedding (M™,g) — (R™,-), X = M™.

Sketch of proof. Let {e,,...e,} denote the standard basis of R™. Fix a point zy € X.
Set {01y(xo) ..., On(x0), Npt1(20), - .., Nm(zo)} so that (1.8)—(1.10) hold. One possibility
is to set N,(x9) = e, and y(xg) = 0 and choose {O1y(zo)...,0,y(zo)} to be a linear
combination of {ey,...,e,} such that (1.10) holds at x.

[If gij(xo) = 5ij then

Ny(zg) =e€,, n+1<p<m,

Oy(zo) = e, ..., 00y(x0) = e,

works.]

If we denote ¢; = 01y then (1.11)—(1.12) form a total differential system for the unknown
R™ valued function {¢y, ..., &n, Npi1, ..., Ny }. Check by differentiating these equations
that the compatibility conditions obtained by constructing partial derivatives are con-
sequences of the Gauss equations (1.5), Codazzi equations (1.6), Ricci equations (1.7)
and the original equations (1.11), (1.12). Therefore by Lemma 1.2, there exists a unique

solution (the “potential” ¢;) for extending the initial data specified at z.

Also the differentials of equations (1.8)—(1.10) are consequences of (1.11)—(1.12). There-
fore they hold not only at zy but also on all of X.
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Finally (1.11) implies 0;¢; = 0;¢; because the right side is symmetric in ¢ and j. Therefore

by Lemma 1.2 there exists a unique R™-valued function y on X so that

y(xo) =0 and Qy=¢;, 1<i<n.

Example: (H?,g) — (R3,.)

(1.7) is OcH}; — 0;Hj, =T}, H, + Finfp — rf;eﬂgk — Fiij%l

J wp?

Rijre = K(gixgej — 9ieGjk ),
K = Gauss curvature,

1<i,j<2.

H H

H' = 111 112 Hf2 = H241
H21 H22

Riziz = K(g11922 — 912) = K detg, detg >0

(1.7) is OoHY, — 01 Hy = -+ -,

OoH{y — 01Hyy = -+,
and we have three equations in three unknowns: Hiy, Hiy, Hyy.
Quasi-linear system if we eliminate one of the unknowns via Gauss (1.6).
The Gauss relation becomes a “constitutive relation”.

Example: (H? g) — (R® ")

(1.6) is ZL HYHY, — HyHY = Rijre (1.14)

Non-zero components of R;jx:

\R1212a R13137 R23237 R12237 R13327 R1231

-~

6 non-zero components
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6 Gauss relations are given by (1.6).
The second fundamentals form is
Hy, Hy, Hi,
HY HY HY
HY HY HY,
and the Codazzi equations are just a statement about cross derivatives along rows (or

columns since Hf‘j is symmetric). There appears to be 3 equations across each row.
Notice however the coupling

01H53 - @’;Hgl -
81]-[?‘)‘2 - 32H§‘1 -

yields upon subtraction
O, HY, — OsHY, = - -

Thus instead of 9 couplings for each u, there are only 8. Since u = 4,5,6 we have 24

Codazzi equations. We count equations and unknowns.

Equations: 6 Gauss + 24 Codazzi + 9 Ricci = 39 equations.

Unknowns: 18 H}; +9 Ay, = 27 unknowns.

Thus even though the problem of embedding (H?® g) — (RS ) is determined
( n(n+1)
m=——-=:
2
tions than unknowns.

3(4
6 = (T)) using the Gauss, Codazzi, Ricci system it gives more equa-

Of course this means that for the Gauss, Codazzi, Ricci system not all the

equations are independent.

This rather painful counting process was clarified in a sequence of papers by R. Blum
[11, 12, 13] in the 1940’s and 1950’s but an excellent survey is found in the paper of H.F.
Goenner [14].

Here is Blum’s counting result for embedding (M",g) — (R™,-) as given on p.143 of

Goenner’s paper with some paraphrasing by me.

Theorem 3. If the Gauss equation is satisfied by a set of second fundamental forms of

mazimal rank, then (i) for0 <p=m—n < 3 n(n—2) all Codazzi and Ricci equations are
1 1
consequences of the Gauss equation; (ii) for 3 n(n—2) <p=m—-n < 5 n(n—1) a system

1 1
of 3 n(n*—1) |p— 3 n(n — 2)} Codazzi equations are independent. The remainder of the

Codazzi equations and all Ricci equations are a consequence of the independent system

and of the Gauss equations.
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For the case m = 6,n = 3,p = 3 we are in category (ii) of the above theorem:
and the theorem asserts that

Codazzi equations are independent and all the Ricci equations follow from these inde-
pendent Codazzi equations and the Gauss equations. So our elementary count gave 24

Codazzi equations and Blum’s count gave 21 independent Codazzi equations.

So where is the discrepancy? The answer is that in our elementary counting we did not
use the three equations in Bianchi’s second identity. If we substitute the Gauss
relations into these three equations we have three more equations relating derivatives of the

second fundamental forms and hence only 21 not 24 Codazzi equations are independent.

But even with the above count which says that 21 Codazzi and 6 Gauss suffice we see the
A, (connections on the normal bundle) still enter the Codazzi equations (1.6). So while

we have 21 Codazzi + 6 Gauss = 27 equations and 18 Hj; + 9 Ay, = 27 unknowns it is

not clear immediately how to prove even a local existence theorem for this system.

For the general case when m = g (n + 1), Blum’s theorem case (ii) again applies and we

1 1
have p = 5 n(n — 1) and there are oY n?(n® —1)(3n — 2) independent Codazzi equations
and under the maximal rank conditions the Codazzi and Gauss equations imply the Ricci

equations.
A sketch of the proof of Blum’s theorem when n = 3,m = 6
1. From the Codazzi equations
o 10 v v v v
we have in particular

legza - VSH% + AZ3H51 - AZngzs = 0,

Subtract to see
Vo HEY, — V3HY, — AZQHgl + AZ3H2Vl =0. (1.16)

Thus the Codazzi relation (1.14) is implied by the first two (1.13). For n = 3,m = 6 this

reduces the number of independent Codazzi relations by 3.
2. We can rewrite the Codazzi equations as
€jiViHi, — €A Hy; =0
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Recall the relation

wo_ K K
cof H}, = €z‘jk€zmnHanjm'
Hence
woo_ I H
V, cof H;, = €ijk€zmn(Vern)Hjm

+ 5zjk€€mnH]l:n(fo;Lm)

= 2€;kEtmn H]’»‘ngH,fn (no sum on )
From the Codazzi equations
EmnVeHy, — comn A}, Hy, = 0,
5€mnfoJHm - 5€mnAZm ]l'/e = 0
and substitution of these relations into (1.15) yields
V@(Cof HZlZ) — gijkgfmnAZnHllg[Hfm
EijkEtmn Al Hi Hy, = 0 (no sum on p1).
Interchange m,n and j, k in the above expression to see
Vi(cof H)) — 2€ikE0mn AZmH]'-’gH,’;n =0, (no sum on ).

Now sum on g to find

6 6
Z Vg(COf H;Z) - 25ijk5€mn Z AZm ]Vlel:n =0.

The Gauss equations may be written as

6
Z cof Hl, = Ry
pn=4

where
Roza3  Rags1  Rasio
R= R2331 R3131 R3112

R2312 R3112 R1212

Thus our equation for divergence of the cofactors becomes for n = 3, m = 6:

6
ViR — 2ijkEmne Y AL HHE =0 i =1,2,3
pn=4

The first term on the left hand side is zero by the second Bianchi identity, i.e.
Vi(Ri) =0, Vi(Ry) =0, Vi(Rz) = 0.
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The second term on the left hand side is zero from the skew symmetry of A7, in u,v
Hence we have shown a combination of the Codazzi equations combined with the Gauss
relation gives three trivial relations 0 = 0, and thus we have reduced the number of

independent Codazzi equations by an additional 3.
3. Now write the Codazzi and Ricci equations as

O]'L:a def %kV H +€Z]kAV HV = 0,

def 77 worrv
= €z]kVA —|—€”kA A pq€Z]kHiijq = 0.

K,’;u
Apply Vi to the Codazzi system
ik ViViH, + eiji(ViApn ) Hyy + eign Ay, (Ve ;) =0
The last term can be rewritten using Codazzi as
e Vily; = —in Ay HY,

Thus
ik ViV HE + SzngkAy HV €ijkAZjH2kAZi =0

or interchanging ¢ — 7 — k — ¢ in the last term
ik ViViHL + €zng (VkAV AZkAZi) =0

Finally use the formula for the commutation ¢;;,VyV;H} and the Gauss equations and

we recover H, multiplying the Ricci equations, i.e.
H Ky, =0

where KZL = 0. Since 1 < a,j < 3 this gives 9 equations in the nine unknowns K7j,.
Blum’s rank condition asserts that this system has the unique solution K}, = 0 and the

Ricci equations are satisfied.

2 Symmetrization of the Codazzi equations

A subset of the Codazzi equations is given by
V.H!, - V,Hi + A H, — AV HY = 0. (2.1)
On the other hand the full set of Codazzi equations can be written as
0jiViH}, + €Al HY = 0. (2.2)

25



Recall the relation

B Horrp
cof Hié = €ijk€fmnH]mHjm'

Hence we have

wo HorTh
Vicot H, = EijkEtmn Ve i,

+ 5ijk5€mnH]5nv€H;’Lm'
But from the Codazzi relations we have

I v —
H v __
5€mnv€Hjm + gemnAlzijéj - 07

and substitution into (2.4) yields

Vicof HYy = —¢eijucomnAl, Hj Hp,
- 5ijk5€mnAlrijl/:nHé/j’
ie.
Vg cof H;z - _25ijk5€mnAﬁnH;’LmHZk'
Since
827W = 2c.. & H’u
8H§‘k8HZ’2 jimcklndd k.
and

no_ 1
cof H;, = 5jim5kgnHﬁmij

we see (2.5) can be written as

P*wW
imExen Vo H!" HY'. imEeen YV HY, = ——n—— A" H}
EjimEkin V 4 k]+6j Ektntdpy Vel gy 3H59an vnttek
1 0w 1 0w W
-——— V,H! - V/H, = ——©un—+— A" H}
2 OO, T 2 aEnomy T T T omLoHE,
and hence oy o
— V/H, = ———— A" H .
OHYOH, Vel OHJOH, v
Next multiply (2.1) by
oW
OH/, aka
to obtain
W P*wW P*wW
- ViH, + — - V/H — ——— Al H},
OHYOH!, © " OHOH!, ' OHLOHY T
PW
+ = AV H = 0.
OHLOHY,
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We can write (2.6), (2.7) as

0 0 H*
W Vi
0~ Hj,
[ 0 0*W
OH,,0H, HY
+ Vo
PW 0 H,
| OH,,0H, |
0w
—— Al H}
OH!OH}, o
+
PW
g (—AnH + AL HY)
| OH},0H, e e
=0
Explicitly we have, say for coefficient of Vs:
[ 0*W O*W PW -
OHY,0Hy,  OH1,0HT, OHg, H,
O*W O*W PwW v
OH{ OHY, OHIOHS, OHYOHY, ’
PW oW
L aH{Llaéé 8H538HZ/;2 1 3x9
r W O*W PW T
OH,0HY,  OH»OHY,  OHsp M) ]
H)
0PW oPW 0PW
OH{,0H; OHyHi,  OH4,0H, Vo | HE
Hy
OPW OPW OPW ) )
L OH{,0HY; OHy,0HS; OHL0HG 1.
We set the
3x 9 coefficient matrix = Lf
9 x 3 coefficient matrix = (L5)T
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and the V5 term is

Hy,
3x9 HY
12 Vo | Hi

9x%x3 ]—[53

12
Hence if we define the V4 coefficient matrix as

0 Lg‘]

BY =
2l EHT o

we see BY is symmetric.

This symmetry holds for every coefficient matrix in (2.8) including ¢ = 1. We check the

coefficient matrix in the first term in (2.8) by a separate argument. Note

[0 0
; 2w 1s
i OH},0H3%,
[ 3x3 093
— B!
L 039 _LSSXQ
where _ -
*W *W *W
OHy,0Hy,  OHp0HY, OHz301,
OPW O*W O*W
I OHY,0HY,  OH{,0HL, OH4,0HY,
b=
PW O*W
| OH1,0H3, OH30H, |
Hence our Codazzi system (2.8) can be written as
BV U* + BV, U" + Q" =0 (2.9)
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where

(UH)T: (H{ll?HglaHf?HfbH57H{L3> """ H?l:3)
and ) .
oW }
e Al HY 3
OHYOH}, o
Q" = (2.10)
W
Smage (CAwHG A+ A ) }9
| OHlOHY, |

3 Symmetrization of the linearized Codazzi equations

The linearization of the relations (2.1), (2.2) is
ViHY — YV HAR+ AMHY + A HY
— AL HL — AL HY
— Ty, — T3 Hj,
geji(vjﬂgv - F;]'pHil:J - F?iHng)
+ (AL HY, + AV HY ) =0 (3.2)
or
gk‘fn(foﬁzn - FZmHﬁq - FZnH#%q)
Multiply (3.3) by €jimHj};; and we have

5 p TH 19 HH _T9 HH
S]ngkenH]gj(veHmn FZmll——[nq FZnqu)

and hence

W . . .

OH O, (Vedh, =153, Hy — T3 HE )
O*W . .

OHNOH,, ¢ ¢

Next multiply (3.1) by
*wW
8H§8ka
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to obtain

W
OHLOH",

Pw :
— e Vol 4
OHOHY, ¢
*;w . :
+ e (AnHy + A HY
OHLOH,
— AL H — A HY (3.6)
= Ui Hyy = U 1,
- T3 Hi, = T1Hj)

VI

Define

OPW - 5 -
il kn
oW

SO (AL HY — A, HYy + AR HY + A HY)
| OH;,0H 7,

O*W : :
OHEO (=T 5y — T4, HE)
*W

srmi, (U~ G N, — )

Then the linearized Codazzi system (3.4), (3.5) is now

BMV L U* + BYV,U* + QF + S = 0. (3.9)

4 The Ricci equations

Without loss of generality! we can take

Al =0 (4.1)

and hence the Ricci equations imply
AL, = gM(Hy,Hy, — Hy HY,), (4.2)
NA, = gM(Hy,Hy, — Hy HY). (4.3)

!'Deane Yang pointed out this equality to me and called it a “gauge condition”. An analogy with

continuum mechanics might be setting the pressure equal to zero on the surface of a water wave.
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Thus A7,, A5 are completely determined by their data on a plane z; = const = —L and

the set of H};. Thus we may substitute

xr1

AZQ([El,I'Q,[E3) = AZQ(—L,xg,x;»,)—i-/ gpq(H{‘pHé’q—ngqu)dxll (4.4)
~L

(1,19, 23) = Azg(—L,xg,x;»,)—i-/ gpq(prng—H:’prfq)da:'l, (4.5)
L

Al/

n3

into (2.10). Hence the dependence on A!, is now reduced to dependence on the data
provided on x; = —L. Of course the data must be consistent with the additional Ricci

equations.

5 The full nonlinear system

In analogy with continuum mechanics we restate our derivation of the full nonlinear

system.

The balance laws are given by the quasi-linear Codazzi equations (2.9):
BV U* + BV, U" + Q" =0

where U* € R' for each u = 4,5,6, Q, given by (2.10).

The constitutive relations are given by the Gauss equations

Z HYHY, — HYHY, = Rijue
I

and constitutive relation for A7, given by (4.1), (4.4).

According to the theorem of Blum [11] if H} are of full rank there are 27 independent
equations in the 27 unknowns H};, A}, since the Ricci equations follow from the Gauss
and Codazzi equations. Notice relations (4.4), (4.5) from the Ricci equations do not
completely eliminate the A’, in favour of H{‘j, the initial data on 1 = —L still enter into

o
values of A7,.

6 The linearized Ricci equations

We linearize (4.1), (4.4), (4.5) to obtain the linearized Ricci equations

Ar =0, (6.1)
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AZQ(xlax%x?)) - AV (_L7'T2ax3)

n2

n / Y, — )

+ gP(HY HY, + HY, HY, (6.2)

- H{Lpng - H{Lpng)dmllv

A (21,30, m3) = Aly(—L, w2, 23)

+ /L gpq(H{Lpng - ngHi/q)

+ P, H, + HY, S, (63)

1p
— HYHY — HEHY o),
If on the boundary of our domain Aug(—L,xQ,.Tg),Aug(—L,.TQ,.Tg) are zero then their

contribution to (6.2), (6.3) is zero. Similarly the integral terms in (6.2), (6.3) are bounded
by K vol(£2) where

K = [§"|lL2 sup [H}, [
o
gk

+ sup g™l sup | Hj | 2| 2 (ko)
M

7.k
1.e.
|AZQ\ < K Vol(Q)1/3, (6.4)
|Aly] < K vol(Q)'/2, (6.5)
Proof of 6.4

Let us consider typical terms in (6.2).
x1
a(wy, 9, 23) = / g7 (H1, Hy,)dz)
T .
b(1, 22, 23) = / 9" (1, Hy,)dx)

where we do not sum on p, q.

From Cauchy-Schwarz we have

x1 1/2 x1 1/2
otonareal < swltig) ([ a) ([ gpa)
-L L

L 1/2
sup 1 520 [ gat )

IA
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Since the right hand side is independent of z; we have

L L L
///|a(x1,a:2,a:3)\2dx1dx2dx3
rJ-rJ-L
L L L
< Guplat gz [ [ [ (i eade,
Q S

and

al| 20y < sup | HY, Hay |2L[| 67| L2 (0 -

Similarly we have

L
|b(21, 22, 23)] < S%plgpqﬂz”ql/ | Hip (7, 72, 73)|diry
-L

where again the right hand side is independent of x;.

Thus we see

L
|b(1, 9, 23)[* < (Sgp|9qugq|)22L/ | Hp (%, w2, 23)[Pdir’
L

L L L
/ / / b(z1, 29, 73)|* <
—rJ-rJ-1

L L L
sup [gP HY, [PAL? / / / | (2, 3) P, di, ds.
Q -LJ-LJ-L

and

This yields
1bl1720) < sup 9" Hy,|* 2L|| HY, || L2

7 The linearized (Gauss equations

The linearized Gauss equations are

m

TH TR HorTH
- Hiéij_Hiéij

= Rijke-

(7.1)

These are 6 equations in the 18 components HZ’; We say HZ’; is non-degenerate in

the neighbourhood of x = 0 if 6 of the components of HZ’; can be solved in terms of

the remaining 12 components and Rijk@. A sufficient condition for non-degeneracy is

provided in Theorem F of the paper of Bryant, Griffiths, Yang [2] which establishes non-

degeneracy if at least one component of the Riemann curvature tensor R;j;x, is non-zero.
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We assume our set Hfj is non-degenerate in a neighbourhood of x = 0. This means that

the vector
U4
U= | Us
U6
can be written as
U=CH+ DR (7.2)

where H denotes the distinguished 12 components of the set HZ’; and R denotes the 6
non-trivial elements of the perturbed Riemann curvature tensor. Hence U & R36,H €
R!2 R € RS, C is a 36 x 12 matrix, D is a 36 x 6 matrix.

8 The closed symmetric system for the linearized

problem and quasi-linear problem

Recall the symmetrized Codazzi equations for the linearized problem are

BNV, UM + BIV, UM 4+ Q" 4 S* = 0.

Set
By 0 0
0 0 B§
B} 0 0
B, = |0 B} O
0 0 BY
Q4 5'14
0= | s-|s
Q6 S6
so that the system becomes
BoViU + BV U +Q+ S =0. (8.1)

@ depends linearly on HZ’; and Afjm as given in (3.6). We represent this dependence by
Q=EU+FA (8.2)
UeR* AecRS F a36x 36 matrix, F a 36 X 6 matrix.
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Substitute (6.2) into (7.2) to obtain
Q = E(CH+DR)+FA
= GH+JR+FA (8.3)

where G = EC is a 36 x 12 matrix, J = ED is a 36 x 36 matrix. Hence via (7.2) the
system (8.1) has the form

BoVi(CH + DR) + B,V((CH + DR)

+GH+FR+FA+S=0. (8.4)
We rewrite this in the form

ByCVH + B,CV,H

+ (BoViC + BV, C + G)H

+ ByViDR+ B,V,DR (8.5)

+GR+FA+S=0.
Next multiply (7.5) from the left by the 12 x 36 matrix C7 to obtain
AViH + AN H+BH
+ CTFA+A=0 (8.6)
where
Ay = C"ByC,
Ay = CTBC,
B = CT(ByV,C + BV,C + G),
A = CT(ByViDR+ BV,DR+GR+5).
To system (7.6) we amend the linearized Ricci equations (6.2), (6.3) with AZQ(—L, T, T3) =

AZg(_La T2, .Tg) =0

AV (1,00, 13) = / 9" (H1,Hyy — Hy, HY,))

L
+ gpq(H{LpHEVq + prHZq - prHZq - H{LpHEVq)dx/l
¢ = 2,3 (8.7)
A= 0. (8.8)

If we substitute (8.7), (8.8) into (8.6) we see that this system is a symmetric system of 12
equations in the 12 unknowns H which are weakly non-local due to (8.7). However the

non-locality is very weak as seen by relations (6.4), (6.5).

The above derivation was of course for the linearized system, but examination
of the steps used shows the same procedure will yield a quasi-linear system of
12 equations for the non-linear problem as well.
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9 The weak form of the closed system

Define the linear operator £ by
LH= AN H+ ANH+BH+CTFA (9.1)

where A is defined by (8.7), (8.8).
Let (-,-) denote the inner product on L?(2;R'?) and V € C5°(2;R'?). Then the weak

form of

LH= -\
is
(L V,H) = —(V,A). (9.2)
Hence (L£*V, H) defines a bilinear form on H}(Q;R'?).
Recall the Lax-Milgram Theorem [15].

Theorem 4. Let X be a Hilbert space and C(x, ) a (possibly complex) bilinear functional
defined on the product space X x X. Let || -|x and (-,-)x denote the norm and inner
product of X. If

(1) (boundedness) —|C(x, )| < llxllxllvlx

(ii) (coerciveness) C(x,x) > dllx|I%

for &, positive constants, then there exists a uniquely determined bounded linear operator
T with bounded inverse T~ such that

C(X> TW = (X> w)X7

IT||x <64 | T7Y|x < v whenever x, € X.

Let us choose X = H}(Q;R'?) for (9.2). Condition (i) of the Lax-Milgram Theorem holds
but condition (ii) does not. Hence we regularize (9.2) and write the regularized problem

(L*V, H) + e(dV,0H) = —(V,A) — e(dV, dN). (9.3)

Now our bilinear form C. is defined by the left hand side of (9.3). We assume the weaker
coerciveness estimate
(L°H, H) = 0| H[720502) (9.4)

for some positive constant d;. Then we have
(1) [C-(V. H)| < AIVIIxl H |
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and
(i) Co(H, H) > 61| H|220, 1oy +(OH, OH).

Thus the Lax-Milgram Theorem applies and we get a solution H, = T.A of (8.3):
(L*V, H.) 4+ (dV,0H.) = —(V,A) — e(dV, OA) (9.5)

or alternatively
(‘C*V> HE) - 8(82‘/a [:[5) = _(‘/a A) - 5(8‘/2 aA) (96)

for all V € H}(Q;R™2).
Since (9.5) holds for all V e H}(Q) take V = H. and we have

(E*H57H5) -+ €(aﬁ5,aﬁ5)
= (—H",\)—£(0H.,00). (9.7)

We estimate the left hand side of (8.7) from below and the right hand side from above

51HHEH%2(A;R12) + €HaHEH%2(Q;R12) (9-8)
S ||HE||L2(Q;R12)HAHLQ(Q;RH) + 6||8HE||L2(Q;R12)8AHL2(Q;R12)

or

- - 1
Ol Hellizamez + e(10Hc] 2 0m2) — SI10AL2 0 012))

N €
< |Hc| 2@y [|A ]| 2 (orr2) + ZH@AH%2(Q;R12)
51 ~ 1 3
< b3 HHEH%Q(Q;RW) + 2%, Al 2 @srizy + 1 H3AH%2(Q;R12)
and hence we have
(51 ~ 1 9
DIl < 55 WM + 5 [0A B (9.9

Thus for A € H}(Q) we have H. bounded independently of & in L?(€2; R'?). Thus H. has
a weakly convergent subsequence (also denoted by H.) so that
H.—H in L*(Q:RY)
Thus for all V€ C§°(€2) we may pass to the limit as e — 0 in (8.6) to find
(L*V,H) = —(V,A).
The weak solution H is unique via coercivity (9.4).

We summarize this result in the following theorem.
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Theorem 5. If the operator L defined by (9.1) satisfies the coercivity condition
(L*H, H) > 6| H|| 2012

for some § > 0 the weak form of the linearized isometric embedding problem (9.2) has a
unique solution for all A € H ().

Now let us apply Theorem 2 to our system (9.1), (9.7), (9.8). First we assume that we
only perturb from our here (undotted) embedding in a small neighbourhood of x = 0.
The point x = 0 is chosen to be the origin of a system of normal coordinates where the
Christoffel symbols ng vanish at z = 0. We take our small neighbourhood to be the box,
—L <uz; <L, i=1,2,3. Hence on this box A defined by (8.7), (8.8) and satisfying (6.4),

(5.5) will be negligible and not enter into the coercivity computation. Thus we can state

Theorem 6. If the quadratic form
H" (=0, Ay — 9, A¢ + B H (9.10)

is positive (or negative) definite at x = 0 there exists a unique weak solution to our

linearized isometric embedding equations (9.1), (8.7), (8.8).

The parameters entering our 12 x 12 coefficient symmetric matrix

1
—01 Ao — O A + i(BT + B) (9.11)
are Hi’;, 01 Ag, D1 A1, 02 Az, 03 A3, ATy, AY5 all evaluated at o = 0. Hence via the classical
chain rule applied to Ay, A1, Ao, A3 the parameters entering into the coefficient matrix
are Hj;, OpHjy, Ay, Ays all evaluated at = 0

(i) From the Gauss relations this gives 12 independent ;.

(ii) From the differentiated Gauss relations (see e.g. Poole [6]) this gives 15 independent
O H};.

(ii) There are 6 independent A}, AY.

Hence there are 12 + 15 4+ 6 = 33 free parameters entering into the 12 x 12 matrix.
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